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1 Introduction

Here F will denote a field and V' will denote a vector space of dimen-
sion dim(V') = n. (In this note, unless otherwise stated, n = dim (V"))

We will study operatores T on V. The goal is to investigate if we
can find a basis eq, ..., e, such that

the matriz of T = diagonal(Ai, Aa, ..., \y)
is a diagonal matrix. This will mean that

T(@l) = /\zez

2 Characteristic Values

2.1 Basic Definitions and Facts

Here we will discuss basic facts.

2.1 (Definition.) Let V be a vector space over a field F and T" €
L(V, V) be linear operator.

1. A scalar A € F is said to be a characterisitic value of T, if
T(e)=Xe forsome eecV with e#0.

A characterisitic value is also known an eigen value.
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2. This non-zero element e € V above is called a characterisitic
vector of T associated to A. A characterisitic vector is also
known an eigen vector.

3. Write
NA) ={veV :T(v) = v}
Then N()) is a subspace of V' and is said to be the charac-
terisitic space or eigen space of T associated to .

2.2 (Lemma.) Let V' be a vector space over a field F and T €
L(V,V) Then T is singular if and only if det(7") = 0.

Proof. (=): We have T'(e;) = 0 for some e; € V with e; # 0. We
can extend e; to a basis ej,es, ..., e, of V. Let A be the matrix of
T with respect to this basis. Since, T'(e;) = 0, the first row of A is
zero. Therefore,
det(T") = det(A) = 0.

So, this implication is established.

(<): Suppose det(T') = 0. Let ey, ea,..., e, be a basis of V' and
A be the matrix of T" with respect to this basis. So

det(T") = det(A) = 0.

Therefore, A is not invertible. Hence AX = 0 for some non-zero
column

(&1
x=|
Cn
Write v = c1e1 4 coe9 + - - - + ¢pe,. Since not all ¢; is zero, v # 0.
Also,
T(U) = ZCiT(ei)
C1 C1
= (T(e1),T(es),....T(ex)) | Z | =(er,ear...en)A| @ | =0..
C‘n‘ Cn

So, T is singular.
The following are some equivalent conditions.
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2.3 (Theorem.) Let V' be a vector space over a field F and T €
L(V, V) be linear operator. Let A € F be a scalar. Then the following
are equivalent:

1. X is a characteristic value of T
2. The operator T'— A is singular (or is not invertible).
3. det(T"— A\I) = 0.

Proof. ((1) = (2)): We have (T'— A\ )(e) = 0 for some e € V with
e # 0. So, T'— A is singular and (2) is established.

((2) = (1)): Since T'— A is singular, we have (T"— A)(e) =0
for some e € V with e # 0. Therefore, (1) is established.

((2) « (3)): Immediate from the above lemma.

2.4 (Definition.) Let A € M,,(F) be an n x n matrix with entries
in a field F.

1. A scalar A € F is said to be a characteristic value of A if
det(A — A\,,) = 0. Equivalently, A\ € [ is said to be a charac-
teristic value of A if the matrix (A — AI,,) is not invertible.

2. The monic polynomial det(X 1 — A) is said to be the charac-
teristic polynomial of A. Therefore, characteristic values of
A are the roots of the characteristic polynomial of A.

2.5 (Lemma.) Let A,B € M, (F) be two n x n matrices with
entries in a field F. If A and B are similar, then they have some
characteristic polynomials.

Proof. Suppose A, B are similar matrices. Then A = PBP~!. The
characteristic polynomial of A = det(X71—A) = det(XI—PBP™ ') =
det(P(XI— B)P~!) = det(X I — B) = the characteristic polynomial
of B.

2.6 (Definitions and Facts) Let V' be a vector space over a field
F and T € L(V,V) be linear operator.



1. Let A be the matrix of T with respect to some basis E of
V. We define the characteristic polynomial of 7" to be the
characteristic polynomial of A. Note that this polynomial is
well defined by the above lemma.

2. Wessay that T is diagonalizable if the there is a basis ey, ..., e,
such that each e; is a characteristic value of T. In this case,
T(e;) = M\e; for some A; € F. Hence, with respect to this basis,
the matrix of T' = Diagonal(A1, Aa, ..., \y)

Depending on how many of these eigen values \; are distinct,
we can rewrite the matrix of T

3. Also note, if T is diagonilazable as above, the characteric poly-
nomial of T = (X — A\ )(X — A2) -+ (X — Ay,), which is com-
pletely factorizable.

4. Suppose T is diagonalizable, as above. Depending on how
many of these eigen values \; are distinct, we can rewrite the
matrix of 7.

