Math 790 Test 4 (Takehome) Satya Mandal
Fall 05 Each Problem 10 points Due on: October 10, 2005

Unless otherwise stated, F' is a field and V,W are two vector
sapces over F. .

1. Suppose V' is a vector space overFand W C V
is a subspace of V. Prove that annihilator of
the the annihilator of W is itself. That is,
notationally, prove that W = W%,

2. Suppose V' is vector space of finite dimension,
dimV = n, over F. Let g, f1,..., fr € V* be
linear functionals. Let N be the null space of
g and N; be the null space of f;.

Then, NN Ny N --- NN, € N if and only if
g =X!_, ¢ f; for some ¢; € F.

3. Suppose V' is a vector space over F and W C
V' is a subspace of V. Suppose ¢1,...,9, €
V* forms a basis of the annihilator WV, Write
N; = Null(g;). Prove that

4. Suppose V, W be two finite dimensional vector
spaces over F. Let T' : V' — W be a linear
transformation and 7% : W* — V* be the
transpose. Prove that rank(T) = rank(T™).
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Also prove that for a m x n matrix A with en-
tries in A, we have row—rank(A) = column—

rank(A).

. Suppose V' is vector space of finite dimension,
dim V' = n, over F. Define the map

o: L(V,V)— L(V* V)

by @(T) = T'. Prove that ¢ is an isomor-
phism.



