Math 220: Differential Equations

Homework and Problems (Solutions)

Satya Mandal

Spring 2018






Contents

1 Introduction

1.1
1.2

2.1
2.2
2.3

24
2.5
2.6
2.7
2.8

3.1

Direction Fields . . . . . . .. .. ...
Solving Some ODEs. . . . . . . .. ..

First Order ODEs

First Oder Linear ODEs . . . . . . ..
Separable ODEs . . . . . . . ... ...
Miscellaneous ODEs . . . . . . .. ..
2.3.1 Homogeneous Equations . . . .
2.3.2 Bernoulli’'s Equation . . . . ..
Examples of ODE Models . . . . . ..
Existence and Uniqueness of Solutions
Equilibrium Solutions . . . . . . . . ..
Exact Equations . . . ... ... ...

Numerical Solutions: Euler’s Method .

Second Order ODE

Introduction . . . . . . . .. ... ...

11
............. 11
............. 18
............. 20
............. 20
............. 21
............. 24
............. 24
............. 25
............. 31
............. 36

3.2 Homogeneous Linear second order ODE, with Constant Coef-

ficients . . . . . . . ... ... ..



CONTENTS

3.3 Fundamental Set of Solutions . . . . ... .. ... ... ... 46
3.4 Repeated roots of the CE . . . . . .. ... ... ... .... 50
3.5 Complexrootsofthe CE . . . . . ... ... ... .. ..... 55
3.6 Nonhomogeneous ODE: Method of Variations of Parameters . 60

3.6.1 More Problems . . ... .. ... .. ... ..... 66
3.7 Method of Undetermined Coefficients . . . . . . .. ... ... 69
3.8 Elements of Particle Dynamics . . . . . .. .. ... ... ... 69
Higher Order ODE 71
4.1 General Overview of Theory . . . . . . ... ... ... ... . 71
4.2 Linear Homogeneous ODE with constant coefficients . . . . . 71
4.3 Nonhomogeneous Linear ODE . . . . . .. ... .. ... ... 74
System of 1¥-Order Linear ODE 75
5.1 Introduction . . . . . . ... Lo 75
5.2 Algebra Of Matrices . . . . .. ... ... ... ... ..... 75
5.3 Linear Systems and Eigen Values . . . .. .. ... ... ... 75
5.4 The Theoretical Foundation . . . . ... ... ... ... ... 78
5.5 Homogeneous Systems with Constant Coefficients . . . . . . . 78
5.6 Complex Eigenvalues . . . . . . . ... ... ... ... .... 84
5.7 Repeated Egenvalues . . . . . .. .. ... ... ... ..... 91
5.8 Nonhomogeneous Linear Systems . . . .. .. ... ... ... 98
The Laplace Transform 115
6.1 Definition of Laplace Transform . . . . .. .. . ... ... .. 115
6.2 Solutions of Initial Value Problems . . . . .. ... ... ... 118
6.3 Step Functions and Dirac Delta . . . . . . ... ... ... .. 120

6.4 Systems with Discontinuous Functions . . . . ... ... ... 121



CONTENTS

A Appendix
A.1 A Formula



CONTENTS



Chapter 1

Introduction

1.1 Direction Fields

1. Draw a Direction Field for the DE
Yy =y Here y = y(t) is a function of t.

Pick a suitable window, to show the behavior at t = cc.

2. Draw a Direction Field for the DE
Yy =—y Here y = y(t) is a function of ¢.
Pick a suitable window, to show the behavior at t = oc.
3. Draw a Direction Field for the DE
vy =y—2 Here y = y(t) is a function of t.

Pick a suitable window, to show the behavior at t = oc.

4. Draw a Direction Field for the DE
!

y=-y—2 Here y = y(t) is a function of ¢.

Pick a suitable window, to show the behavior at t = oc.
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8 CHAPTER 1. INTRODUCTION

1.2 Solving Some ODEs

In this section, you can use Solution given in Equation 9 in § 1.2

1. Let y = y(t) be a function of ¢. Solve the initial value problem
Yy =y y(0)=100
Solution.
%:y:/j—y:/dx+c:>1n|y| =zr+c
Since y(0) = 100, We have In 100 = ¢. So,

In|y| =2 +1n100 = In ’:ac

‘L
100
(Assume y > 0). So

Y et — = 100e”

100
2. Let y = y(t) be a function of t. Solve the initial value problem

y' = —y y(0)=100
Solution.

dy _

d
=—y = —y:—/dx+c:1n|y|:—x+c
dx Yy

Since y(0) = 100, We have In 100 = ¢ or ¢ = 100. So,
1n‘i‘ — 2 +1n100
100

(Assume y > 0). So,
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3. Let y = y(t) be a function of t. Solve the initial value problem
Yy =y—2 y(0)=100
Solution.

d d
—y:y:> —y:/da:+c:>ln|y—2\:a:+c
dx y—2

Since y(0) = 100, We have In98 = ¢. So,

y— 2

Injy —2| = In98 =1
nly—2/=xz+1In o

-

(Assume y > 2). So

A
— =e = e
98 y

4. Let y = y(t) be a function of ¢. Solve the initial value problem
y =-y—2 y(0)=100
Solution.

d d
%: Yy = y%:—/dx+c:>ln|y+2|:—x+c

Since y(0) = 100, We have In 102 = ¢ . So,

2
1my+m:—x+mum::h4£i+

102
(Assume y > 100). So,

y+2
—_— =

= -2+ 1027
102 4 + 0=
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Chapter 2

First Order ODEs

2.1 First Oder Linear ODEs

1. Consider the initial value problem (IVP):

dy —2t
L L9y =
at +2y=e

y(0) = yo
(a) Solve the IVP.
(b) For the solution y = y(t), find the lim; ., y(t).

(c¢) For which values of yg, the solution stabilizes at infinity?
(We say y(t) stabilizes at infinity, if lim;_,., y(t) is finite.)

(d) Optionally, draw the graph of the solution and as well the direction
fields of the ODE. And Compare them!

Solution: The integrating factor
So,

(t) = exp </p(t)dt) = exp (/ 2dt) = %
d

S n0) = e =1 =) = [t re=i+e—

11
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1
y=—=[t+c=e[t+c, y(0)=yo=c=y

f1(t)

So, the solution is:

1 —2t
y=—=1\t+tc=e 7|ttty
We have
lim y(t) = tllglo [e ™ [t +yo]] =0

t—o00

So, the solution stabilizes, for all values of .

. Consider the initial value problem (IVP):

dy t
t— =€
i +y=ce

t>0 y(l)=u

) Solve the IVP.

b) For the solution y = y(t), find the lim; . y(t).
) For which values of y;, the solution stabilizes at infinity?
)

Optionally, draw the graph of the solution and as well the direction
fields of the ODE. And Compare them!

Solution: Write the equation in the standard form:

So,
d et et ., .
—un(®) = p(t)— = — = yu(t) = [ eTdt+o=—e"+c
So,
y=— [ b =1 [~ +d Y == = [ 4]
p(t) t
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So, ¢ = y; + e~ . Therefore,

Y= % [—eft + Y1+ e’l}

So,
lim y(t) =0

t—o00

So, the solution stabilizes, for all values of ;.
3. Consider the initial value problem (IVP):

d
td—i{%—y:t? t>0 y(1)=un

Solve the IVP.
For the solution y = y(t), find the lim;_, y(t).

(a
(b
(c

(d) Optionally, draw the graph of the solution and as well the direction
fields of the ODE. And Compare them!

For which values of y;, the solution stabilizes at infinity?

)
)
)
)

Solution: Write the equation in the standard form:

22 ¢

dy |y
dat t

The integrating factor

p(t) = exp (/p(t)dt> = exp (/ %dt) =t =1

So,

(yn(t) = plt)t = = yult) = / it 4 ¢ % iy
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So, c =1y, — % Therefore,

3 t 3t

1 t3+ 1t3+ 1 2 oy 1
= — —_— C = — —_— —_ =
YT |3 t|3 73
So,
lim y(t) = oo

t—o00

So, the solution FAILS to stabilize, for all values of ;.

. Consider the initial value problem (IVP):

@ 1—2x
dzx z2
Solve the IVP.

For the solution y = y(z), find the lim; ., y(x).

For which values of ¥, the solution stabilizes at infinity?

Optionally, draw the graph of the solution and as well the direction
fields of the ODE. And Compare them!

Solution:

1(x) = exp (/p(x)dt) ~ exp (/ 1 ;fxdx) ~ exp (—% _ 21”)

So,

y = ﬁ </u(m)da¢—l—c> ~ exp <é+21n.r) (/exp (—é—Zlnm) das+c)
2 (/ewl%dx—i—c) = eig? (e? —i—c)

Use the initial condition:

8|~

y=e

p=clelte)=eltc=clyy = c=cl(y — 1)

So,

- -1
y = esq? (eTl +e ty — 1)) = (1 o ealc)
e
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So,

-1 1
lim y(z) = lim (1 + 4 eolﬂ> = lim — (1 +

T—00 T—00 e

So, for all values of y; the solution fails to stabilize.

15



16 CHAPTER 2. FIRST ORDER ODES
5. Consider the initial value problem (IVP) (Corrected):

d
d_i +ysec’t = tantsec® t y(0) = wo

(a) Solve the IVP.

wu(t) = exp (/ sec? tdt) = etant

yu(t) = /etanttantsec2 tdt+c = /e“udu+c with v = tant =

Solution: The IF
So,

yu(t) = e'u — e* + ¢ = e tant — ™ + ¢ =
—tant

y=tant — 1+ ce
Now y(0) = o implies yg = —1 4+ c or ¢ = 1 + yy. So, final solution

y=tant — 1+ (1 +yg)e ™!
The solution is valid in —7/2 <t < /2.

6. Consider the initial value problem (IVP):

d
d—i + (ze ")y = —dxe™® y(—1) =9

Solve the IVP.

a)

b) For the solution y = y(x), find the lim; o, y(x).
)
)

(
(
(¢) For which values of €, the solution stabilizes at infinity?

(d) Optionally, draw the graph of the solution and as well the direction
fields of the ODE. And Compare them!

Solution: The IF

p(x) = exp (/ xe—wdx) — exp (—/xde‘x) — exp (_xe—z _ e_x) _ e (@)
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So,
yu(z) = / —4xe™™ (e‘eﬂ(ﬁl)) dr + ¢
Substitute u = ¢~*(z +1). So % = —e(z+1) +¢* = —ze ™.
Therefore,
yu(r) =4 / e ldu—+c=—4de ™ +c=—4e ¢ D 4 ¢
So,

—e ¥(xz+1
y = —4e ( )+C:—4—|—Cee_w(x+1)
()
The initial value y(—1) = Q implies Q@ = —4 + ¢. So, ¢ = Q + 4. So,
the solution of the IVP is

g€ (@) B
y=_¢ +C:—4+(Q+4)ee (@+1)
p(z)

Now,

lim y = —4+4 (Q44)eme—ece™ @) — 41 (Q44)e’ = —44 (Q+4)

T—r00

So, the solution is stable, for all values of €.

. Consider the initial value problem (IVP):

(1-— ex)% + 3e’y = e” y(In2) =0 (Assume x > 0)
x

(a) Solve the IVP.

Solution: In the standard form the ODE is:
dy . 3e” et
dx (1—€I)y_ (1—e")

y(In2) =0

The IF

1(z) = exp (/ (13_6;)dx) —exp(—3lnfu)) u=1-¢
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So,
1
p(x) = exp (=3In(e” — 1)) = e =1y
Therefore,
@) = [ ute) oo = — [ = drre= ot
xr) = T r+c = — TTC= — &
e P e (1— )t 3(1 — ev)3
So,
_ 1 + ( T 1)3
y=gtcle
The initial value y(In2) = 0 implies that ¢ = —%. So, the solutions of
the IVP is .
S 1 3
y=3-3( -1
8. Consider the initial value problem (IVP):
dy 3y 1
E—FT:t—Q t>0, y(1)=Q

(a) Solve the IVP.

(b) For the solution y = y(z), find the lim; ., y(x).

(c) For which values of 2, the solution stabilizes at infinity?
)

(d) Optionally, draw the graph of the solution and as well the direction
fields of the ODE. And Compare them!

2.2 Separable ODEs

In this section, you can live your answer in implicit form, when it looks too
complex to give an explicit solution.

1. Solve the ODE

dy 14y
de — yz?
2. Solve the IVP p
Yy x
= y(0)=14

de  y(1—2?)’
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3. Solve the IVP
dy B

P+, y0)=1

4. Solve the IVP
dy

Do per+3R), oy =-1

5. Solve the ODE

d
d—gz+y2se02t20

Solution: Separating the variables, we have

d d
—g:—sec%dt :>/—g;:—/sec2tdt+c:>
) Yy

1
—— =tant+c

6. Solve the IVP

7. Solve the ODE

dy
t — =1
anydt
8. Consider the IVP:
dy 2x+3
dr 1+y7 y(O)—yO

(a) Solve the IVP, including the interval in which the solution is valid.
(b) For the solution y = y(z), find the lim; ., y(x).

(c) For which values of yo, the solution stabilizes at infinity?
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Solution: Separating the variables, we have

1 2
/(1+y)dy:/(2x+3)dm+cz>(+_y):x2+3x+c
It follows, ¢ = % So,
1 2 1 2
#:xu%g +2y0)

So,

y =422+ 6z + (14 10)% — 1

The solution is valid when 2% + 6x + (1 + y)* > 0.
Clearly, lim; o, y(z) = +o0.
So, the solution does not stabilizes at infinity.