Now sSuppose T is diagonalizable ¢y, cs, . . ., ¢, are the distinct
eigen values of T'. Then the matrix of T" with respect to some
basis of V' looks like:

cily, 0 - 0
0 ey -+ O
0 0 - ol

where [}, is the identity matrix of order k. So, di+ds+- - -+d, =
n = dim(V).

In this case, the characteristic polynomial of

T=(X—-c)"X—c)® (X —¢,)".

Further,

(see 3 of 2.1.)

2.7 (Read Examples) Read Example 1 and 2 in page 184



2.2 Decomposition of V

2.8 (Definition) Suppose V is vector space of a field F with dim(V') =
n. Let f(X) =ag+ a1 X + aaX?*+ -+ + a, X" € F[X] be polynomial
and T € L(V,V) be linear operator. Then, by definition,

f(T) = aold +a1T + ayT* + - -+ a,T" € L(V,V)
is an operator. So, L(V, V') becomes a module over F[X].

2.9 (Remark) Suppose V is vector space of a field F with dim(V') =
n. Let T'e€ L(V,V) be linear operator. Let f(X) be a characteristic
polynomial of 7. We have understanable interest how f(7") works.

2.10 (Lemma) Suppose V is vector space of a field F with dim(V') =
n. Let T € L(V,V) be linear operator. Let f(X) € F[X] be any

polynomial. Suppose
T(v) =X

for some v € V and A € F. Then
f(T)(v) = f(Mv.

The proof is obvious. This means if A\ is an eigen value of 7' then
f(X) is an eigen value of f(T)

2.11 (Lemma) Suppose V is vector space of a field F with dim(V') =
n. Let T € L(V,V) be linear operator. Suppose c1,...,c; are the
distinct eigen values of T Let

Wi = N(c;)
be the eigen space of T associated to ¢;. Write
W=W,+Wy+---+ W,
Then
dim(W) = dim(W7) 4+ dim(Ws) + - - - + dim(Wy).

Indeed, if
Ei:{eij e Ww; jzl,,dz}

is a basis of W;, then
E:{eZJEWijl,,dz,jzl,,k’}
is basis of W.



Proof. We only need to prove the last part. So, let

Z /\ije,;j = 0
for some scalar \;; € F.
Write

d;
Ww; = Z)\ijeij.
j=1
Then w; € W, and
witwet+- - twp=0 (I).

We will first prove that w; = 0.
Since
T(ei5) = ciei
for any polynomial f(X) € F[X], we have
f(T)(eig) = flei)ess.

Therefore,
SO w) = 3 N (Te) = - Naflees = fleor (1)

Now let i
Hi:2(X )
H§:2(Cl —¢i)

Note ¢g(X) is a polynomial. Also note this definition/ expression

9(X) =

makes sense because ¢y, ..., ¢ are distinct. And also ¢g(c¢;) = 1 and
g(e2) = files) = --- = glex) = 0.
Use (I1) and apply to (I). We get
k k k
0=g(T)> w) =Y g(T)(w) = glc)wi. =wr
i=1 i=1 i=1
Similarly, w; = 0 for ¢ = 1...., k. This means

d;
0= W; = E /\ijeij
j=i

6



Since Ej; is a basis, A;; = 0 for all 7, j and the proof is complete.

Following is the final theorem in this section.

2.12 (Theorem) Suppose V is vector space of a field F with dim(V') =
n. Let T' € L(V,V) be linear operator. Suppose ci,...,c; are the
distinct eigen values of T. Let

Wi = N(ci)

be the eigen space of T associated to ¢;. Then the following are
equivalent:

1. T is diagonalizable.
2. The characteristic polynomial for T is
=X —c)™(X —c)® (X — )™
and dim(W;) =d; fori=1,... k.
3. dim(Wh) + dim(Ws) + - - - + dim(Wj) = dim(V).

Proof. ((1) = (2)): This is infact obvious. If ¢i,..., ¢, are the
distinct eigen values and since T' is diagonalizable, the matrix of T’
is as in (4) of (2.6). Therefore, we can compute the characteristic
polynomial using this matrix and (2) is established.

((2) = (3)): We have dim(V) = degree(f). Therefore,
dim(V) =dy +do+ - - - + di = dim(W7) + dim(Ws) + - - - + dim(Wy).

Hence (3) is established.
((3) = (1)): Write W =Wj + -+ Wy. Then, by lemma 2.11

Therefore, by (3), dim(V') = dim(W). Hence (3) is established and
the proof is complete.