2.3 Miscellaneous ODEs

2.3.1 Homogeneous Equations

1. Solve the Homogeneous ODE:

dy _y’+22%

. p Assume z >0
2. Solve the Homogeneous ODE:

dy  5x —3y
dr 3z + 5y

Assume z >0,y >0

3. Solve the Homogeneous ODE:

Assume z >0
dv  yx?— 23

Solution First divide the numerator and denominator by z*:

dy ()% 4 (»)? v+

T x

dx %—1 v—1

Yy
where v=2
T
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Substitute y = xv. Then Z—:yc =0v+ a:j—;j. So, the ODE reduces to

N dv v3+02:> dv  v3+v? v+ov o o(?+1)
v+ r— = rT— = = —
dz v—1 dz v—1 v—1 v—1
-1 d
/U—dv:/—x—irc:lnx—l—c
v(v?+1) x

We use method of partial fractions:

v—1 A Bv+C
—dv — 4+ dv=Ilnz +c¢c=
v(v2+1) v

N v2 41
-1 v+1
— 4+ dv=Inz+c—
v v2 41

1
—lnv+§ln(v2+1)—|—tan_1v:lnx+c:>

1 2
_1n(g>+_1n(<g> +1)+tan1 <g>:lnx—|—c:>
T 2 x

T

2.3.2 Bernoulli’s Equation

1. Solve the ODE (Bernoulli Equation):

dy Ty
de 1+ 22

N

Solution: Divide the ODD by ,/y:

Gy, T
VY dx 1+22

Substitute z = /y. So de

, & = ﬁgg—x. So, the ODE reduces to

dz Tz

dr 20149 2
Integrating factor:

p(z) = exp (/ ﬁdx) = exp (i In(1+ x2)> =(1+ x2)1/4
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Multiplying the ODE by u(x), we have

d 2\1/4 2n1/4L
1
(1+x2)1/4z:/(1+x2)1/4gd:t+c:Z/Qx(l—l—xQ)l/‘ldx—i—c:

14 1
(142 = 15(1 + 22 4 = 5(1 + %)+ ¢
So, an implicit solution is
1
Vy=z= 5(1 +22) 4 (1 + 2?4

So,
1 2
y= (5(1 +2%) + (1 + x2)‘1/4)

2. Solve the ODE (Bernoulli Equation):

d 2
dy oy _ v
dr x 2?
Solution.
dy vy > lLdy 11
dv  x x? yrde  yax a2
Substitute
1 dv 1 dy 1 dy dv
v = — = —— _— = —
Y dx y? dx y? dx dx
So, the original equation:
dv 1 1 dv 1 1
—— 4+ —v= — ——v=—-—
dr =z 22 dr =z 22

IF:
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So,

v—ﬁ(/g(x)u(w)dx—i—c) —x(/;—iédx—l—c) —x( !

So,

1 1 1
v:2—372+cx:>§:g~l—cx

3. Solve the ODE (Bernoulli Equation):

d —1)y?
dy y_(z—1l)y

de 2 2

Answer:
y?(z +ce”) =1

4. Solve the ODE (Bernoulli Equation):

dy 'y o
dx + r Y
Solution.
dy 'y lLdy 11
dx+x_$y y? dx yx_x
Substitute
1 N dv 1 dy 1 dy dv
v = — _— = ——— —_—— T ——_——
Yy dx y? dx y? dx dx
So,
dv i 1
— +-v=cx
dx
dv 1
— ——v=-—=
dx x
IF

ﬁ—i-c

23

)
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2.4 Examples of ODE Models

No Homework

2.5 Existence and Uniqueness of Solutions

1. Consider the initial value problem (IVP)
{ t+1)(t—1)(t—2)% + ey =sint?
y(=3) =1

Use Theorem 2.5.1 to determine the interval in which this IVP has
unique solution. (Do not try to solve).

2. Consider the initial value problem (IVP)

{ t+1)(t—1)(t—2)% + ey = cost?
y(.5) =1

Use Theorem 2.5.1 to determine the interval in which this IVP has
unique solution. (Do not try to solve).

3. Consider the initial value problem (IVP)

{ cost® +y =1+
y(—m) =0

Use Theorem 2.5.1 to determine the interval in which this IVP has
unique solution. (Do not try to solve).
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4. Consider the initial value problem (IVP)

cost® +y =1+t
y(3m) =0

Use Theorem 2.5.1 to determine the interval in which this IVP has
unique solution. (Do not try to solve).

2.6 Equilibrium Solutions

1. Consider the ODE

dy _

L —00 < y(0) =yo <0

(a) Determine the Equilibrium Solutions.

(b) Classify them as Stable or unstable Equilibrium, using the sign
chart and/or Direction Fields.

(c) Establish the same analytically, as well.

Solution: You should get used to Matlab. You should also give t the
solution, based on sigh. I am going the Matlab solution:
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0 is unstable

26

e ————T———— e

yt.y

dy/dt

N~——~sSS

> oObb——""""—"——————— — —
< ==>>NNNN AN

=Y <0

— 00 < y(0)

(b) Classify them as Stable or unstable Equilibrium, using the sign
chart and/or Direction Fields.

(c) Establish the same analytically, as well.

(a) Determine the Equilibrium Solutions.
Solution: You should get used to Matlab. You should also give the

solution, based on sigh. I am going the Matlab solution:

2. Consider the ODE
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0 is stable

=-yt. y=

dy/dt

N S S N

N~——22// )

-
~
N
\

|
/
2

15

> o ——— — — — — —

3. Consider the ODE

=Y <0

— 00 < y(0)

(b) Classify them as Stable or unstable Equilibrium, using the sign

(a) Determine the Equilibrium Solutions.

chart and/or Direction Fields.

Solution: You should get used to Matlab. You should also give the

solution, based on sigh. I am going the Matlab solution:

(c) Establish the same analytically, as well.
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dy/dt=y sin(t). y=0 is unstable

2N/ NNV NN/ T/ ~VvivvNn~/ 71 TH
\N=/ NNV VANNS =N VNN~ ]
15)\*///f//\\\\\\///f//\\\\\\\////l
CINN=/ LTS ANNNNNNAS /NN~
\N=/ /1T NNNNANNAS S/ =NANANANN~/ /][]
TANN=// )/ NNNANANNAS S =NANNANN~S A
\N=/7/1/1 /= N\N\N\N\NN~// )/ /=N\NN\NN\~/////

0.

u!

-0.5

-1.5

NN=2 7/ 7/ =NNANANNS—// )/ 2=N\NNNN=~// / /)]
N= /=~ NN~/ /o= NNANN\N= /A
NN e NN
NN NN~ — S NN\ — — S S S — — NN N
NN P NN P S SN
/= NNANN~</ /7 /o~NANNN=// /7 /=SNNAAN
|/ /=NANNNNSA/ 7T/ oSNANNNN/ 7T/ =N

\
\
\
\

/
/
/
/

—_——— — — —

— — — e~
SONNNN N
S

—— -

e

\
\
\

—— - — -
S

AN U U U

N N

//
!/
/]
//

— e — — —
— — S

AN U U U R

-

A\
\
\
\
\
\

A\
A\
A\
VA
VA

\
\
\
\J
\|
|\

s
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4. Consider the ODE

dy

i y(2 +sint)

—00 < y(0) =yo < 00

(a) Determine the Equilibrium Solutions.

(b) Classify them as Stable or unstable Equilibrium, using the sign
chart and/or Direction Fields.

(c) Establish the same analytically, as well.

Solution: You should get used to Matlab. You should also give the
solution, based on sigh. I am going the Matlab solution:
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0 is unstable

dy/dt=y(2+sin(t)). y:

5. Consider the ODE

Yo < X0

)

0

(

— 00 <y

=y+y—1t

(a) Determine the Equilibrium Solutions.

(b) Classify them as Stable or unstable Equilibrium, using the sign

chart and/or Direction Fields.

(c) Optionally, establish the same analytically, as well.

Solution: You should get used to Matlab. You should also give the

solution, based on sigh. I am going the Matlab solution:
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30

is unstable

| —

(y-1)(y+1)t. y=-1 stable, y=

15

10

dy/dt

6. Consider the Autonomous ODE

= Yo < O

— 00 < y(0)

(a) Determine the Equilibrium Solutions.

(b) Classify them as Stable or unstable Equilibrium, using the sign

chart and/or Direction Fields.

(¢) Avoid, analytic solution. It may be too time consuming.

Solution:You should get used to Matlab. You should also give the

solution, based on sigh. I am going the Matlab solution:
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0 is unstable, then alternate

(y+2)(y+1)u(y-1)(y-2). v

dy/dt

| — — —
| —— —
| —— —
| —— —
| — — —
| —— —
| —— —
| —— —
| —— —
| — — —
| —— —
| —— —
| —— —
| — — —
| — — —
| —— —
| — — —
| —— —
| — — —
| — — —
| —— —
| —— —
| —— —
| — — —
| —— —
| —— —
| —— —
| — — —
| — — —
| —— —
| —— —

| ==~

[
| -
| — — —

| — — —
[

| — — —
[

| — — —
| — — —

[
| — — —

| — — —
[

| — — —
[

| —+——

|

|

|

[

[

[

[

|

|

i
l

|

-15 H

15

10

2.7 Exact Equations

1. Prove the following ODEs are not Exact:

(a) Prove that the following ODE is not exact:
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(b) Prove that the following ODE is not exact:

d
sin(z +y) + sin(x)ﬁ =0

(c) Prove that the following ODE is not exact:

d
e 4 gyt

=0
dx

2. Prove that the ODE

dy
(2% + wy® + 4a) + (2*y — y* + y)d =0 is Exact, and solve it.

Solution: Here

M(x,y):x2+a:y2—|—4:v ]%—Qxy ___>8_M_8_N
N(z,y) =2’y —y* +y &1 = 2xy dy Oz’

So, the ODE is exact. To solve it, we set

M2M2x2+xy2+4x, aw(x7y):N:x2y_y2+y
Ox Ay
, 2 2%y ,
Y(x,y) = /de—i—h(y) = /(x +zy +4z)dz+h(y) = 3-1— 5 +2224-h(y)
oy 9 (13 x*y? dh(y)
So, —=—(=+4+"2Z 4+222+h — 22 _ 2 2
© dy 8y(3+ 2 + 227 + h(y) 7Y+ dy Y=y +y
dh(y) _ _ » _/ 2 v
So. =g, = Y Y=y = [y b ydy = =5 45
Therefore,
o ay? ) B o , Py
@/J(fay)—g—l- 5 + 2z +h(y)—§+ 5 —|—2£L‘—§ 5

The general solution of the ODE is:

333 x2y2

y
= — 2 —_— —_— =
U(x,y) 3 + 5 + 222 3 5

QQ
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3. Prove that the ODE

d
(42® + 3ay?) + (49° + 3x2y)£ =0 is Exact, and solve it.

4. Prove that the ODE

d
(14 6zy®) + (1 + 6m2y)£ =0 is Exact, and solve it.

Solution: Here

M(z,y) = 1+ 621> M — 12zy OM  ON
{N(m,y)zl—l—&czy — %—f:l%y — oy Oz’

So, the ODE is exact. To solve it, we set

G@b(m,y) _ _ 2 a¢($ay)
9 M =1+ 6zy”, oy

=N =1+ 6%

So, Y(x,y) = /Md:v+h(y) = /(1~|—6xy2)dx+h(y) = 24322 +h(y)

o 0 dh(y)

= 2024 h = 62 2 2
So, o ay(x+3xy+ (y)) = 627y + 2 + 62%y
dh
Therefore,

V(z,y) =z +32%y* + h(y) =z + 32%y* +y
The general solution of the ODE is:
r+3%y  ty=c
5. Prove that the ODE

d
sin(x +y) + (1 4 sin(z + y))d—gj =0 is Exact, and solve it.
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Solution: Here

M (z,y) = sin(z +y) Gy =cos(z+y) _ OM _ON
N(z,y) =1+ sin(z +y) 9% = 0+ cos(z + ) oy  Ox’

xr

So, the ODE is exact. To solve it, we set

ang’ v _ M =sin(z + y), 8w(852, v _ N =1+sin(z +y)

So, Y(z,y) = /Md:z:—i—h(y) = /sin(x—l—y)d:c—l—h(y) = — cos(z+y)+h(y)

oy 0 L dh(y) :
So, 9~ 0y (—cos(z +y) + h(y)) = sin(z+y)+ T 1+sin(x+y)
dh(y) _ _ / _
So, 2 =l=hy)= [ ldy=y
Therefore,

Y(z,y) = —cos(x +y) + h(y) = —cos(z +y) +y

The general solution of the ODE is:

Y(z,y) = —cos(r+y)+y=c

. Prove that the ODE

d
COS X coS Yy — sin x sin yd—y =0 is Exact, and solve it.
x

Solution: Here

M(x,y):cos.xcos'y . Za—%:—cosxsiiny :>5_M28_N
N(z,y) = —sinzsiny Sy = —coswsiny dy Ox

So, the ODE is exact. To solve it, we set
O (z,y) Np(x,y)

———~ = M = cosxcosy, 5
Y

= N = —sinzsiny

ox
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So, Y(x,y) = /Mda:—i—h(y) = /cosxcosydx—i—h(y) = —sinz cosy+h(y)

dh
So, Z—ZJ = % (—sinzcosy + h(y)) = —Sinxsiny—i—% = —sinxsiny
dh
So, M:0:>h(y):/0dy:O
dy
Therefore,

W(x,y) = —sinzcosy + h(y) = —sinz cosy
The general solution of the ODE is:

Y(z,y) = —sinzcosy = ¢

7. Prove that the ODE
dy

(lny + m2) + (E + Qy) P 0 is Exact, and solve it.
Yy x

Solution: Here

M(z,y) =Iny + 2* oM :% oM  ON
N(z,y) =7 +2y y Oz

So, the ODE is exact. To solve it, we set

=M=1 2 =N=242
Ox ny+ oy y+y

So, ¥(x,y) = /de—l—h(y) = / (Iny 4+ 2%) dz+h(y) = zln y—l—%3+h(y)

o 3( 3 ) x x
So, —=—|(zlny+—+nh =—+h(y)=—+2
9y~ 9y y+ 5 +hy) ; (y) ;W
So, %(yy)zwzw(y):/?ydy:f

Therefore,

3 3
Vlay) =wlny+ T +hy) =olny+ T+



36 CHAPTER 2. FIRST ORDER ODES

The general solution of the ODE is:

3

(. y) leny+%+y2 =c

8. Consider the ODE

d
(Mo() + Mi(w,9)) + (No(y) + Ma(, ) 52 = 0
where My(z) is a differentiable function of x, Ny(y) is a differentiable
function of y, and M7, N; are differentiable functions of z,y. Prove:
oM, ON,

If = —, then the ODE is Exact.
oy ox

Solution: Here

{mezmm+mmw S {%z%l
N(z,y) = No(y) + Ni(z,y) ’

So,

oM, B ON; oM B ON )
o =5 = 8_y =5 —> The ODE is Exact.

2.8 Numerical Solutions: Euler’s Method

1. Counsider the IVP

y(1) =1
(a) Compute the analytic solution y = ¢(t) and evaluate p(2).

(b) Use Euler method to approximate (2), with A = .05. Submit the
Matlab or Excel output.

dy __ 942
{d—?g_?)t

2. Consider the IVP
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(a) Compute the analytic solution y = ¢(t) and evaluate (1).

(b) Use Euler method to approximate (1), with A = .05. Submit the
Matlab or Excel output.

Solution: The ODE can be written as % + y = t. With integrating
factor u(t) = €', we have

ety:/tetdt—kc:tet—et—kc:y:t—1+06_t

With y(0) = 2, we have

y=¢t)=t—1+3e". So, (1) =3¢ ~1.1036

3. Consider the IVP
{ W= —y+t
y(0) =1
a) Compute the analytic solution y = (t) and evaluate ¢(1).
¥ ¥
(b) Use Euler method to approximate (1), with A = .05. Submit the
Matlab or Excel output.

4. Consider the IVP
{ % = —y +sint

(a) Compute the analytic solution y = ¢(t) and evaluate p(7/2).

(b) Use Euler method to approximate ¢(7/2), with h = 5. Submit
the Matlab or Excel output.

Solution: The ODE can be written as % +y = sint. With integrating
factor u(t) = €', we have

et(sint — cost
ety:/sintetdt—FCZ ( )—i-c:>

2

int — t
y— (sin . cos )+ce_t
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(sint — cost)

1 _
W0 =5 = y=pl) = By
So, p(7/2) = 5+ = ~ 7079
5. Consider the IVP
dy _ .2
{ Y=yt
y(0) =1
(We may not have discussed any method to solve this equation analyt-

ically.)

(a) Use Euler method to approximate ¢(1), with A = .05. Submit the
Matlab or Excel output.



Chapter 3

Second Order ODE

3.1 Introduction

1. Consider the general form of the Linear Homogenous ODE, of order

two:

dy dy

— 4+ p(t)= +q(t)y =0

T2 TRt T alt)y
Prove that the constant function y = ¢(t) = 0 is a solution of this
equation.

Remark. Note that the above problem is analogous to the following result
in Linear Algebra:

Consider the homogeneous system of Linear Equations:

T 0
Ax =0 wherex = [ ™2 , 0= with m rows,
Tn 0

and A is a m x n matrix. Then, x = 0 (with n rows) is a solution of this
system.

39
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3.2 Homogeneous Linear second order ODE,

with Constant Coefficients

1. Give a general solution of the ODE

dy dy
— ——=—6y=0
dz? dz 4
2. Give a general solution of the ODE
d’y . dy
2 _ 9l gy =
9dx2 gdx y=0

Solution: The CE:

1 4
9?—9r—4 =0 = 3r*—12r+3r—4 =0 = (3r+1)(3r—4) =0 = 1| = —32=3

So,

t

— rit rot _ - %
Yy =ce " +ce =ce 3+ cge

3. Give a general solution of the ODE

d? d
9% Y Y _
dz?  dx
Solution: The CE:
9 1
9“4+ r=0=r; =0, 7”2:—§

So,

©le+

y = cie"’ 4 " = ¢ + coe”
4. Give a general solution of the ODE

d?y
147y
dx? 4



3.2. HOMOGENEOUS LINEAR SECOND ORDER ODE, WITH CONSTANT COEFFICIENTS41

Solution: The CE:

1 1
r — T 5 T2 5
So,

_1 1
y = cre"t 4 e = cre 2" + et

5. Give a general solution of the ODE

Solution: The CE:

2
So,
Y= Clerlt 4 C2€T2t — Clefﬂ*t + 026271'1‘,

6. Consider the IVP 2 .

H+E—6y=0
y(0) =1
y'(0)=1

Solve the IVP y = ¢(t) and compute limy_,, ¢(%).

Solution:

(a) The CE:

Prr—6=0= (r+3)r—-2)=0=r =

(b) So, the general solution and its derivative:

y' = —3c1e73 + 2cpe?

(c) Using the initial values:

cre + e’ =1 cL+ey=1
—3c1° 4 2c5e” =1 —3c1+2c =1

_ 4 _ 1
SO, 62—5, Cl—g.

rP—mr -2 =0= (r—2m(r4+n)=0= 1 =

—T, To =27

—37 o = 2

301 + 302 =3
—301 + 262 =1
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(d) So, the solution is

y=t)=cre ™ + e = —e 3t+5€2t
Also,
lim ¢(t) = lim 16_3'5 + éegt =00
t—o0 90 —00 5 5
7. Consider the IVP ,
4y 71y =0
y(0) =1
y(0)=1
Solve the IVP y = ¢(t) and compute lim;_,, ¢(?).
Solution:
(a) The CE:
Pt =0=r =T, ry="

(b) So, the general solution and its derivative:

/

y=(t) = cre”™ + cpe™
Yy = —mcie” ™ + mepe™

(c) Using the initial values:

1€’ + e =1 c1t+ec=1 Te] + ey =
D o_1 3 _ _ _ _
mcie’ + mege” =1 T, +meg =1 e, + e =1
So,
T+ 1 1 T+1 =w—1
Co — C1 = — —
2 o+ ! 21 2
(d) So, the solution is
—1 T+ 1

—mt i

T
_ t _ —7t 7t —
y=@(t)=ce ™+ e o o

e

Also,
. : Lo 4
lim @(t) = lim [ —e™" + —e* | = 0

t—o00 t—o0 5 5
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8. Consider the IVP .
2y —9y=0
y(0) =«
y'(0) =1
(a) Solve the IVP y = ¢(t).

(b) For what values of a the limit lim; ,, (¢) is finite?

Solution:

(a) The CE:
P —9=0=r =-3, r,=3

(b) So, the general solution and its derivative:

y = @(t) = cre™3" + cpe
y = —3c1e3% 4 3epedt

(c) Using the initial values:

1€’ + e’ = 1+ = 3c1 4 3¢y = 3a
—3c1° 4 3c3e” =1 —3c1+3co =1 —3c1+3co =1
So,
3a+1 3a+1 3da-1
Cy = ) L = o — -
6 6 6

(d) So, the solution is

Ja—1 4 3a+1 4
T + 5 ©

y=(t) = cre”® + cpe® =

Also,

3a—1
lim ¢(t) = lim (aTe_?’t +

t—o00 t—o00

Megt _ 3o — 1+3a+1 lim o5
6 6 6 t—o0

THis limit is finite only when 3ac+ 1 or @ = —

Wl



44 CHAPTER 3. SECOND ORDER ODE

9. Consider the IVP - .
THH109 =
y(0) =2
y'(0)=1

Solve the IVP y = ¢(t) and compute limy_, ¢(%).

Solution:

(a) The CE:
r?+10r=0=r; =0, r, = —10

(b) So, the general solution and its derivative:

y=p(t) = c; + cpe 10
Y = —10cye 10

(c) Using the initial values:

Cl—|—026022 c1+cog =2 01:2
{—100260:1 :>{ ST P

(d) So, the solution is

21 1
y = <,0(t) = + C2€—IOt - - _e—IOt

21 1 21
lim p(t) = lim <— —610t> =—

o0 iso \ 10 10

Also,

10. Consider the IVP
2y 0% =0

dz?
y(0) =2
y'(0)=1
Solve the IVP y = ¢(t) and compute limy_,, ¢(%).

Solution:

(a) The CE:
r?—10r=0=1r, =0, r, =10
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(b) So, the general solution and its derivative:

y=o(t) = c1 + cel®
y' = 10cqe!?

(c) Using the initial values:
0_ _ _ 19
Cl+002€ =2 N C1+C2—12 N 01—@
10c0e” =1 C2 = 15
(d) So, the solution is

o0 19 1

y = p(t) =c; + cpe! = 10 1—0610t
Also,
, L 19 1 5\
Jim () = Jim (1_0 T 10° ) -
11. Consider the IVP )
T —10% 421y =0
y(1) =0
y'(1)=0

Solve the IVP.

Solution:

(a) The CE:
2 —10r4+21=0=r; =3, rs =17

(b) So, the general solution and its derivative:

y=¢(t) = cre™ + cpe”
Y = 3c1e3 + Tege™

(c) Using the initial values:

cred + e’ =0 L fa= 0
3cie3 +7e" =0 co =10
(d) So, the solution is

y = @(t) = c1® + coe™ = 0e* + 0™ = 0
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3.3 Fundamental Set of Solutions

1. Consider the 2"¢-order linear homogeneous ODE:
Y1 = e 3t

d
4— 44— +y =0 and its two solutions : { _
Y2 = te

1
§t

Use the Wronskian Theorem, to determine if y;, y» form a Fundamental
set of solutions of the ODE. ( You need not check that y,, y2 are solutions
of the ODE.)

Solution:

(a) The CE: 4r* +4r +1 =0, or (2r + 1) = 0. It has repeated real
root r = —%. By §3.4, y1, vy

(b) The Wronskian

-1 —
ol oYy | | ez te™2
Wy 92)(1) = ' yi Yh | ‘ —%e_%t —%te_%t +e 2t
L] 1 t ‘ _
¢ t
=€ 1 1 =€

By Wronskian Theorem, ¥, y» form a Fundamental set of solutions
of the ODE.

2. Consider the 2"%-order linear homogeneous ODE:
Y1 = eat

d
4— 4+ 4— +y =0 and its two solutions : _1,
Yo = 76 2

Use the Wronskian Theorem, to determine if y;, yo form a Fundamental
set of solutions of the ODE. ( You need not check that y,, yo are solutions
of the ODE.)

Solution: The Wronskian

Yyr Y2
w , t) = / /
(1, 2) (1 'yl .
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1 7
1 7
T2 T2

=e =0

By Wronskian Theorem, y;,y, do NOT form a Fundamental set of
solutions of the ODE.

3. Consider the 2"%-order linear homogeneous ODE:

WY W o 0 andits two soluti y = e 3!
_ =3 — — = and 1ts two solutions :
dt2 - dt Y Yo = 3t

Use the Wronskian Theorem, to determine if y;, y» form a Fundamental
set of solutions of the ODE. ( You need not check that yy,yo are solutions

of the ODE.)
Solution:
(a) Here the CE: 4r? — 8r — 21. So, r = SE=vO0L3%0 _ 8220 _ T3
By 8§3.1, y1, y2 are solutions of the ODE.
(b) The Wronskian:
Y1 Yo e 3t es! or| 1 1 2
Wiy, y2)(t) = = = =5 0
(Y1, y2)(1) ’yi v, ‘ —%67% ge%t € _% % ‘ e” #

By Wronskian Theorem, y1, y, form a Fundamental set of solutions
of the ODE.

4. Consider the 2"-order linear homogeneous ODE:

d? d _
4_y — S—y — 21y =0 and its two solutions : { hr =€z

dt? dt yo = mest

Use the Wronskian Theorem, to determine if 3y, y» form a Fundamental

set of solutions of the ODE. ( You need not check that y,,ys are solutions
of the ODE.)

Solution:
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(a) The Wronskian:

Y1 Y2
W(y1, t) =
(yl ?/2)( ) ‘ yi yé

:‘6

N~ =

By Wronskian Theorem, y;,y> do NOT form a Fundamental set
of solutions of the ODE.

5. Consider the 2"¢-order linear homogeneous ODE:

y1 = cos(v/2t)
Yy = sin(v/2t)

d*y . .
e + 2y =0 and its two solutions :

Use the Wronskian Theorem, to determine if y;, y, form a Fundamental
set of solutions of the ODE. ( You need not check that yy,yo are solutions
of the ODE.)

Solution:

(a) Here the CE is 72 +2 = 0, which has complex roots r = 4+/2i.
So, Y1, y2 are solutions of this ODE (by §3.5).

(b) The Wronskian:

W50 () — ' n v

B cos(v/2t) sin(v2t) |
B ‘ —/2sin(v/2t) v/2cos(v/2t) ’ =V2

By Wronskian Theorem, y1, y form a Fundamental set of solutions
of the ODE.

6. Consider the 2"%-order linear homogeneous ODE:

y1 = cos(v/2t)
Yy = 3cos(v/2t)

d?y . .
e} + 2y =0 and its two solutions :

Use the Wronskian Theorem, to determine if y;, yo form a Fundamental
set of solutions of the ODE. ( You need not check that y,,y2 are solutions
of the ODE.)

Solution:
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(a) The Wronskian:

W(ybyz)(t) = ‘ Zi ZZ

B ' cos(v/2t) 3 cos(v/2t) ' 0
| —V2sin(v2t) —3v2sin(v2t) |

By Wronskian Theorem, y;,y, do NOT form a Fundamental set
of solutions of the ODE.

7. Consider the 2"-order linear homogeneous ODE:

d?y

d _ it
SV _ oy 5y =0 and its two solutions : { yr =€ cos(2h)

dt? dt Yo = €'sin(2t)

Use the Wronskian Theorem, to determine if 4y, y» form a Fundamental
set of solutions of the ODE. ( You need not check that y,,ys are solutions
of the ODE.)

Solution:

(a) Here the CE is r? — 2r + 5 = 0. By quadratic formula

24420
- ==

r =1+42i,1-2

So, y1, Y2 are solutions of this ODE (by §3.5).
(b) The Wronskian:

t .
Yy Y | e’ cos(2t) el sin(2t)
Wy 12)(t) = ‘ vy ys || etcos(2t) — 2etsin(2t) €' sin(2t) + 2e! cos(2t)
ot cos(2t) sin(2t)

cos(2t) — 2sin(2¢) sin(2t) + 2 cos(2t) ‘ = 2" #0

By Wronskian Theorem, 1, y» form a Fundamental set of solutions

of the ODE.
8. Consider the 2"-order linear homogeneous ODE:

d? d
d—t‘g — 2d_gi + 5y =0 and its two solutions : {

y1 = €' cos(2t)
Yo = e’ cos(2t)
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Use the Wronskian Theorem, to determine if y;, yo form a Fundamental
set of solutions of the ODE. ( You need not check that y,, yo are solutions
of the ODE.)

Solution:
(a) Here the CE is r? — 2r + 5 = 0. By quadratic formula

24120
- =

r =1+2i,1—2

So, y1, Yo are solutions of this ODE (by §3.5).
(b) The Wronskian: W (y1,y2)(t) =

e’ cos(2t) e’ cos(2t)
e’ cos(2t) — 2e’sin(2t) e’ cos(2t) — 2¢’ sin(2t)

=0

‘ Y1 Y2
Yy Vs

By Wronskian Theorem, y;,y> do NOT form a Fundamental set
of solutions of the ODE.