In fact, I would like to restate the ”final theorem” 2.12 in terms
of direct sum of linear subspaces. So, I need to define direct sum of
vector spaces.



2.13 (Definition) Let V be a vector space over F and Vi, Vs ..., Vj
be subspaces of V. We say that V is direct sum of Vi, V5, ... V.,
if each element x € V' can be written uniquely as

r=w)tws+ -+ wg

with w; € V.
Equivalently, if

1. V=Vi+Vo+.---4+V,, and

2. w1 +ws+ -+ wr = 0 with w; € V; implies that w; = 0 for
i=1,... k.

If V is direct sum of Vi, V5 ..., V) then we write

V=VieWhe &V

Following is a proposition on direct sum decomposition.

2.14 (Proposition) Let V' be a vector space over F with dim(V') =
n < oo. Let Vi, Vs ..., Vi be subspaces of V' Then

V=VioWhe -0V
ifand only if V=V, + Vo +---+V}; and
dim(V) = dim(V;) 4+ dim(V3) + - - - + dim(Vj).
Proof. (=): Obvious.
(<) Let E; = {e;j : j =1,...,d;} be basis of V;. Let £ = {e;; :
j=1,...,di;i=1,...k}. Since V.=V, + Vo + --- + Vj, we have
V = SpanFE. Since dim(V') = cardinlity(F), we have E forms a

basis of V. Now it follows that if wy + - - -+ w, = 0 with w; € W, then
w; =0 Vi. This completes the proof.

Now we restate the final theorem 2.12 in terms of direct sum.



2.15 (Theorem) Suppose V is vector space of a field F with dim(V') =
n. Let T € L(V,V) be linear operator. Suppose c1,...,c; are the
distinct eigen values of T". Let

Wi = N(c;)

be the eigen space of T associated to ¢;. Then the following are
equivalent:

1. T is diagonalizable.

2. The characteristic polynomial for T is
=X —e)™(X —c)® - (X — )™
and dim(W;) =d; fori =1,... k.
3. dim(Wh) + dim(Ws) + - - - + dim(Wy) = dim(V).
4. V=W oWy@ - - O Wy
Proof. Clearly, we proved
(1) &= (2) == (3).

We will prove (3) <= (4).
((4) = (3)): This part is obvious because we can combine bases of
W; to get a basis of V.
((3) = (4)):Write W = W, + W5 4 - - - + W}, Because of (4) and by
lemma 2.11, dim(W) = > dim(W;) = dim(V'). Therefore, V =W =
Wi+ Wy+ -+ W,

Since dim(V') = > dim(W;), by proposition 2.14 V = W, & Wy &
-+ @® W, and the proof is complete.



3 Annihilating Polynomials

Suppose K is a commutative ring and M be a K—module. For
x € M, we define annihiltor of x as

ann(z) ={\ € K : \x = 0}.
Note that ann(x) is an ideal of K. (That means

ann(z) + ann(z) C ann(xz) and K xann(z) C ann(z)).

We shall consider annihilator of a linear operator, as follows.

3.1 Minimal (monic) polynomials

3.1 (Facts) Let V be a vector space over a field F with dim(V') =
n.

Recall, we have seen that M = L(V,V) is a F[X]|—module. For
f(X) € F[X] and T € L(V,V), scalar multiplication is defined by
F+T = f(T) e L(V,V)

1. So, for a linear operator 7' € L(V, V'), the annihilator of T is:
ann(T) = {f(X) e FIX]: f(T') = 0}
is an ideal of the polynomial ring F[X].

2. Note that ann(T) is a non-zero proper ideal. It is non-zero

because dim(L(V,V)) = n? and hance
LT, T%....T"
is a linearly dependent set.

3. Also recall that any ideal I of F[X] is a principal ideal, which
means that [ = F[X]|p where p is the non-zero monic in 1
polynomial of least degree.
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4. Therefore,
ann(T) = FIX|p(X)

where p(X) is the monic polynomial of least degree such that
p(T) = 0.
This polynomial p(X) is defined to be the minimal monic
polynomial (MMP) for 7.
5. Let us consider similar concepts for square matrices.
(a) For an n x n matrix A, we define annihilator ann(A) of A
and minimal monic polynomial of A is a similar way.

(b) Suppose two nxn matrices A, B similarand A = PBP~1.
Then for a polynomial f(X) € F[X]| we have

f(A)=Pf(B)P".

(¢) Therefore ann(A) = ann(B).
(d) Hence A and B have SAME minimal monic polynomial.

3.2 Comparison of minimal monic and charac-
teristic polynomials:

Given a linear operator 7" we can think of two polynomials - the
minimal monic polynomial and the characteristic polynomial of 7.
We will compare them.

3.2 (Theorem) LetV be a vector space over a field F with dim(V') =
n. Suppose p(X) is the minimal monic polynomial of T' and g(X) is
the characteristic polynomial of T. Then p, g have the same roots in
F. (Although multiplicity may differ.)

Same statement holds for matrices.

Proof. We will prove, for ¢ € F,

ple) = 0 <= g(c) = 0.
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Recall g(X) = det(XI — A), where A is the matrix of 7" with
respect to some basis. Also by theorem 2.3, g(¢) = 0 is and only if
cl — T is singular.

Now suppose p(c) = 0. So, p(X) = (X — ¢)gq(x). for some ¢(X) €
[F. Since degree(q) < degree(p), by minimality of p we have ¢(T") # 0.
Let v € V be such that v # 0 and e = ¢(T")(v) # 0. Since, p(T') = 0,
we have (T'—¢l)q(T) = 0. Hence 0 = (T'—cl)q(T)(v) = (T —cI)(e).
So, (T'—c¢I) is singular and hence g(c) = 0. This estblishes the proof
of this part.

Now assume that g(c) = 0. Therefore, T' — ¢l is singular. So,
there is vector e € V with e # 0 such that T'(e) = ce. Applying this
equation to p we have

(see lemma 2.10). Since p(7') = 0 and e # 0, we have p(c) = 0 and
the proof is complete.

The above theorem raises the question if these two polynomial
are same? Answer is, not in general. But MMP devides the ch-
polynomial as follows.

3.3 (Caley-Hamilton Theorem) Let V' be a vector space over a
field F with dim (V') = n. Suppose Q(X) is the characteristic polyno-
mial of T. Then Q(T') = 0.

In particular, if p(X) is the minimal monic polynomial of T, then

p|Q.
Proof. Write
K=F[T|={f(T): feF[X]|,T € L(V,V)}.

Observe that
FCKCLV,V).

are subrings. Note Q(T') € K and we will prove Q(T) = 0.
Let eq,...,e, be a basis of V and A = (a;;) be the matrix of 7.
So, we have

12



(T(e1),T(ea),...,T(en)) = (e1,€2,...,€,)A. (1)

Consider the following matrix, with entries in K :

T — a11[ —CL12[ —a13[ cee —aln[

—0,21[ T — CLQQI —a23[ cee —Gzn[

B = —(1,31[ —CL32] T — (133] s —agnI
—aml — ol —apsl - T —ap,d

Note that the
Q(X) = det([, X — A).

Therefore (I think this is the main point to understandin this proof.),
Q(T) = det(, T — A) = det(B).
The above equation (I) says that
(e1,e9,...,e,)B =(0,0,...,0).
Multiply this equation by Adj(B), and we get
(e1,e9,...,e,)BAdj(B) = (0,0,...,0)Adj(B) = (0,0,...,0).
Therefore,
(e1,€a,...,e,)(det(B))I, = (0,0,...,0).
Therefore,
(e1,€9,...,e,)(Q(T))I, = (0,0,...,0).
This implies that
Q(T)(e;)) =0 Vi=1,...,n.

Hence Q(T') = 0 and the proof is complete.
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4 Invatiant Subspaces

4.1 (Definition) Let V be a vector space over the field F and
T :V — V be a linear operator. A subspace W of V is said to be
invariant under 7' if

TW)CcWw.

4.2 (Examples) Let V' be a vector space over the field F and
T7:V—-=V

be a linear operator.

1. (Trivial Examples) Then V and {0} are invariant under 7.

2. Suppose e be an eigen vector of T and W = Fe. Then W is
invariant under 7.

3. Suppose A be an eigen value of T"and W = N(X) be the eigen
space of \. Then W is invariant under 7.

4.3 (Remark) Let V be a vector space over the field F and
T7:V-=V

be a linear operator. Suppose W is an invariant subspace 7. Then
the restriction map
Tiw W —W

is an well defined linear operator on W. So, the following diagram

Tiyw

T Vf
VsV

commutes.

4.4 (Remark) Let V be a vector space over the field F with dim(V') =
n < oo. Let
T:V =V

be a linear operator. Suppose W is an invariant subspace 7" and
ﬂw W —-=W

is the restriciton of 7.
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1. Let p be the characteristic polynomial of T" and ¢ be the char-
acteristic polynomial of Tjy,. Then ¢ | p.