. Consider the general form of the 2"?-order linear homogeneous ODE:

d?y  dy
aﬁ-l—b%—i—cy:() a#()

with constant coefficients a, b, c € R. Let y = 41,y = yo be two solution
of the ODE. Use Abel’s Theorem, to compute the Wronskian W (y;, y2),
up to a constant multiplier.

Hint: See the same Lemma in §3.3 and reproduce!

3.4 Repeated roots of the CE

1. Solve IVP
d*y dy y(0) =3 ‘
4@ + 4$ +y=0, { y(0) = —1 Also, compute tlgglo y(t).

Solution:
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(a) The CE: 4r?+4r+1 = 0. The equation has a double root r = —3.

(b) So, a fundamental set of solutions is

_14
yl = € 2
{ ys = te 3t
(c) The general solution of the IVP and its derivative are

t

_ 1y i
{y:cle 2" 4 cote™ 2
t

r_ 1,—1t -1 1y -1
Yy = —c13€e + coe — Ca5te

(d) By the initial conditions:

Ccl = 3 — Cc1 = 3
—%C1+02:—1 02:%
(e) Answer:
_14 _14 1 I
Y =ce 2 4+ cote 2" = 3—1—§t e 2
Also,

. . 1 _ 1y
0 = i (3 5¢) e ¥) =0
2. We change the initial condition in the above problem (1a):

Solve IVP

d2 d = —2
G g =0 {y(l) TSy Ao compute i y(0)

Solution:

(a) From (1la), The general solution of the IVP and its derivative are

J _14
{y:cle 2" + cote™ 2
o 1 _—14 —14 1, —14
Y = —cC13€" 2 + e 2" — cogte 2
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(b) Use the initial condition:

o=

_1 _ _1
cle”2 +coe”2 = 3e” 2 ci+c=3
1,-1 -1 1 — 1 =
—C15€ 2 4+ c9e 2 — (56 20 = —€ 2

_ 1 _ 5
So, co =5 and ¢; = 3

(c) Answer:
y=cre 2 + cpte 2t = > + 1t ezt
1 2 513
Also,
. . ) 1 _ 14
pioit) = i (5 51) ) =0
3. Solve IVP
d*y dy y(0) =5 .
25@ — 10% +y =0, { J(0) = —1 Also, compute tlgilo y(t).
Solution:

(a) The CE: 25r2 — 10r + 1 = 0. The equation has a double root

=1
r=s.

(b) So, a fundamental set of solutions is
Y1 = est
Yo = test
(c¢) The general solution of the IVP and its derivative are

1y 14 Ly
y = c1e5' 4 cotes’ = (¢ + cot)es
y = coest + e + cot)es!

(d) By the initial conditions:

01:5 . 01:5
CQ“‘%Cl:_l 62:—2
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(e) Answer:

Also,
lim y(t) = lim (((5 - zt)e%t» —

t—o0 t—o00

4. We change the initial condition in (5).
Solve IVP

d2 d = é
255 ~10=2 4y = 0, { Ve Abor compute Jim ()

Solution:

(a) From (5) The general solution of the IVP and its derivative are

Yy = crest & cotest = (c1 + cﬂ)eét
/ 1y 1 1y
Y = cpes’ + (e + cot)es

(b) Substituting the initial values

So, ¢ =17, ¢c9=—2
(c) So, answer
y=(c1+ czt)e%t = (7—2t) es!

Also,
lim y(t) = lim ((7 —2t) e%t) —
t—o0 t—o0
5. Solve IVP
d?y dy y(0) =5 .
25@ + 10% +y=0, J(0) = —1 Also, compute tliglo y(t).

Solution:
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=_1
r=—x.

(a) The CE: 25r? + 10r + 1 = 0. The equation has a double root
(b) So, a fundamental set of solutions is

Y1 = e 5t

yp = te 5!
(c) The general solution of the IVP and its derivative are

—1 -1 —1
y = cie 5 +cote” st = (c1 + cot)eT s
"= cpe5t— Ley + ept)e 5
Y =75 — z(c1 +cat)es

(d) By the initial conditions:

61:5 — 01:5
02_%01:_1 62:0

(e) Answer:

Also,
. T _14 .
Jim () = fim ((577)) =0
6. Solve IVP
d?y dy

d-y dy B y(0) = —1 )
72 + 14 o +49y =0, { (0 =1 Also, compute tlg& y(t).

Solution:

(a) The CE: r?414r+49 = 0. The equation has a double root r = —7.

(b) So, a fundamental set of solutions is
yp=e"
ys =te "
(c¢) The general solution of the IVP and its derivative are

y=cre "t +cpte” ™ = (¢ + cot)e™ ™
"= coe” ™ —T(cy + cpt)e ™
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(d) By the initial conditions:
C1 = -1 C1 = -1
{02—701:1 — {02:—6

y=(c1+eat)e ™ = (=1 —6t)e ™

(e) Answer:

Also,
lim y(t) = lim ((—1—6t)e”") =0

t—o00 t—o00

3.5 Complex roots of the CE

1. Solve IVP

dy dy y(0) = -1
a2V =0, { y(0) = 1

Also describe the nature of the solution, as t — oo.

Solution:

(a) The CE: 12— 2y/5+9 = 0. So, r = 252036 _ /54 9

(b) So, a Fundamental pair of solutions:

y1 = eMcos put = eV cos 2t
Yo = eMsin ut = eV sin 2t
(c) The general solution of the IVP and its derivative:

Y = Cry1 + Coyp = 16V cos 2t + coeV sin 2t = V5 (¢ cos 2t + cosin 2t)
y' = v/5eV5 (¢1 cos 2t + ¢ sin 2t) + 2eV5 (—¢y sin 2t 4 ¢4 cos 2t)

(d) Use the initial value:

Ccl = 1 — 01:—1
\/5014_202:1 C2:ﬂg
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(e) So, the answer:

1 5
y = ¥ (¢1 cos 2t + ¢y sin 2t) = ¥ (— cos 2t + +2\/_ sin 2t>

The exponential part is F = e*/gt, which goes to co. So, it is an
unsteady oscillation, at ¢ — oo.

2. Solve IVP

dy dy y(0) = —1
2 2V5 49y =0
g~ 2V =0, { y(0) =1

Also describe the nature of the solution, as t — oo.

Solution:

(a) The CE: 72 — 2/5r +9 = 0. So, 1 = 2v/5EV20-36 V2056 — /B £ 2i

(b) So, a Fundamental pair of solutions:

y1 = eM cos pt = eV cos 2t
Yo = M sin it = eV sin 2¢

(c) The general solution of the IVP and its derivative:

Y = C1y + Cayp = creV? cos 2t + coeV sin 2t = Vot (¢1 cos 2t + co8in 2t)
y = V/5eVB (1 cos 2t + ¢y sin 2t) + 2€V5t (—¢y sin 2t 4 ¢, cos 2t)

(d) Use the initial value:

01:—1 — 01:—1
\/501+262:1 02:%5

(e) So, the answer:

1 3
y = €Y% (¢1 cos 2t + ¢y sin 2t) = ¥ (— cos 2t + +2\/_ sin Qt)

The exponential part is £ = eV which goes to co. So, it is an
unstable oscillation, at ¢ — oo.
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3. Solve IVP

’y  dy y(1) = —e?
2 42+ (4+7)y=0
T2 A Ty =0, { _

Also describe the nature of the solution, as t — oo.

Solution:

(a) The CE: r? —4r + (4 + %) = 0. So, r = SAVALR i ”16;4(4+7r2) =2+m
(b) So, a Fundamental pair of solutions:

2t cos Tt
A

y1 = eMcosut = e
Yo = eMsin ut = e* sin wt

(c) The general solution of the IVP and its derivative:

Yy = c1y1 + caya = €2 (cy cos Tt + co sin Trt)
y' = 2e% (cy cosmt + cysinmt) + we? (—cy sinwt + ¢y cos wt)

(d) Use the initial value:

—e%c; = —e? cp=1
—2e%c; — me%cy = € Cy = —%
(e) So, the answer:

3
y = e* (cy cos Tt + cysinmt) = e* <cos 7t — — sin Tt)
7r

The exponential part is £ = €%, which goes to co. So, it is an
unstable oscillation, at ¢ — oo.

4. Solve IVP

Py dy 2 y(1) = —e?
SV 4 —0
gz g AT =0, { -

Also describe the nature of the solution, as t — oo.

Solution:



o8

CHAPTER 3. SECOND ORDER ODE
a) The CE: 12 +4r + (4+72) = 0. So, 5 = —=VICHAGE) o4 o
(a) 7 5
(b) So, a Fundamental pair of solutions:
Y, = eMcos ut = e~ cost
Yo = eMsinput = e Hsinnt
(c) The general solution of the IVP and its derivative:
Y = c1y1 + cayp = € 2 (¢ cos mt + cy sinwt)
Y = —2e? (¢; cosmt + cysinmt) + e 2 (—cy sin 7wt + ¢y cos 7t)
(d) Use the initial value:
—e2¢; = —e72 N cp=1
2e2¢c; —me 2cy = 72 ¢y =1
(e) So, the answer:
1
y = e (c;cosmt + cysinmt) = e (cos 7l + — sin 7rt>
T
The exponential part is £ = e, which goes to 0. So, it is an
damped oscillation, at t — oo.
5. Solve IVP P ()
y y(m) = —1
— +49y =0
e R UELIN

Also describe the nature of the solution, as t — oco.

Solution:

(a) The CE: r? +49 = 0. So, r = £T7i

(b) So, a Fundamental pair of solutions:

y1 = eMcos ut = cos Tt
Yo = eMsin ut = sin Tt
(¢) The general solution of the IVP and its derivative:

Y = C1Y1 + CoYo = €1 CcOS Tt + coSin 7t
Yy = —Teysin Tt + Tcy cos Tt
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(d) Use the initial value:

c1cosTm + cosin’m = —1 N =1
—Tersin 7w + TegcosTm =7 ey =—1

(e) So, the answer:
Yy = €1 o8 Tt + co8in 7t = cos 7t — sin Tt

The exponential part is £ = 1. So, it is an Stable oscillation, at
t — 0.

6. Solve IVP

Py y(1) = -1
ae Y=Y { y(1) =2

Also describe the nature of the solution, as t — oo.

Solution:

(a) The CE: r? + 472 = 0. So, r = +27i

(b) So, a Fundamental pair of solutions:

Yo = eMsin ut = sin 27t

{ y, = eM cos ut = cos 27t
(c) The general solution of the IVP and its derivative:

Y = C1Y1 + Coyo = €1 cos 27t + co sin 27t
Yy = —2mweq sin 27t + 2mwey cos 27t

(d) Use the initial value:

€1 Co82m + cysin 2 = —1 N cp=—1
—27c; sin 2 + 2mey cos 27 = 2 Cr ==
(e) So, the answer:
. 1.
Y = €1 cos 2Tt + co sin 27t = — cos 27t + — sin 27t
T

The exponential part is £ = 1. So, it is an Stable oscillation, at
t — 0.
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3.6 Nonhomogeneous ODE: Method of Varia-

tions of Parameters

For some of the problems, the integration Formula A.1.1, would be helpful.

1. Find the general solution of the ODE

d%y dy
189 902 | o5, — ¢t
4t g TV«

Solution:

(a) The corresponding homogenous ODE: 4y” — 20y’ + 25y = 0.
Its CE: 472 — 20r + 25 = 0. So, it has a double root, r = g
A fundamental set of solutions of the homogeneous ODE:

yl _= e?"t = e%
Yo = te"t = tes
The Wronskian

5t

I
a

wi-| % % |

Iz
=
wlg

|G A

o|g o
ol

Nt
™
_I_
®

(b) A Particular Solutions:

y2(t) / (t)g(t)
Y = —yi(t
wle) [ R 0
m/te%teg’tdt 5t / eze5tdt /
= —e2 —+ttez
oot

2 5t (st 2 st 2, 05050 4 g
=——e? (le? ——-e? | +=le2e? = —e
5 3 5 25

tes dt+te /e?dt

(c) So, the general solution is

4
Y="Yc+ Y = C1Y1 + Y2 + Y = 016% + Cgte% + %e‘%
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2. Find the general solution of the ODE
dy

d2
y+4—+y:et

q4-7
dt? dt

Solution:

(a) The corresponding homogeneous ODE 4y? 4+ 4y? +y =0
The CE: 4r>+4r+1 = 0. The equation has a double root r = —%.
So, a fundamental set of solutions is

The Wronskian

O

(b) A Particular Solutions:

Y = —ui(t) / yz<€>vg(g>dt ) /yl(t)g(t)dt

—1y ¢ —Li 4
= —e‘ét/—te ’ fdt—i-te_;t/e : etdt = —e‘ét/tegtdt—l—te_%t/egtdt
e” e”

= _ge_%t <t@gt — gegt) -+ gte_%tegt = get

3 3

(c) So, the general solution is

W

Y=yt Y =iy +catp+Y = cre” 7+ eote 3t 4 —et

Ne}

3. Find the general solution of the ODE

d*y dy
—Z 4102 4+ 25y = '
az TV T =e

Solution:
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(a) The corresponding homogenous ODE: y? + 10y’ + 25y = 0.
Its CE: 2 4+ 10r 4+ 25 = 0. So, it has a double root, r = —5.
A fundamental set of solutions of the homogeneous ODE:

Yy = ert — €—5t
yp = te't = te™

The Wronskian

t675t610tdt 675t€10tdt
= —€_5t/—10 +t6_5t/— = —e_5t/tel5tdt+te_5t/el5tdt
e—10t e—10t

_ _ie—5t reldt _ iem i it6—5t615t _ Lem
15 15 15 225

(c) So, the general solution is

1
y=y.+Y =ciyp +tcyp+Y = cre”? + cote™™ 4 %61&

4. Find the general solution of the ODE

&y dy VBt
o) 2\/_ + 9y =e

Solution:

(a) The CE: 72 =25 +9=0. So, r = 2\fim — 5+ 2i

(b) So, a Fundamental pair of solutions:

Y1 = eMcos ut = eV cos 2t
Yy = M sin put = eV sin 2t
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The Wronskian
Y1 Y2