2. Also let P be the minimal (monic) polynomial of 7" and @ be
the minimal (monic) polynomial of Tjy,. Then Q | P.

Proof. Proof of (2) is easier. Since P(T) = 0 we also have P(Tjw) =
0. Therefore
P(X) € ann(Tjy) = FIXIQ(X).

Hence @ | P and proof of (2) is complete.

To prove (1), let E = {ej,eq,...,e,} be a basis of W. Extend
this basis to a basis &€ = {e,ea,...,€r,6,11,...,€,} of V. Let A be
the matrix of 7" with respect to & and B be the matrix of T}y with
respect to E. So, we have

(T'(er),...,T(e,)) = (e1,...,€.)B

and

(T(e1),...,T(er), T(ers1),--- T(en)) = (€1, €ry€ri1,.-.y,En)A.

Therefore, A can be written as blocks as follows:
B C
+=(15)

P(X) = det(I,X — A) = det(I,X — B)det(I,,_,X — D)

So,

and
Q(X) =det(l,X — B).

Therefore @ | P. The proof is complete.
4.5 (Definitions and Remarks) 1. Suppose F is a field. Re-
call an n x n matrix A = (a;;) is call an upper triangular

matrix if a;; = 0 for all 7,5 with 1 < i < j < n. Similarly, we
define lower triangular matrices.
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2. Now let V' be a vector space over F with dimV =n < co. A
linear operator 7" : V' — V is said to be triangulable, if there
is a basis E' = {ey,...,e,} of V such that the matrix of V' is
an (upper) triangular matrix. (Note that it does not make a
difference if we say “upper” or “lower” trinagular. To avoid
confusion, we will assume upper triangular.)

3. Now suppose a linear operator T is triangulable. So, for a basis
E = {e1,...,e,} we have (T'(e1),...,T(e,)) = (e1,...,e,)A
for some triangular matrix A = (a;;). We assume that A is
upper triangular. For 1 < r < n, write W, = span(ey, ..., e,).
Then W, is invariant under 7'

4. (Factorization.) Suppose T € L(V,V) is triangulable. So,
the matrix of T, with respect to a basis eq,...,e,, is an up-
per triangular matrix A = (a;;). Note that the characterictic
polynomial ¢ of T is given by

q(X) = det(IX — A) = (X — CLH)(X — CLQQ) e (X — am).
Therefore, ¢ is completely factorizable. So, we have
g(X) = (X — )™ (X = eg)® - (X — )™,

where dy +dy+---+d, =dimV and ¢q, ..., ¢, are the distinct

eigen values of T.

Also, since the minimal monic polynomial p of T' divides ¢, it

follows that p is also completely factorizable. Therefore,
p(X)=(X —c1)" (X — o)™+ (X —ep)™.

where r; < d; fori=1,... k.

4.6 (Theorem) Let V be a vector space over F with with finite
dimension dimV = n and T': V — V be a linear operator on V.
Then T is triangulable if and only if the minimal polynomial p of T’
is a product of linear factors.

Proof. (=): We have already shown in (4) of Remark 4.5, that if
T is triangulable then the MMP p factors into linear factors.
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(<): Now assume that the MMP p factors as
PX) = (X =) (X =)+ (X =)™

Let ¢ denote the characteristic polynomial of T. Since p and ¢ have
the same roots, q(c1) = q(c2) = -+ = q(cg) = 0. Now we will split
the proof into several steps.

Step-1: Write A\; = ¢;. By (2.3), A\; is an eigen value of T. So,
there is a non-zero vector e; € V such that T'(e;) = Aje;. Write
Wy = Span(ey).

Step-2: Extend e to abasis ey, Fa, ..., F, of V. Write V] = Span(Fs, . ..
Note that

1. ey is linearly independent and dim W; = 1.
2. Wi is invariant under 7.
3.dimVi=n—1land V=W, V],.

Let v € V; and T(v) = Mep + AoEy + -+ + N\, E,, for some
A,y Ay € F. Define Ty (v) = MgFEy + -+ + A\ E, € V4. Then

T, : Vi —V,
is a well defined linear operator on V;. Diagramatically, T} is given

by

T

Vi Vi

l |

V=WieWh—=V=Wael
where pr: V =W, & V) — V) is the projection map. Let p; be the
MMP of T;. Now, we proceed to prove that p; | p.
Claim :  ann(T) C ann(T}).