/

W(t) =
() Y1 yé

i

eV3 cos 2t eVot sin 2t

= V5t V5t o VBt o V5t = 2¢2V7!
\/56 cos 2t — 2eV°'sin 2t \/56 sin 2t + 2eVv°* cos 2t

(c) A Particular Solutions:

Y=—yl(t)/%+y2(t)/%

= —e¥% cos 225/ i szi:j/ggt(t)dt + ¢V sin 2t/ eV C;;?/g(t)dt
— VPt Qt/ wdﬂ_eﬁt sith/ wdt (use (A.1.1.))
_ VBt oot <e‘2‘/5t —2+/5sin 2t — 2 cos pt) eVt gin o (6_2\/& 2sin 2t — 21/5 cos 2t>
48 48
— 2_146—x/5t

(d) So, the general solution is

1
Y= yetY = ciyiteaetY = c+Y = creV? cos 2t+coe¥ sin 2t—|—%e’\/5t

5. Find the general solution of the ODE

Py dy
L 42+ 4+ =1
gz g Tty

Solution:

4£4/16-4(4+72) 94 i

(a) The CE: r? —4r + (4 +72) = 0. So, r = .
So, a Fundamental pair of solutions:

y1 = eMcos ut = e* cost
Yo = eMsin ut = e* sint
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The Wronskian

=[5

B ’ e?t cos t e?t sin 7t o

) . = e
2¢? cost — me? sinwt  2e? sin wt + we?t cos wt ‘

(b) A Particular Solutions:

Y:—yl(t)/%(g)dt-i-m(t)/%

o esinwtdt ;. e? cos Ttdt
=—e“cosmt | ———— +e"sinmt | ———
e e

~sin 7tdt ~* cos mtdt
= —thcosmf/ﬂ%—e%sinﬂt/ﬂ (use (A.1.1.))
T 7r

_ _162'5 cosrt (o2t —2sin7wt — mcos it +l€2t - 672t7rsin ut — 2cosmt
T 44 72 T 44 72

B 1
4+ 72

2t

(¢) So, the general solution is

Y =yY.+Y = cry1+coyo+Y = c+Y = cre? cos Tt+coe? sin i+ et

44 72
6. Find the general solution of the ODE

d2
d_tg + 49y = 2sin Tt

Solution:

(a) The CE: r2+49 = 0. So, r = £T7i

So, a Fundamental pair of solutions:

Y1 = e cos ut = cos Tt
Yo = eMsin put = sin 7t
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The Wronskian

Y1 Y2
W(t) =
®) ' Y1 Y ‘
B cos 7t sin 7t
| =T7sinTt TcosTt

(b) A Particular Solutions:

Yz—yl(t)/%wz(t)/%

2 sin? Ttdt . 2 cos 7t sin 7tdt
= —cos Tt f%—sm?t 7

1-— 14 in 14
o [ QL g [

(t—=4) cosl4t
7
_ —tcos Tt + (cos Ttsin 14t — sin 7t cos 14t)  —tcos Tt + sin 7t

98 98
(c) So, the general solution is

-

= —cosTt

—tcos 7t +sin 7t
98

Y =yY.+Y = cry1t+coys+Y = c+Y = 1 cos Tt+co sin Tt+
7. Find the general solution of the ODE

d
— — 95— + 6y = cos bt

Solution:

(a) The corresponding homogenous ODE: y? — 5y’ 4 6y = 0.
Its CE: 72 — 5r +6 = 0. So, it has a double root, r = 2, 3.
A fundamental set of solutions of the homogeneous ODE:

Yy = ert — th
Ys = tert — eSt
The Wronskian
2t 3t

2e?t 3e3t

__ ot
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(b) A Particular Solutions:

Yz—yl(t)/wwz(t)/w

W(t) w(t)
o [ € cosbtdt 4, [ e* cosbtdt
=— | —m— e | — 5 —

= —e / e~ % cos 5tdt + e / e~ cos 5tdt (use (A.1.1.))

2 <6—2t5 sin 5t — 2 cos 575) e (e_St 5sin bt — 3 cos 5t)

29 34

_5sin5t—2cos5t n Hsin bt — 3 cos bt
29 34

(¢) So, the general solution is

Y=Y+ Y =ciy1 + 2y +Y

5sin 5t — 2 cos 5t N 5Sin5t—3cos5t>

4
2 3t 5t
¢
cre“’+eote”+—e —|—( 59 31

25

3.6.1 More Problems

Do not submit the following of the problems in the subsection. The following
problems are variations of the above problems, where right hand side g(t)
would be different. Majority of the steps would be same as above, while the
integrations would be more involved.

1. The following are variations of Problem 1.

(a) Find the general solution of the ODE

d*y dy
4—2 202 425y = (1 +t + t?)e™
7S dt+ y=1+t+te

(b) Find the general solution of the ODE

d?y dy 5
4@ — 20% + 25y = e”" cos 3t
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(c¢) Find the general solution of the ODE

d*y dy 2
4w—20£—|—25y: (14+t+1t")cos3t

2. The following are variations of Problem 2.

(a) Find the general solution of the ODE

d*y dy
4—2 4 42 = (1+1t—1te!
T + o +y=(1+ Je

(b) Find the general solution of the ODE

d*y dy t
4E+4%+y:e sin 2t

(c¢) Find the general solution of the ODE

d*y dy 2\ o
4W+4E+y:(1+t+t ) sin 2t

3. The following are variations of Problem 3.

(a) Find the general solution of the ODE

d2y dy 2
2 4102 +25y = (1 +t — t?)e'™
72 + 7 + 25y = (1 + Je

(b) Find the general solution of the ODE

d? d
d_tg + 10d_?1i + 25y = e'% cos 3t
(c¢) Find the general solution of the ODE

d?y dy 2
ﬁJ“lOEJF%y:(lHH ) cos 3t

4. The following are variations of Problem 4.
(a) Find the general solution of the ODE
d*y

d
yr i 2\/361—@; +9y = (1+1t+12)e V™
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(b) Find the general solution of the ODE

d? d
dti/ 2\/_y—l-9y—eft31n2t

(c) Find the general solution of the ODE

d? d
dt;y 2\/_ Y +9y— (14t +t%)sin2t

5. The following are variations of Problem 5.
(a) Find the general solution of the ODE

>y dy

— 4+ (d+r)y =1 2

s dt+( + 1)y =1+t+1
(b) Find the general solution of the ODE

d*y dy 2 2\ o
E_4E+(4+” Jy=(1+1t+1t")sin2¢

6. The following are variations of Problem 6.

(a) Find the general solution of the ODE
d?y
de?

(b) Find the general solution of the ODE

+49y = 2t?sin Tt

d2

y7o) + 49y = 23 sin Tt

7. The following are variations of Problem 7.
(a) Find the general solution of the ODE

d>y  _dy
SV 5% ey =1+ttt
7 o Ty (1+t+1t*)cosbt

(b) Find the general solution of the ODE

d*y _dy
p7e) 5% + 6y = ¢’ cos bt
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3.7 Method of Undetermined Coefficients

No new problems will be assigned in the section. One can try to solve any
of the problems in Section 3.6 or Section 3.6.1, using this method of unde-
termined coefficients.

3.8 Elements of Particle Dynamics

We would not assign any Homework in this section. Problems are essentially
covered by what we did in § 3.5, 3.6, 3.6.1, 3.7.

The reason for this departure from the customary practice is two fold.
The problem sets on this topic in the literature appears a little artificial, to
me. Some of problems are, essentially same as those in § 3.5, 3.6, 3.6.1, 3.7,
encased within a story on Mechanics. Other set of problems, ask to compute
Amplitude, Periodicity etc., which may belong in the Mechanics classes.
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Chapter 4

Higher Order ODE

4.1 General Overview of Theory

No Homework

4.2 Linear Homogeneous ODE with constant

coeflicients

1. Give a general solution of the Homogeneous ODE

d3y
—Z _ =0
as Y
Solution. The CE
P —1=0
(r—=1)*+r+1)=0
7"1:]_7 T2:62%i:—%—|—\/7§i7"3:€4%i:—%—\/?§i

ro and r3 are conjugates. So, a fundamental set of solutions

—14 21
I Yg =€ 2 cos(?t)
= { ys = e~ 2'sin (%1)

71
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So, a general solution

1 2 _1 2
y=ciel + ¢, cos (§t> +c; 2 sin (?ﬂt)

2. Give a general solution of the Homogeneous ODE

dSy 0
__y:
dt
Solution. The CE
" —1=0
27 27 ;- 27 27 27
ri=1rm=edlry == r =l rg =%
1 e — 1 VB 1 VB _ 1 _ V8. _
rm=1,re=5+%0r3=—5+54,ry=—1, 15 =—5— 5,16 =

Regrouping the roots with their conjugates:
7’1:1 7”2:%—{—\/7?:@ 7"3:—%—}-\/732
So, a general solution

_1 2 _1 2
y=cie +c, 2" cos (§t> + 3 > sin (?ﬂt)

So, a fundamental set of solutions

{ T ys = 3t cos <*/7§
yo=c¢" ys = ezl sin (‘/7?:15) ys = e 2! sin (—t)

So, the general solution

3
Y = clet + cze_t +c3 e%t Ccos <§ )

+c3 (eét sin (?t) ) +c5 (e‘ét cos (?t)) +cg (e‘ét sin (?t) >

N =
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3. Give a general solution of the Homogeneous ODE

dy
a =0

4. Give a general solution of the Homogeneous ODE

dy &Py Py dy
S 42 4f Y 162 32y =0
ar s e T 0% 0

Solution. The CE

rt—4r® + 42+ 16r — 32 =0
r3(r—2)—2r?(r —2)+16(r —2) =0
(r—2)(r*=2r*+16)=0

(r—2)[r® +2r? —4r? — 8r + 8r + 16] = 0
(r—=2)(r+2)(r*—4r+8/=0

So,
4+ /16 — 32
r = _27T2 = 27 T3, Ty = f =2+
So, a fundamental set of solutions
2t
_ -2t 2t Ys = e~ cos 2l
y1=e€ y Y2 =€, {y4:eztsin2t

So, a general solution

Y = cre” 2 4 coe® + c3e® cos 2t + e sin 2t
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4.3 Nonhomogeneous Linear ODE

No Homework



Chapter 5

System of 15-Order Linear ODE

5.1 Introduction

No Homework

5.2 Algebra Of Matrices

No Homework

5.3 Linear Systems and Eigen Values

Definition 5.3.1. Let A be a square matrix of order n, with real entries,
and A € R be a Eigen value of A. Then, the Eigen Space E(\) is defined
to be the set of all Eigen Vectors corresponding to A, together with the zero

vector. So,
EN)={xeR": (A-A,)x=0}

Note, E()) is a subspace of R™.

I6)
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If A € C is a complex Eigen value of A, then the Eigen Space E()) is
defined to be

E(\) = {x € C": (A—\,)x = 0}

A=)

(a) Write down the characteristic equation of A

(b) Find all the eigen values of A.

1. Let

(c) For each eigen value A, compute the eigen space E()\), a basis of
E(N), and dim(E(N)).

2. Let

0

3

(a) Write down the characteristic equation of A
(b) Find all the eigen values of A.

(c) For each eigen value A, compute the eigen space E()), a basis of
E(X), and dim(E())).
3. Let

1
A= 0 2 0
1

(a) Write down the characteristic equation of A
(b) Find all the eigen values of A.

(c) For each eigen value A, compute the eigen space E()), a basis of
E()), and dim(E())).

4. Let
1 2 -6
A= -2 5 —6
-2 2 =3
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(a) Write down the characteristic equation of A
(b) Find all the eigen values of A.

(c) For each eigen value A, compute the eigen space E()), a basis of
E(X), and dim(E())).

5. Let
-1 2 2
A= 4 1 -2
-4 2 5

(a) Write down the characteristic equation of A
(b) Find all the eigen values of A.

(c) For each eigen value A, compute the eigen space E()\), a basis of
E(\), and dim(E(X)).

6. Let
2 1 -3
A=1 0 -1 1
0 1 -1

(a) Write down the characteristic equation of A
(b) Find all the eigen values of A.

(c) For each eigen value A, compute the eigen space E()), a basis of
E(N), and dim(E(X)).

7. Let
4 3 =5
A=1 0 -1 3
0 3 -1

(a) Write down the characteristic equation of A
(b) Find all the eigen values of A.

(c) For each eigen value A, compute the eigen space E()), a basis of
E()), and dim(E()N)).

8. Let

O O D =
|
—
w
—
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(a) Write down the characteristic equation of A
(b) Find all the eigen values of A.

(c) For each eigen value A, compute the eigen space E()\), a basis of
E(\), and dim(E(N)).

5.4 The Theoretical Foundation

No Homework

5.5 Homogeneous Systems with Constant Co-

efficients

Consider homogeneous systems y’ = Ay, where A a constant matrix, of

size n X n. The section deals with problems, such that the roots of the
characteristic Equation |A — AI| = 0 are real and distinct. Consequently, the
corresponding eigen vectors would be linearly independent, which lead to a
Fundamental Set of Solutions.

1. Find a general solutions of
, (6 3
Y=\ 1w 5)7

Solution First, the eigen values:

=0 = P—-1llr=0= r=0,r=11

6—r 3
10 5—r

(a) An eigenvector foe r = 0 is given by A{ = 0. So,

(53)(8)-()=svems
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Taking &; = 1, and eigen vector of r =0 is

¢ — ( _12 ) . So, asolution y™ =¢Wer = ( _12 )

(b) An eigenvector foe r = 11 is given by (A — 1113)¢ = 0. So,

6-11 3 g\ (0 B
("5 20) (8) () = s

Taking &; = 3, and eigen vector of r = 11 is
2 = ( 2 ) . So, asolution y® =¢@ert = ( 2 ) ettt

(c) So, the general solution

1 3
y=ay +oy? =q ( 9 ) + e ( . ) et

2. Find a general solutions of
, (-1 3
Solution First, the eigen values:

“14 3 |20 — 2% —15-0— r=-35

4 3—r

(a) An eigenvector foe r = —3 is given by (A — AI)¢ = 0. So,

(003 )(8) = (0) =rersem

Taking & = 3, and eigen vector of r = —3 is

@ = ( _32 ) . So, asolution y =¢We = ( —32 > -



80 CHAPTER 5. SYSTEM OF 1°T-ORDER LINEAR ODE
(b) An eigenvector foe r = 5 is given by (A — A3)¢ = 0. So,

(777 2 (E) () = s a0

Taking & = 1, and eigen vector of r =5 is

] 1
€ _ ( 2 ) So, a solution  y® = ¢@er = ( 2 ) .