To prove this claim, let A be the matrix of T with respect to ey, Es, ..., E,
and B be the matrix of T} with respect to FEs, ..., E,. Since Wj is
invariant under 7', we have

(M C
A_<0 B)'
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Therefore, the matrix of T is given by

m o __ )\T Cm
A _( y Bm).

For some matrix C,,. Therefore, for a polynomial f(X) € F[X] that
matrix f(A) of f(T) is given by

fa) G )
A) = :
= (19 G
some matrix C,. So, if f(X) € ann(T) then f(T) = 0. Hence
f(A) = 0. This implies f(B) = 0 and hence f(77) = 0. So, ann(T") C
ann(Ty) and the claim is established.

Therefore, p; | p. So, p; satisfies the hypothesis of the theorem.
So, there is a an element e; € Vj such that Tj(e;) = Ayes where

(X =X2) [ p1 | p

Also follows that T'(es) = aey + Agea.
Step-3 Write Wy = Span(ey, e2).

Note that

1. ey, ey are linearly independent and dim Wy = 2.

2. Wy is invariant under 7.

3. Also
(T(e1), T(es)) = (e1, e) ( ho ) |

Step-4 If W, # V (that is if 2 < n), the process will continue. We
extend ey, es to a basis ey, €9, Fs, ..., E, of V (Well, they are different
E;, not the same as in previous steps.) Write Vo = Span(Es, ..., E,).
Note

1. dim(Vz) =n—2
2. V=WyaV,.

As in the previous steps, define T : V5, — Vhas in the diagram
(you should define explicitly):
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T>

Va Va

| |

V=Wo@ VsV =Wo@V,

where pr: V. =W,y &V, — Vj is the projection map.

Let py be the MMP of T5. Using same argument, we will prove
po | p. Then we can find A3 € F and e3 € V5 such that T(e3) = Ases
where (X — A3) | p2 | p. Therefore T'(e3) = ajzes + asges + Azes.

So, we have

A1 @13
(T'(e1),T(eq), T(e3)) = (eq, e, €3) 0 Xy ass
0 0 A3

Final Step: The process continues for n steps and we get linearly
independent set (basis) €1, e, ..., e, such that

(T(e1),T(ea), T(e3),...,T(en)) =

AMoap aiz ... ai,
0 )\2 a23 ... QA9pn
(61,62,63,...,€n) 0 0 /\3 ... Qazp
0 0 0 ... A\

This completes the proof.
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Recall a field F is said to be a an algebraically closed field if
every non-constant polynomial f € F[X]| has a root in F. It follows
that k is an algebraically closed field if and only if every non-constant
polynomial f € F[X] product linear polynomials.

4.7 (Theorem) Suppose F is an algebraically closed field. Then
every n X n matrix over F is similar to a triangular matrix.

Proof. Consider the operation
T:F"—F"
such that T'(X) = AX. Now use the above theorem.

4.8 (Theorem) Let V be a vector space over F with with finite
dimension dimV = mn and T': V — V be a linear operator on V.
Then T is diagonalizable if and only if the minimal polynomial p of
T is of the form

p=X-c)(X —c) (X —cx)
where ¢y, cs, ..., ¢, are the distinct eigen values of T.

Proof. (=): Suppose T is diagonalizable. Then, there is a basis
e1,...,e, of V such that

(T(er), T(ea), ..., Tley) =

Cl]d1 0 0 0

0 02[d2 0 ce 0

(61,...,6n) 0 0 C3[d3 0
0 0 0 ... ¢y

Write g(X) = (X —c¢1)(X—c2) - - - (X —¢) we will prove ¢g(T") = 0.
For, i =1,...,d; we have (T — ¢;)(e;) = 0. Therefore,

9(T)(es) = (T = e))(T — e2) -+ (T = ex)(er) = 0.

Similarly, g(T')(e;) =0 foralli =1,...,n.So, g(T') = 0. Hence p | g.
Since cy, ..., ¢ are roots of both, we have p = g. Hence this part of
the proof is complete.
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(<): We we asssume that p(X) = (X —¢1)(X —cg) -+ (X —¢x) and
prove that T is digonalizable. Let W; = N(¢;) be a eigen space of ¢;.
Let W = Zle W; be the sum of eigen spaces. Assume that W # V.

Now we will repeat some protions of the proof of theorem 4.6 and

get a contradiction. Let ey, ... e, beabasisof W andey,...,en, Epnit,--.

be a basis of V. Write V' = Span(E,,11, ..., E,). Note
1. W is invariant under 7'
2. V=WaV.

Define 77 : V' — V' according to the diagram:

T/

V/ V/

l Jor

T

V=WeV  —V=WagV'

where pr: V=W &V’ — V' is the projection map.