(c) So, the general solution

y=ayV +oy® =q ( _32 ) e + o ( ; > e’

3. Find a general solutions of
;3 8

Solution First, the eigen values:

‘3—7“ 8

=0 = 1 —-25=0= r=-5,5
2 -3 -7

(a) An eigenvector foe r = —5 is given by (A — AI)¢ = 0. So,

(727 s ) (8) = () meren

Taking & = 1, and eigen vector of r = —5 is

W = ( _11 > . So, asolution yM =¢Mert = ( _11 )6_5t

(b) An eigenvector foe =5 is given by (A — AI)§ = 0. So,

(15 (8] (1)

Taking & = 1, and eigen vector of r = 5 is

€@ = ( le ) . So, asolution y® =¢@ert = ( le ) -
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(c) So, the general solution

y=ay +oy? =q ( _11 ) e+ ( le ) e

4. Find a general solutions of

=)

—_
|

—_

Solution First, the eigen values:
2—r 1 -3 1, 1
0 —-1-r 1 =0= (2—71) 1 . =0=
0 1 —1—r
2-r)(r+2)r=0=r=-2,0,2

(a) An eigenvector foe r = —2 is given by (A — A\I)¢ = 0. So,

4 1 -3 3 0
01 1 &L l=10 | =
01 1 & 0
4 1 -3 & 0
01 1 &L l=10 | =
00 O &3 0
Taking & = 1, and eigen vector of r = —2 is
-1 —1
W = 1 . So, asolution yWM =¢Wert = 1 e 2t
—1 -1

(b) An eigenvector foe r = 0 is given by (A — A\){ = 0. So,

2 1 -3 3 0
0 1 -1 & 0
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2 1 -3 & 0
0 -1 1 & l=1[o
0 0 0 & 0

Taking &3 = 1, and eigen vector of r = 0 is

1 1
@D =| 1 |. So, asolution y® =¢®@et=11
1 1

(c) An eigenvector foe r = 2 is given by (A — A\I)§ = 0. So,

2-2 1 -3 3 0
0 -1-2 1 L l=10 )] =
0 1 —1-2 &3 0
0o 1 -3 & 0
0 -3 1 S l=10 )] =
0 1 -3 &3 0
0o 1 -3 & 0
0 -3 1 & = 0 — &L =&=0
0 0 0 &3 0
Taking & = 1, and eigen vector of r = 2 is
1 1
¢ =10 |. So, asolution y® =¢@et=1| 0 |e*
0 0

(d) So, the general solution

y =y + cy® + esy®

-1 1 1
= 1 el pe |l 1 | 43| 0 |
—1 1 0

5. Find a general solutions of
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Solution First, the eigen values:
4—r 3 ) 1, 3
0 —1-—r 3 =0= (4—71) 3 1y =0=
0 3 —1—r
4—r)r*+2r—8) =0= r=—4,24

(a) An eigenvector foe r = —4 is given by (A — AI)¢ = 0. So,

444 3 -5 & 0
0 —-1+4 3 &Ll =10 )] =
0 3 —-1+4 &3 0
8 3 =5 & 0
03 3 &Ll =10 )] =
03 3 &3 0
8 3 =5 & 0
0 0 O &3 0
Taking &3 = 1, and eigen vector of r = —4 is
1 1
M =1 —1 ]. So, asolution yWM =¢Wet=| —1 |e*
1 1

(b) An eigenvector foe r = 2 is given by (A — AI){ = 0. So,

4—-2 3 -5 & 0
0 —-1-2 3 S |=(0|=
0 3 —-1-2 & 0
2 3 =5 &1 0
0 -3 3 &L l=10]=
0 3 -3 & 0
2 3 -5 3 0
0 0 0 &3 0
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Taking &3 = 1, and eigen vector of r = 2 is

1 1
P =11 ]. So, asolution y® =¢@et=1 1 |¢*
1 1

0
4—4 3 -5 & 0
0 3 —-1—-4 &s 0
0 3 -5 & 0
0 -5 3 S l=10]=
0 3 -5 &3 0
0 3 -5 & 0
05 3 |[&e]={0]=a=a=0
0 0 O &3 0
Taking & = 1, and eigen vector of r =4 is
1 1
€8 =1 0 |. So, asolution y® =@t =1[ 0 |e*
0 0

(d) So, the general solution

y =y + cy® + esy®

1 1 1
= | =1 |e®+e| 1 |e+es| 0 |t
1 1 0

5.6 Complex Eigenvalues

Consider homogeneous systems y’ = Ay, where A a constant matrix, of size
n x n. The section deals with complex values of the characteristic Equation
|A — M| = 0. Before we proceed, recall from §5.6, corresponding a pari of
conjugate eigen value r = \ 4+ 1u, and eigen vector £ = a + ib, two solutions

u = M (acos ut — bsin ut) (5.1)
v = M (asin ut + b cos jut) '
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1. Find a general solutions of
(2 -1
Y=\13 =2 )Y

Solution. First, the eigen values

2—r -1
13 —2—r

‘:o:¢ﬁ+9=0=:r:im

Now, an eigen vector of r = 3i, is given by

(" ) (2)-(0) = (" ) (2)-(

With & =1, an eigen vector

£<”=(2—13z‘):<3)+i(‘03)

So, two solutions, corresponding to r = £+3i are (5.1):

1 0 .
u= ( 2)(208325— ( _3)5111315
1 ) 0
vV = ( 9 )sm3t+(_3)C083t

So, a general solution is:

Yy =cu+ v =

(3 (8 (o ()

2. Find a general solutions of

, (-1 -1
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Solution First, the eigen values

—1—r -1
4 —1—-r

’:0:>(7“+1)2+4:0:>r:—1i2i

Now, an eigen vector of r = —1 + 214, is given by

(—1—(;1+2z‘) —1—(_—11+2i))(2):<8)=>
<_42i ;;)(2>2(8):>—2¢§1_52:0

With & = 1, an eigen vector

= () =(4)+( %)

So, two solutions, corresponding to r = £3i are (5.1):

1 0 cos 2t
ot . : ot
u—=e ((0)008275 ( 2)sm2t)—e (28in2t)
1 0 sin 2t
ot : ot
vVv=e ((O)sm2t+< 2>cos2t>—e (—2008275)

So, a general solution is:

=ciu+cv=rcpe’ cos 20 + coe™t sin 2t
y=a v 2 sin 2t 2 —2cos 2t

. Find a general solutions of

, (-1

Solution
First, the eigen values

—1—-r T

4| F0= 0t = 2 (1) = 0=
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24 A-dd 4 L
= — e

T =
2
Now, an eigen vector of r = —1 + i, is given by
—1— (=14 m) s &) (0
(TS Ll )(8)=(0)=
- T 13 (0 —1 1 13 (0
(= 2 (8)-(0)= (o) (2)-(5)

With & = 1, an eigen vector
1 1 0
1) — — ;
=(1)=(a)= ()
So, two solutions, corresponding to r = £+3i are (5.1):

1 0 cost
ot B : _ ot
u=e (< 0 )coswt ( 1 )smmﬁ) e ( _sint )
1 0 sin 7t
ot : —t
v=e ((0)81n7rt+(1)cos7rt)—e (coswt)

So, a general solution is:

—cutav=cet ST ) et T
y=a v —sint 2 cos Tt

4. Find a general solutions of

-1 7 0
y=| -7 -10 ]y
3 4 4
Solution
First, the eigen values
—1—r 7 0
-7 —1-r 0 |=0=-{A-71)(*+2r+50)=0=
3 4 4—r
—2+v4-2
r =4, 5 00:4,—1i7z’
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(a) Now, an eigen vector of r = 4, is given by

1-4 7 0 13 0
7 —1-4 0 Hl=[0]|=
3 4 44 & 0
-5 7 0 & 0
-7 =5 0 L l=10 | =
3 4 0 £ 0
0
&1 =6 =0 Taking & =1 an eigen vector €V = | 0
1
Correspondingly, a solution
0
DMt — | g | e
1
(b) Now, an eigen vector of r = —1 + 7i, is given by
—1— (=1+7i) 7 0 3 0
=7 —1— (=147 0 S l=10 | =
3 4 4 —(=1+T7i) &3 0
~Ti 7 0 & 0
—7 =T 0 & 0| =
3 4 5T £ 0
1 0 & 0
00 0 L 1l=10 | =
3 4 5-Ti &3 0
1 7 0 & 0
0 0 0 Hl=[0]=
0 4—3 5—7i £ 0

Taking & = 1, we have & = —i and
(4-=3i)+ (b —Ti)3=0—=

: C4-3i (A-30)(B+T) 41413
T 57 74 - 74
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So, an eigen vector

—1 0 -1
41413 a1 13
74 74 74
By (5.1) two solutions:
( 0 -1 sin Tt
u=c¢e! 1 cos 7t — 0 sin7t | =e™t cos Tt
—% —% —%cos?t%—%sin?t
0 -1 —cos Tt
v=¢e¢t 1 sin Tt + 0 cosTt | =et sin 7t
L —% —% —%sin?t— %cos?t

So, a general solution is
y =y + cu+t v =

0 sin 7t —cos Tt
e | 0 | ett4ege cos Tt +eget sin 7t

1 —%cos?t—l—%—isin?t —%sin?t—%cos?t
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5. Find a general solutions of

5 0 9
y = 0O = 0 |y
—4 0 -5
Solution
First, the eigen values
5—r 0 9
0 m—r 0 =0= (7—7)(r*=25)+36(7—7) = 0 = (7—7)(r*+11) =0
4 0 —5-r
r=m, V1l
(a) Now, an eigen vector of r = 7, is given by
5—m 0 9 13 0
0 ™= 0 & = 0 —§=6=0
4 0 —5-nx £ 0

Taking & =1 an eigen vector £ =

0

1

0

Correspondingly, a solution y® = ¢Wert = (

0
1 |e™
0
(b) Now, an eigen vector of r = v/114, is given by
5—+/1Li 0 9 3 0
0 T — V11 0 L l=[0]|=
—4 0 —5 — /113 &3 0
(5= V11i)& + 98 =0 (5— V11i)é1 +9¢ = 0

52:0 =54 fgIO
—4& — (5+V11i)& =0 0=0
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Taking & = —9, &3 = 5 —+/11i. So and eigenvalue for r = /117 is

-9 -9 0
5(2) — 0 = 0 + 1 0
5 — 114 5 —/11
By (5.1) two solutions:
( -9 0 —9cosv11t
u= 0 cosv 11t — 0 siny11t = 0
5 —/11 S5cosv 11t ++v11sin/11t
-9 0 9sin 3t
vV = 0 siny/11t + 0 cosvV 11t = 0
L b} —v11 5sin 3t — 3 cos 3t
(c) So, a general solution is
y = Cly(l) + Cou + C3V =
0 —9cos+/11t 9sin 3t
al 1| e™+e 0 +c3 0
Scosv 11t ++/11sinv/11t 5sin 3t — 3 cos 3t

5.7 Repeated Egenvalues

1. Find the general solution of the system of ODE

, (5 -1

Solution
First the eigen values:

’5—7‘ -1

4 1, ' =0=1r’-6r+9=0=—r =23 isadouble eigen value.



92 CHAPTER 5. SYSTEM OF 1°T-ORDER LINEAR ODE
(a) Eigen vector for r = 3 and the corresponding solution:

5-3 -1 & \_ (0 _
(2 ) (8)-(§)=-ems

Taking & = 1, and eigen vector for r = 3:
1) 1 : : (1) _ () rt _ 1 3t
&Y = 9 The corresponding solution y'"/ =¢&\‘Ve™ = 9 )€

(b) To compute the second solution, solve (A — r1)n = ¢W. So,
) )= 0) =G ) -() =
. 1
2n —ny = 1. Taking o =1 we have nz( 1)

So, a second solution is

1 1 t+1
(2) 1)yt rt 3t 3t 3t
yo =t e <2)t6 (1)6 (2t+1)e

(c) So, a general solution:

1 t+1
ey ® 4 oy ® — 3 3
y=ay tey 61(2)6 +Cz(2t+1>€

2. Find the general solution of the system of ODE

, (3 =5

Solution
First the eigen values:

‘3—7« -5

5 7y ‘ =0= r’+4r+4=0=r = —2 is a double eigen value.



5.7. REPEATED EGENVALUES 93

(a) Eigen vector for r = —2 and the corresponding solution:
3+2 -5 &\ (0 -
(37 L) (8)-(6) —e-ems
Taking & = 1, and eigen vector for r = —2:

5(1) _ ( 1 > The Corresponding solution y(l) — 6(1)67”15 — ( 1 ) e*2t

(b) To compute the second solution, solve (A — r1)n = £1). So,
3+2 -5 m\ (1 5 5\ (m\ (1
(737 ) ()0 =G )G -() =
1
5y — dne = 1. Taking 7o = 0 we have 77:(8)

So, a second solution is

1 1
y(2) = 5(1)756”-1-7]6” = < i ) te 2 4 < 8 ) e 2t = < t—{;g ) e M

(c) So, a general solution:
1
y=cyV +ey® =¢ ( } ) e + e ( b3 ) e

3. Find the general solution of the system of ODE

Solution
First the eigen values:

T—r -7

=0 = r’—4rr+4n®> =0 = r = 21 is a double eigen value.
T 3T—r
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(a) Eigen vector for r = 27 and the corresponding solution:
T — 27 — SN AL B
( T 37?—2#)(52)_<0):>€1+£2_0
Taking & = 1, and eigen vector for r = 3:

W = ( _11 ) The corresponding solution y™® = ¢Wert = (

(b) To compute the second solution, solve (A — rI)n = ¢W. So,
T — 27 -7 m o\ 1 -7 -7 m
() ()= () = 08 )
_1
—mn — 7 = 1. Taking 7o =0 we have n = ( d >

So, a second solution is

y® = eWgert 4 pert — 1 femt —% ot — t— % ot
-1 0 —t

(c) So, a general solution:

1 t—1
y=cayV +ay® =q < -1 ) e ( ' > o

4. Find the general solution of the system of ODE

3 0 —1
y = 0 2 0 |y
-1 0 3

Help: There would be two linearly independent eigen vector, for the
double eigen value.

Solution
First the eigen values:
3—r 0 —1
0 2—-r 0 |[=0=@B-71°Q2-1-2-1=0 =

—1 0 3—r
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4 asimple E.V.

— — 2 —_— — pr—
2=r)(r—4)=0= r {2 a double E.V.

(a) An eigen vector for r = 4 and a solution:
Since 7 = 4 is a simple E. V., we expect only one linearly inde-
pendent eigen vector:

3—4 0 -1 &1 0
0 2—4 0 52 = 0 —
-1 0 3-4 &3 0
-1 0 -1 & 0 -
0 2-4 0 || & |=(0 =¢{§Y+%_O
0o 0 0 & 0 2
Taking &; = 1, and eigen vector for r = 4:
1
W = 0 The corresponding solution y™® = ¢Wert =
-1

(b) An eigen vector for r = 2 and solution(s):
Since r = 2 is a double E. V., we may get one or two linearly
independent eigen vector:

3—2 0 -1 & 0
0O 0 0 &L l=10 )] =
-1 0 3-2 &3 0
1 0 -1 & 0
00 0 Ll=10]={&a-&=0
0 0 O &3 0
In fact, we get two linearly independent eigen vectors:
1
withé& =1,6=0 €@ =1 0 |, and, withé§ =0,6 =1 ¢®
1

The corresponding solutions:

—_
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(¢) So, a general solution

y =y + cy® + cy®
1 1 0
= 0 ethe| 0 JeX4+eg| 1 |e®
—1 1 0

5. Find the general solution of the system of ODE

-1 -1 1

Help: There would be Only ONE linearly independent eigen vector, for
the double eigen value.

Solution
First the eigen values:

2 1 1
1 -r =2 |=0=
1 -1 1-7
-r =2 1 -2 1 —r
C=-m_ 1, _‘—1 1—r +‘_1 1 |=0=

—1 asimple E.V.

2 _ _(r_9)\2 - —
2=r)(r'=r=2) = 0= —(r=2)°(r+1) = 0 =r { 2 adouble E.V.

a) An eigen vector for r = —1 and a solution:
An ei tor f 1 and luti
Since r = —1 is a simple E. V., we expect only one linearly inde-
pendent eigen vector:

241 1 1 & 0
11 -2 &L l=(0]=
1 -1 141 & 0

31 1 & 0

11 -2 Hl=(0]=

00 0 & 0
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0 =2 7 1 0 =28+ 75 =0
1 1 =2 & |=10 | =
0 0 0 5'3 0 §1+§2_2€3:0
Taking &3 = 2 and eigen vector of r = —1 is
-3
W = 7 The corresponding solution y®) = ¢Wert =
2

(b) An eigen vector for r = 2 and solution(s):
Since r = 2 is a double E. V., we may get one or two linearly
independent eigen vector:

2-2 1 1 & 0
-1 -1 1-2 & 0
&1 0
-1 -1 & 0
01 1 & 0 B
10 0 & l=1o :i{?t%_o
000 & 0 1=
0
With & =1 AnEV. ¢®=[ -1
1
An an solution
0
y(2) — 6(2)7,7‘15 — -1 €2t
1

(¢) A Third Solution: Since we got only one E. Vector. for the double
eigen value r = 2, to compute a third solution, we solve (A —

M)y =€

2—-2 1 1 m 0
1 -2 =2 Mo = —1 —
-1 -1 1-2 M3 1
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0 1 1 M 0
-1 -1 -1 73 1
0 11 m 0 n2+n3 =10
1 0 0 72 = —1 — m = —1
-1 0 0 3 1 —-m =1
Taking 7, = 1, we have
-1
n=1{ 1
—1

So, a third solution

y@& = e@tertqpert = [ -1 | te®+| 1 = —t+1

(d) So, a general solution

-3 0 -1
=q 7 ettty =1 |e®4e5| —t+1 |e*
2 1 t—1

5.8 Nonhomogeneous Linear Systems

For the purpose of this course, we consider problems in this sections, so that
the respective eigen values are real and distinct.
(Please double check for possible numerical errors.)

1. Give a general solution of the nonhomogeneous system,

(2 4 n e 2
y = 3 -9 y 672t

Make sure to show the following steps:
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a) Compute the matrix T' of eigen vectors.

(a)

(b) Do the change of variables z = T 'y.

(c) Compute a particular solution z = Z.
)

(d) Write down a general solution for y

Solution. First, the eigen values:

2o 0= 16=0= = 4,4
3 —2-r
An eigen vector for r = —4 is given by
2+4 4 &\ _ (0 00 &\ _ (0
(5t ) (8)-()=(8)(2)-(
Taking & = 2, an eigen vector for r = —4 is

The corresponding solution of the homogeneous System y’ = Ay is

An eigen vector for r = 4 is given by

(5 LR (8)=(0)=(70)(8)=-(0)

Taking & = 1, an eigen vector for r =4 is

9 [ 2
- (2)

The corresponding solution of the homogeneous System y’ = Ay is

y@ = @t — < ? )e4t
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(a) So, the matrix of the eigen vectors:

(b) With z = T~ 'y, we have

2 4 —2t
z’:T_l'ZT_1<3 _2>Y+T_1(22t>
a2 4 L1 =2\ (e
=1 (3 o )25\ 3 o e ) =

—4 0 — L2 24l = —Le 2
- 8 1 1 8
Z < 0 4)Z+( ge_Qt ):>{Zé—422:g€_2t

(c) Now we solve for z; and zs.

i. To solve for z;, the IF pu(t) = exp (4dt) = e*. So, a particular
solution

Low [ e o 1 e 1
Zy=—— [ pt)hi(t)dt = —=e etetdt = ——e " — = ——e
0 8 s 27 16

ii. To solve for zo, the IF u(t) = exp (—4dt) = e~*. So, a partic-
ular solution

—6t
5 ye 5 o

5
Zy=—— ha(t)dt = —e™ [ e e dt = = =——
2= [ nOha)a = g [ te i = L e

So, a particular solution:

_L6_2t
_ — 16
z=7 = B
48

(d) So, a particular solution for y is

_ L2 _1
v (4 1)(40)-(§)
48 12

So, a general solution for y is

_1
y = ayW+eay?+Y = ¢ ( —23 ) ey ( ? ) e4t+< v ) o
12
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2. Give a general solution of the nonhomogeneous system,

(0 2 Lt
y = 3 -1 y e—?t

Make sure to show the following steps:

a) Compute the matrix T' of eigen vectors.

(c

(d) Write down a general solution for y

(a)

(b) Do the change of variables z = T 'y.
) Compute a particular solution z = Z.
)

Solution. First, the eigen values:

'_T 2 C 0= —6=0— =32
3 —1-r
An eigen vector for r = —3 is given by
32 &) _ (0 _
(3 ha ) (8)-(0) =aee—
Taking & = 2, an eigen vector for r = —3 is

The corresponding solution of the homogeneous System y’ = Ay is

g = Wt — < _23 ) o3t

An eigen vector for r = 2 is given by

(7 ) (8)-00)=(8)(2)-(0)

Taking & = 1, an eigen vector for r = 2 is

9 (1
5()_<1)
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The corresponding solution of the homogeneous System y’ = Ay is

(b) With z = T~ 'y, we have

1 /71 -1 t
! =11 _ -1 -
z =T =T ATz+5(3 2)(62t>
(-3 0 z+1 t—e % N
a 0 2 5\ 3t+2e %

(¢) Now we solve for z; and zy.

i. To solve for z;, the IF u(t) = exp (3dt) = €*. So, a particular
solution
1

Loae [ o —2ty 7, _
7y = O] /u(t)hl(t)dt =z¢ /e (t—e *)dt =

R SRS N G WA W DUNNE S g
5 3 3 5 45 5

ii. To solve for 2y, the IF pu(t) = exp (—2dt) = e *'. So, a partic-
ular solution

ﬁ /,u(t)hQ(t)dt = %e% / e (3t +2e7") dt

Lof 3(, 5 e e 3 3 1
5° ( 2(6 M 2 10 20 10°

So, a particular solution:

N
z=a=\ _3;, '3 "1,

Ly =
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(d) So, a particular solution for y is

2 1 it— L — le2
Y =TZ= ( _3 1)(_5%_451_516_#

I would leave it in this matrix form.

So, a general solution for y is
y=ayD+eay®+Y =q ( _23 ) e+ < 1 ) Y

3. Give a general solution of the nonhomogeneous system,

, (43 n t
Y=l 2)Y " 2
Make sure to show the following steps:

Compute the matrix T' of eigen vectors.

)
b)
(c)

)

(d) Write down a general solution for y

(a
(b) Do the change of variables z = T 'y.

Compute a particular solution z = Z.

Solution. First, the eigen values:

‘4_T S 0= 6ri5=r=15

1 2—r

An eigen vector for r = 1 is given by

() ()= (0) =erem

Taking & = 1, an eigen vector for r =1 is

1
(1)

The corresponding solution of the homogeneous System y’ = Ay is

g = gWert — ( _11 )et
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An eigen vector for r = 5 is given by

(7% )(6) = () =emmem

Taking & = 1, an eigen vector for r =5 is

(a) So, the matrix of the eigen vectors:

T = (& 5(2)):(_11 51”)

/1 -3
_1__
g _4(1 1)

(b) With z = T~ 'y, we have

171 -3 t
I =11 _ m—1 -
very e (1) (L)
(10 —3¢ 7 —z =5
- ) () = {20

(c) Now we solve for z; and zy.

i. To solve for zy, the IF u(t) = exp (—dt) = e*. So, a particular
solution

1 O 4 —t
Zy = o) /u(t)hl(t)dt: —2¢ /te dt

D _ _ 5
:Zet(te e t):Z(t+1)
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ii. To solve for 2y, the IF pu(t) = exp (—5dt) = e~'. So, a partic-
ular solution

%t) / () ho(t)dt = Ze—“ / e’tdt

3 5 5 € 3
= et (et - ) = 2 (5t -1
20° (6 5 ) =00t Y

So, a particular solution:

mz=( 5

100

Ly =

(d) So, a particular solution for y is

vere (4 1) ()

I would leave it in this matrix form.

So, a general solution for y is
Y @ Ly — L) o 3 st
y=cy ' +cey“+Y=¢ q e’ + ¢y 1 )¢ +Y
4. Give a general solution of the nonhomogeneous system,
;o 1 \/§ " cost
Y= —V2 =2 y cost
Make sure to show the following steps:

a) Compute the matrix T' of eigen vectors.

(a)

(b) Do the change of variables z = T 1y.

(c) Compute a particular solution z = Z.
)

(d) Write down a general solution for y

Solution. First, the eigen values:

' 1—r V2
-2 —2-r

:O:>r2+r:>r:—1,0
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An eigen vector for r = —1 is given by
(L ) (0)=(0)=(%)(e)-(3)=
()

The corresponding solution of the homogeneous System y’ = Ay is
r 1 —
yW=¢We = ( —\/5)6 t

An eigen vector for r = 0 is given by

(2 ) (2)- (1) = o

Taking & = 1, an eigen vector for r = 0 is

o ()

The corresponding solution of the homogeneous System y’ = Ay is

@) _ (@t _ ( —1/5 )

(a) So, the matrix of the eigen vectors:

261 + V26 = 0. With & =1 an Eigen vector ¢V

(s 1)

P )

(b) With z =T~ 'y, we have
b ol el (1 V2 cost
2 =T "y =1 ATz ( V2 1 cost

-(3 8) () = (e
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(c) Now we solve for z; and zs.

i. To solve for z1, the IF pu(t) = exp (dt) = e'. So, a particular
solution
1
Zy = PO) /p(t)hl(t)dt =—(1+ ﬁ)e‘t/et cos tdt
i

By (A.1.1)

7y = —(14v2)e <etsmt —|2— cost) _ 1+ \/5)(8;1115 + cost)

ii. Solve for zo = Z,, directly
Zy = —(14+V?2) /costdt = —(1+V?2)sint

So, a particular solution:

_ (14V?2)(sint+cost) \/_ sin t4cost
2=7= 2 = —(1+V2 2
—(1++/2)sint ( ) < sint )

(d) So, a particular solution for y is

I would leave it in this matrix form.

So, a general solution for y is
1 _ —V2
yzcly(1)+62y(z)+Yzcl(—\/5)6t+02( {)JFY

5. Give a general solution of the nonhomogeneous system,

2 1 -3 —e?
y=10 -1 1 |y+| —€*
0 1 -1 e?t

Make sure to show the following steps:
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Compute the matrix T' of eigen vectors.
Do the change of variables z = T 'y.

Compute a particular solution z = Z.