As in the prrof of theorem 4.6, the MMP p’ of T" divides p.
Therefore, there is an element e € V'’ such that 7”(e) = Ae for some
A€ {cy,co, ... cr}. We assume A = ¢;. Hence

T(e) =aier + -+ + anen + cre
where a; € F. We can rewrite this equation as
T(e) =B+ cre
where 0 = w1 +ws + - +w, € W and w; € W;. So,
(T'—c1)(e) = 5.
Since T(W) C W, for h(X) € F[X] we have h(T)(3) € W. Write
p=(X—c)q and q(X) — q(c1) = h(X)(X —c1).
So,
((T) = q(c1))(e) = M(T)T — c1)(e) = h(T)(B)
is in W. Also
0=p(T)(e) = (T — c1)q((T)(e)
Therefore ¢(T)(¢) € Wi C W. So, g(er)e = q((T)(e) — (4(T) —

q(c1))(e) is in W. Since ¢(cy1) # 0 we get e € W. This is a contradic-
tion and the proof is complete.
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5  Simultaneous Triangulation and Di-
agonilization

Suppose F C L(V, V) is a family of linear operators on a vector space
V a field F. We say that F is a commuting family if TU = UT
for all U, T € F.

In this section we try to find a basis £ of V' so that, for all T" in
a family F the matrix of 7" is diagonal (or triangular) with respect
to E. Following are the main theorems.

5.1 (Theorem) Let V' be a finite dimensional vector space with

dimV = n over a field F. Let F C L(V,V) be a commuting and
triangulable family of operators on V. Then there is a basis £ =
{e1,...,en} such that, for every T' € F, the matrix of 7" with respect
to E is a triangular matrix.

Proof. The proof is some fairly similar to that of theorem 4.6. We
will omit the proof. You can work it out when you need.

Following is the matrix version of the above theorem.

5.2 (Theorem) Let F C M,,(F) be a commuting and triangula-
ble family of n x n matrices. Then there is an invertible matrix P
such that, for every A € F, we have PAP~! is an upper triangular
matrix.

5.3 (Theorem) Let V' be a finite dimensional vector space with
dimV = n over a field F. Let F C L(V,V) be a commuting and
diagonalizable family of operators on V. Then there is a basis £ =
{e1,...,en} such that, for every T' € F, the matrix of 7" with respect
to E is a diagonal matrix.

Proof. We will omit the proof. You can work it out when you need.
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6 Direct Sum

Part of this section we already touched. We gave the definition 2.13
of direct sum of subspaces. Following is an exercise. Note that we
can make the same definition for any subspace W.

6.1 (Exercise) Let V be a finite dimensional vector space over a
field F. Let W1, ..., W) be subspaces of V. Then V =W, Wy &d--- D
Wi it and only if V.= W; + Wy +--- 4+ W}, and for each j = 2,... K,
we have

(Wi -+ W) nW; ={0}.

6.2 (Examples) (1) R? = Re; ®Rey where e; = (1,0),eo = (0,1).
(2) Let V = M,,,,(IF). Let U be the subspace of all upper triangular
matrices. Let L be subspace of all strictly lower triangular matrices
(that means diagonal entries are zero). Then V =U & L.

(3) Recall theorem 2.15 that V' is direct sum of eigen spaces of diag-
onizable operators T.

We used the word 'projection’ before in the context of direct sum.
Here we define projections.

6.3 (Definition) Let V be a finite dimensional vector space over
a field F. An linear operator F : V' — V is said to be a projection
if B?=F.

6.4 (observations) Let V be a finite dimensional vector space
over a field F. Let £ : V — V be a projection. Let R = range(E)
and N = Ng be the null space of E. Then

1. Forv eV, we have z € R < E(z) = x.
2 V=N&R.
3. For v € V, we have v = (v — E(v)) + E(v) € N @ R.

4. Let V.= W, @& Wy--- @ Wy be direct sum of subspaces W;.
Define operators F; : V — V by

E;(v) =v; where v=uv+---+uvg, v;EW,.
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Note F; are well defined projections with
range(E;) =W; and Ng, =W;
where W, =W, @ @ W,_, ®@ Wiy &+ @ W.
Following is a theorem on projections.

6.5 (Theorem) Let V be a finite dimensional vector space over a
field F. Suppose V=W, ®Wso@®--- B W} be direct sum of subspaces
W;. Then there are k linear operators E,..., F; on V such that

1. each Ej; is a projection (i. e. E? = E;).
2. BE; =0 Y i#].