Solution First, the eigen values:
2—r 1 -3 1, 1
0 —1-—r 1 =0=(2—7) 1 1 =0=
0 1 —1—r
2-r)(r+2)r=0=r=-2,0,2

An eigenvector foe r = —2 is given by (A — A\I){ = 0. So,

4 1 -3 & 0
01 1 &3 0
4 1 =3 & 0
01 1 &L l=10 | =
00 O &3 0
Taking & = 1, and eigen vector of r = —2 is
-1 —1
W = 1 . So, asolution y® =¢Wert = 1 e 2t
—1 -1

An eigenvector foe r = 0 is given by (A — AI){ = 0. So,

2 1 -3 & 0
0 -1 1 Hl=10]|=
0 1 -1 & 0

2 1 -3 & 0

0 -1 1 & =10

0 0 0 & 0
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Taking &3 = 1, and eigen vector of r = 0 is

1
P =1 1 |. So, asolution y® =¢®@et =11

An eigenvector foe r = 2 is given by (A — AI){ = 0. So,

0.
2—-2 1 -3 0
0 —1-2 1 0| =
0

Coe D))
(1)

0 1 -3 S

0 -3 1 & | =
0 1 -3 &
0 1 -3 & 0
0 -3 1 52 = 0 — 52 = 53 =0
0 0 0 &3 0
Taking & = 1, and eigen vector of r = 2 is
1 1
€ =1 0 |. So, asolution y® =e®et=1 0 |¢*
0 0

(a) So, the matrix of the eigen vectors

-1 11

1 01 —1
T=|1 1 10 :>T*1:5 01 1
-1 1 0 2 0 =2
(b) With z = T~ 'y, we have
(01 -1 —e
2 =T 'y =T 'ATz + 3 01 1 —e2t
2 0 -2 e?t
-2 —e?t 2+ 2z et
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(c) Now we solve for z1, z; and z3.

i. To solve for 2y, the IF u(t) = exp ([ 2dt) = €*. So, a partic-

ular solution

at
Z) = — /u(t)hl(t)dt = —6_2t/62t62tdt = —e_Qt% =

ii. Also,
Zy=1
iii. To solve for z3, the IF u(t) = exp ([ —2dt) = e *.
particular solution

1
Zs = o) / p(t)hs(t)dt = —2e* [ e7(e)dt = —2te*

So, a particular solution:

-1 11 —e
Y=TZ=| 1 10 1
~1 10 2t et

I would leave it in this matrix form.
So, a general solution for y is

y = Cly(l) + C2y(2) -+ C3y(3) + Y

-1 1 1
=0 1 el pe |l 1 |43 0 |2+Y
—1 1 0

6. Give a general solution of the nonhomogeneous system,

4 3 =5 0
y=10 -1 3 |y+| 2
0 3 -1 2t

Make sure to show the following steps:
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(a) Compute the matrix 7" of eigen vectors.
(b) Do the change of variables z = T 1y.

a)
)

(c) Compute a particular solution z = Z.
)

(d) Write down a general solution for y

Solution First, the eigen values:

4—r 3 -5 1, 3
0 —1-—r 3 =0= (4—71) 3 1y =0=
0 3 —1—r

A=—r)(r*+2r-8)=0=  r=-42/4

An eigenvector for r = —4 is given by (A — A[){ = 0. So,

4+4 3 -5 & 0
0 —-1+4 3 L 1l=10 | =
0 3 —1+4 &3 0
8 3 =5 &1 0
03 3 L |1=10 | =
03 3 &3 0
8 3 =5 & 0
01 1 S 1=10 | =
00 O &3 0
Taking &3 = 1, and eigen vector of r = —4 is
1 1
W =1 -1 ]. So, asolution yWM =¢Wet=| —1 |e*
1 1

An eigenvector for r = 2 is given by (A — A\I)§ = 0. So,
4—2 3 _5 £ 0

0 -1-2 3 Hl=(0]=
0 3 —1-2 & 0
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2 3 =5 &1 0
0 -3 3 S l=|0 ] =
0 3 -3 & 0
2 3 =5 &1 0
0 0 0 &5 0
Taking &3 = 1, and eigen vector of r = 2 is
1 1
€@ =11 |. So, asolution y® =¢@et= | 1 |e*
1 1

An eigenvector for r = 4 is given by (A — AI){ = 0. So,

A—4 3 13 0
0 -1-4 Hl=(o0] =
0 3 —1 _ & 0
&1 0
0 —5 3 Hl=(o0|=
&3 0
0 3 -5\ /& 0
0 -5 3 S |=10]=&=8=0
0 0 0 £ 0

Taking & = 1, and eigen vector of r =4 is

1 1
€3 =10 |. So, asolution y® =e®et=1[ 0 |e*
0 0

(a) So, the matrix of the eigen vectors

-1 1
T = 1 1
1

(01
:>T*1:5 01 1
-1 2 0

o O =
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(b) With z = T~ 'y, we have

L0 1 -1 0

2 =T 'y =T'ATz+=-| 0 1 1 2

2\ 20 -2 2t
—40 0 11—t A+dn=1—t
0 20 |z+[ 14t | ={ z24—2z2=1+1¢
0 0 4 —t 25 — 4z = —t

(c) Now we solve for zy, z; and z3.

1.

1l

1il.

To solve for z;, the IF u(t) = exp (f 4dt) = ¢e*. So, a partic-
ular solution

To solve for 2z, the IF p(t) = exp ([ —2dt) = e *. So, a

To solve for z3, the IF p(t) = exp ([ —4dt) = e™*. So, a
particular solution

1 1 e~ 4t + 1
Zy=—— t)hy(t)dt = —e* | e tdt = —e* | te =
v= i [ nomoi =~ [ ¢ e (e + S z

So, a particular solution:
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(d) So, a particular solution for y is

21
-1 11 tT
Y=TZ=| 1 10 —
-1 10 4t+1

16
I would leave it in this matrix form.
So, a general solution for y is

y =y +eay® +ey®+Y

1 1
= | =1 e+ 1 |eP+es| 0 |e+Y
1 1 0



Chapter 6

The Laplace Transform

6.1 Definition of Laplace Transform

1. Compute the Laplace Transform of the function f(¢f) = ¢, from the
definition. (That means, do not use the Charts.)

Solution

£iiys) = [ et =2 [Trae = - [t N _] _1
0 0 S s

S

2. Compute the Laplace Transform of the function f(¢) = sin 3¢, from the
definition. (That means, do not use the Charts.)

Solution Use formula (A.1.1):

g —Ssin3t —3cos3t]™ 3

L{t(s) = /O " gin Ste—tdt — le _

5249 o S2F9

3. Compute the Laplace Transform of the function f(t) = cos 2¢, from the
definition. (That means, do not use the Charts.)

115
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Solution Use formula (A.1.1):

_42sin2t — scos 2t s

L{t}(s) = 2te Stdt = -
{t}(s) /0 cos zte [e s+ 4 — S244

4. Compute the Laplace Transform of the function

| sinmt if t <1
f<t)_{0 if 1<t

from the definition. (That means, do not use the Charts.)

Solution Use formula (A.1.1):

L{t}(s) = / f(t)e*“dt = / sin wte *tdt = |:est S 51117; Zcosw
0 0 st 4 —0
_ s ™ -7 . W(e_s -+ 1)
= S2+7T2 82+7T2 - S2+7T2

5. Compute the Laplace Transform of the function

_ Jocosmt if t<1
f(t)_{—l if 1<t

from the definition. (That means, do not use the Charts.)

Solution Use formula (A.1.1):

00 1 oo
L{t}(s) :/ f(t)e tdt :/ Coswte_“dt—/ e Stdt
0 0 1

. 1 _
[ _st7T81n7Tt—SCOS7Tt:| [e Stro
= 6 J—

2 2 _
s*+m t=0 S 1=

s —s e”® sle*+1) e°

s24+ 72 24 g2 S 52 + 72 S

—S
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6. (Do not Submit This one.) Compute the Laplace Transform of the
function f(t) = tsinnt, from the definition. (That means, do not use
the Charts.)

Solution Write F(s) = L{t}(s). So,

oo 1 o0
F(s) = / tsinmte ' dt = ——/ te~**d(cos mt)
0 0

™

1 [ee]
== ([te‘“ cos Tt | :io - / cos t(e " — ste‘“)dt)
T B 0

1 o (o)
= —— (O — / cos rte Stdt + s/ t cos mﬁe“dt)
T 0 0

Use Formula (A.1.1) (Assume s > 0):

1 _gmsinwt —scoswt]> s [ .
=_—_ (= le 5 5 + — te **dsinrt
us S —o T Jo
1 S S > —st . S S > —st 3
- - 4= te dsinnt | = ——— te” **dsin mt
T\ s2+7* 7w m(s2+7m2) w2 ),
-5 5 [te™*' sinmt] - — /OO sinwt(e” — ste”*")dt
(2 +72) w2 =0/

8 o o
- % - = (0 — / sin e Stdt + s/ te st sin 7rtdt>
n(s?+72) 7 0 0

Use Formula (A.1.1) again,

S S —ssinnt — weoswt] §?
F(s)=——~——— 4+ = | % — —F
(s) m(s2 + 72) + 2 [6 $2 + 72 L 2 (s)
s N s 52 Fls) —
= — —F(s
w(s?2+7n2)  7w(s®?+7?) 7w
s+ 72 2s 28T

F(s):mﬁF(s):m
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6.2 Solutions of Initial Value Problems

Use the Laplace Transform Charts available in the internet, to solve the
problems in this section.

1. Use Laplace Transform to solve the IVP,

Py dy y(0) =0
“J 6L 410y =0
e Ca T { v/ (0) =

Solution. For the solution y = ¢(t) of the IVP | let Y(s) = L{y} =
L{p}. Apply L to the ODE:

(s*Y — sy(0) — 4/(0)) — 6(sY — y(0)) +10Y = 0 =

1

2 — 1) —6sY 410V =0 —= YV =— " —
(s ) = 65V + 2 — 65 + 10

1

Lly)=Y = -3 +1 = L{¥sint} = y = ¥ sint
2. Use Laplace Transform to solve the IVP,
d*y | dy y(0) =1
— +6— 4+ 13y =0
az o T { y/(0) =0

Solution. For the solution y = ¢(t) of the IVP | let Y (s) = L{y} =
L{p}. Apply L to the ODE:

(8*Y —sy(0)—y/(0))+6(sY —y(0))+13Y = 0 = (s*Y —5)+6(sY —1)+13Y = 0 =

. s+6  (s+3) N 3
2465+ 13  (s+3)2+4  (s+3)2+4

= L{e ¥ cos 2t} + gﬁ{eSt sin2t} =
L{y} =L {eSt cos 2t + ge3t sin Zt} —

3
y=e 3 cos 2t + 56_3t sin 2¢
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3. Use Laplace Transform to solve the IVP,

Py _dy 4 y
C 787 16y = et
az o T =

Solution. For the solution y = ¢(t) of the IVP | let Y(s) = L{y} =
L{p}. Apply L to the ODE:

(s2Y — sy(0) — 4/(0)) + 8(sY — y(0)) + 16Y = L{e~} — S%l

1
(Y — ) +8(sY —1) +16Y =3L{e "} = —— =

s+4
(82+83—|—16)Y — - i 4+8+8 _ 1+ 52 +S4j_—£ 8s + 32 _ g2 +81_2|—S4+ 33
v _ s2+12s + 33 _ (s +4)2 +4s + 17 _ (54+4)% +4(s+4) +1
(S + 4)3 (S + 4)3 (S T 4)3
Y = ! +4 ! + ! = £{e_4t}—|—4£{te—4t}+1£{t26—4t} .
s+4 (S—|—4)2 (3+4)3 9

1
L{y}=Y =L {e_4t + dte ™ 4 §t26_4t} —

1
y = et 4 4ttt 1 5{;267415
4. Use Laplace Transform to solve the IVP,

*y dy y(0) =1
ﬁ—2£+5y—cos%, {y’(O)—O

Solution. For the solution y = ¢(t) of the IVP | let Y (s) = L{y} =
L{p}. Apply L to the ODE:

S

(s’Y = sy(0) — ¢/(0)) = 2(sY = y(0)) + 5Y = L{cos 2t} = 214 =

(s*Y —8)—2(sY —1)4+5Y =

= (s°—25+5)Y =

s s
i, N
s2+4 32+4+8
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_3+s3—|—4s—232—8_ 53 — 252 455 —8
C(s244)(s2—25+5) (s2+4)(s2—25+5)
_as+b cs+d
244 2—-25+5

We compute a, b, ¢, d:

1 0 10 a
=2 1 01 || b |_f-2]|_,
5 -2 40 c 5
5 0 4 d -8
The inverse of this matrix (use TI-84 carefully)
2
i —4 —8 1 N
17 —2
—40 5 3
N (4
o -
d 7
_ls-8 8 253 _1s-8 8 253
178244 172 —2s+5  17s2+4  17(s+1)2+4
1 s 4 2 8 2s+1) 20 2

T 17s2+4 175244 17(s+1)2+4 17(s+1)2+4

L{y} =Y = %ﬁ{cos 2t}—i£{sin 2t}+1—$£{6_t coS 2t}—1—7£{6_t sin2t} =

1 16 20
Y= 7 cos 2t — —{sm 2t + — 17 Fcos 2t — 1—7€’t sin 2t

6.3 Step Functions and Dirac Delta

1. Compute the Laplace Transform of the function

0 ift<?2
“2@):{1 if2<t
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2. Compute the Laplace Transform of the function

0 if t<2
fe)=< 1 if2<t<3
0 if 3<t

3. Compute the Laplace Transform of the function

0 if t<1.99
F) i =do(t—2)=<{ 100 if 1.99 <t < 2.01
0 if 3<t

(It is the same function d,(t — tp) in the notes.)

4. Compute the Laplace Transform of the Dirac Delta 6(t —2). (You can
use the formula).

6.4 Systems with Discontinuous Functions

Some of the problems in § 6.2 could fall in this section.

1. Use Laplace Transform to solve the IVP,

Solution. For the solution y = ¢(t) of the IVP | let Y(s) = L{y} =
L{p}. Apply L to the ODE:

—7s —Ts

:>(52Y—s)+9Y:e
s s

(8°Y — sy(0) — y/(0)) + 9Y = &

=

Y —TS 1 + S —7r31 1 S
= € = € —_ _ —
s(s24+9)  s2+4+9 9\s s249

> + L{cos 3t} =

Y = 6_”5% (L{1} — L{cos3t}) + L{cos 3t}
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1 1 10
=5 (L{ur(t)} — L{cos3(t + m)})+L{cos 3t} = §£{uﬂ(t)}+§£{cos 3t} =
1 10
L{y}=Y =L {guﬁ(t) + gﬁ{cos 3t}} =

1 10
Y= §uﬂ(t) + gﬁ{cos 3t}



Appendix A

Appendix

A.1 A Formula

Lemma A.1.1.

in put + \ t
/ e cosutdt:e)‘tu SIn U A+ A COs
)\2 + ,LL2

/e’\tsin,utdt:e’\t)\smut_'ucosut
)\2+/1/2

Proof.

1 1
I = /e’\t cos ptdt = — /e’\td sin ut = — (e’\t sin pt — /\/sin ,ute”dt)
H H
1 A
= — (e)‘t sin put + — /e)‘td oS /uf)

H H

_ L Al n _ At

= e’ sin ut + e cosut — A [ e cos utdt

I I

1 A
= — (e’\tsin,ut + = (eMcospt — )J))
H /2

123
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N+ P 1 A in pt 4 A t
< s > I=- (e)‘t sin put + = (e cosut)) = METNE +2 sk
u u

2 I
So,
7 N sin pt + A cos pt
=e
A+
Now,
PV 1 At Y At
J:= [ eVsinutdt = —— | edcosut = —— | e cosut — A | e cos utdt
I I
1 M cos it — )\eAt,usin/Lt + Acos ut
It S
_ —le’\t cos it — Apsin pt + A% cos it
I A2+ p?

1, ((—Awsinput + p? cos ut \eAsin put — pucos pt
——e = €
1 A2+ p? A+ 2