4. range(E;) = W;.

Conversely, if E, ..., Ej are k linear operators on V satisfying all
the conditions (2)-(3) above then E; is a projection (i.e. (1) holds)
and with W; = E;(V) we have V =W, @ Wy @ --- @& W

Proof. The proof is easy and left as an exercise. First, try with
k = 2 operators, if you like.

Homework: page 213, Exercise 1, 3, 4-7, 9.
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7 Invariant Direct Sums

This section deals with some of the very natural concepts. Suppose
V' is a vector space over a filed F and V = W, @ Wy & --- B W,
where W, are subspaces. Suppose for each ¢ = 1,..., k we are given
linear operators T; € L(W;, W;) on W;, Then we can define a linear
operator T : V' — such that

k k

T(Z v;) = ZTZ'(UI') for v, e W,

1=1 =1

So the restriction T}y, = T;. This means that the diagram

Wi —= W,

L,

V——V

commute.

Conversely, Suppose V' is a vector space over a filed F and V' =
Wy e Wy @ - @ Wy. where W, are subspaces. Let T' € L(V, V) be
a linear operator. Assume that W, are invariant under 7. Then we
can define linear operatop T; : W; — W; by T;(v) = T'(v) for v € W.
Therefore, the above diagram commutes and 1" can be reconstructed
from Ti,..., T, in the same way as above.
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8 Primary Decomposition

We studied linear operators 7" on V' under the assumption that the
characteristic polynomial ¢ or the MMP p splits completely in to
linear factors. In this section we will not have this assumtion. Here
we will exploit the fact ¢, p have unique factorization.

8.1 (Primary Decomposition Theorem) Let V be a vector space
over F with finite dimension dimV =n and 7' : V — V be a linear
operator on V. Let p be the minimal monic polynomial (MMP) of T’

and
71,72

P =Dy Do pZ’“
where r; > 0 and p; are distinct irreducible monic polynomials in
F[X]. Let
W;={veV:p(T)(v) =0}

be the null space of p;(7")". Then
LV=W& - &Wy
2. each W; is invariant under T

3. Let T; = Tyw, : W; — Wj; be the operator on W; induced by T
Then the minimal monic polynomial of T; is p;'.

Proof. Write

fi p. = Hp?'-

= T
P S

Note that fi, fo,..., fr have no common factor. So

CGD(fi, for ...\ fi) = L.

Therefore
figr + fogo + -+ frgr =1

for some g; € F[X].
For ¢ = 1, ey k, let hﬂL = fzgz and El = hZ<T)) < L(V, V) Then

Ey+Ey+-+E,=Y h(T)=1Id. (I
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Also, for i # j note that p | h;h;. Since p(T') = 0 we have

Write W/ = E;(V) the range of E;. By converse part of theorem 6.5,
it follows that V =W & --- & W|.
By (I), we have T'=TFE, +TEy + --- 4+ TFE). So

)

T(W))=T(Ei(V)) =Y TE;E/(V)=TE}V)=TE(V) =

Therefore, W/ is invariant under 7. We will show that W/ = W is
the null space of p;(T)".
We have

pi(T)" (W) = pi(T)" fi(T)gi(T)(V) = p(T)gs(T) (V) = 0.

So, (W/!) C W; the null space of p;(T)".

Now suppose w € W;. So, p;(T)"(w) = 0. For j # i, we have
pi" | fjg; = h; and hence, E;(v) = h;(T)(w) = 0. Therefore w =
Z?:l E;(w) = E;(w) is in W}. So, W; C W/. Therfore W; = W/ and
(1) and (2) are established.

Now T; : W; — W; is the restriction of T" to W;. It remains to
show that MMP of T; is p*. It is enough to show this for i = 1 or
that is MMP of T} is pi*.

We have pi(T7)™ = 0, because W is the null space pi(7)™.
Therefore pi* € ann(T}).

Now suppose g € ann(Ty). So, g(T1) = 0. Then

rj

g(T) [1(T) = g(T) | | »;-

=

=2

Since g(T")w, = g(T1) = 0, we have g(7") vanishes on W, and also for
Jj=2,...,k wehave p;(T)" vanished on W;. Therefore, g(T') f1(T) =
0. Hence p | gf1. Hence p™ = % | g. Therefore p™ is the MMP of T}
and the proof is complete.
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Remarks. (1) Note that the projections F; = h;(T') in the above
theorem are polynomials in 7.

(2) Also think what it means if some (or all) of the irreducible
factors p; = (X — \;) are linear.
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