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18 Rings and Fields

Groups dealt with only one binary operation.

You are used to working with two binary operation,

in the usual objects you work with: Z, R.

Now we will study with such objects,

with two binary operations: additions and multiplication.

18.1 Defintions and Basic Properties

Definition 18.1. A Ring (R, +,) is a set with two binary operations +, -,

which we call addition and multiplication, defined on R such that
1. (R,+,-) is an abelian group. The additive identiy is denoted by zero 0.
2. Multiplication 1s associative.

3. The distributive property is satiesfied as follows:

VabceR alb+c)=ab+ac and (b+ c)a = ba+ ca.



Further, A ring (R,+,-) is called a commutative ring, if the multipli-

cation is commutative. That means, if

Vabe R ab=ba.

Definition 18.2. Let (R,+,-) be a ring. If R has a multiplicative identity,
then we has (R, +, -) is a ring with unity. The multiplicative unit is denoted

by 1. Recall, it means

VereR l-x=2-1=uz.

Barring some exceptions (if any), we consider rings with unity only.

Lemma 18.3. Suppose (R,+,-) is a ring with unity. Suppse 0 = 1. then
R = {0}.

Proof. Suppose x € R. Then,
r=2-1=2-0=2-(040)=2-0+2-0=z-1+zx-1=a+ux.

So, © +x = x and hence z = 0. So, R C {0} and hence So, R = {0}. The
proof is complete. |

Remark. The ring R = {0} is not interesting. So, we consider R # {0}
only. Hence we will always have 0 # 1.

Example 18.4 (18.2). Following are rings:
<Zv +, '>a <Qa +, '>7 <Ra =+, '>7 <(Ca +, >

Example 18.5 (18.3). Let R be any ring. Then, the set M,,(R) of all square
matrices, with coefficients in R is a ring under the matrix addition and matrix

multiplication.
1. Question: What is the additive identity of M, (R)?
2. Question: What is the multiplicative identity of M, (R)?
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In particular
Mn(Z’)7 Mn(@)v Mn(R>7 Mn(c) are m'ngs.

Remark. For n > 2 these rings are not commutative. In group theory, we

gave examples.

Example 18.6 (18.4). Let F' be a set of all functions f : R — R. For
f,g € F define addition and multiplication as follows:

(f +9)(x) = f(z) + g(z) and — (fg)(x) = f(z)g(x)

Then, F' is a ring under this addition and multiplication.

1. Question: What is the additive identity of this ring?

2. Question: What is the multiplicative identity of this ring?

Example 18.7 (18.6). For any integer n > 0, (Z,,, +, -) is a ring,.

Example 18.8 (18.7). Let Ry, Ry, -+, R, be n rings. Then, the
direct product R := Ry X Ry X --- X R,, is a ring. For

(21,22, ..., xn), (Y1,Y2, - - -, Yn) € R addition and multiplication is defined by
(:L‘17x27"'axn)+ (y17y27"'7yn) = (xl +y1ﬂl‘2+y27"'7$n+yn)

(.]71,.1'2, s 7xn) : (Z/1>y27 s 7yn) = (xlylax2y27 s wxnyn)

Theorem 18.9. Let R be a ring and a,b € R. Then,

1. 0)a=a0=0



Proof. First, —a is the notation for the additive inverse of a. The proofs are
routine:

1. 0a = (0+0)a = 0a+ Oa. Subtracting Oa (i.e. adding —(0a)) from both
sides we have Oa = 0. Similarly a0 = 0.

2. We have (ab)+a(—b) = a(b—b) = b0 = 0. So, —(ab) = a(—b). Similarly,

3. We have, by (2), (—a)(=b) = —((a(=b)) = —(—(ab)) = ab.

The proof is complete. |



18.2 Homomorphisms

As always, homomophism of two object with certain structure, is a mapping
that respects the structure.

Definition 18.10. Let R, R’ be two rings.

1. A map ¢ : R — R’ is said to be a homomorphism if, for alla,b € R

we have

(a) p(a+b) = p(a) + ¢(b)
(b) p(ab) = ¢(a)p(b)
(c¢) We also assume ¢(1) = 1.

2. A homomorphism ¢ : R — R’ is said to be an isomorphism, if it is
also bijective. (I do not like this definition. Will clarify in class).

Example 18.11. As in (18.6), let F' be the ring of all functions f : R — R.

Let a € R. Then, the evaluation at a € R is a homomorphism, defined as:
0, : F— R defines as pq(f) = f(a).
Example 18.12. The mapping
0 L — L, given by @(x) =7

is a homomorphism of rings.



Lemma 18.13. Let ¢ : R — R’ be an isomorphism of rings. Since @
is bijective, it has a set theoretic inverse ¢! : R — R. In fact, ' is
also an isomorphism (that mweans a homomorphisn, in addition to being a

bijection.).
Proof. Let y,,y, € R, we need to prove that
P ) =9 )+ () and 9 (i) = ¢ e (1)

Since ¢ is injective, it is enough to prove that they are equal after an appli-

cation of ¢. In deed

nty =0l () +o () and  yrys = (0 (y)e (12)).

The proof is complete. |

18.3 Multiplicative Questions: Fields

Notations 18.14. Let R be a ring with unity (as always). Then, there is a

homomorphism
p0:Z— R definedby Vn>0 ¢n)=1+1+---+1(n summands)
and p(—n) = —p(n). We use the notation

n:=p(n) eR and also n-1:=@(n).

(You can call ¢ the premitive homomorphims or cannonical homomorphism.
In the category of rings with unit, Z is considered as the innitial object, for

this reason.)

Example 18.15 (18.15). Let r, s be positive integers with ged(r,s) = 1.
Then
0Ly X Lg — Lps given by @(n-1)=n-(1,1)

is an isomorphism. Note, both sides are cyclic groups.

6



Definition 18.16. Let R be a ring with 1 # 0.

1. An element u € R is called an unit, if u has a multiplicative inverse

in R. Note, zero 0 cannot be an unit (why?).

2. We say R is a division ring (or skew field), if each nonzero element

n R 1s an unait.

3. We say R is a field, if it is a division ring and if R is commutative.

Example 18.17 (18.17). What are the units of Z,,? Answer: all 7 such that
ged(r,n) = 1.

(See §20).

Example 18.18 (18.18). A few examples of fields:

1. Z is not a field. Why not? What are the units of Z?
2. Q, R, C are fields.

3. At this time I do not have too many examples of a division ring that
is not a field. I will write down the example of Quaternion Algebra, on
the board.

Definition 18.19. 1. Suppose R is a ring. A subring of R is a subset S
of R, such that S is ring under the addition and multiplication inherited
from R.

2. Let E be a field. A subfield of F is a subset F' of F, such that

F is field under the addition and multiplication inherited from F'.
3. So, Z is a subring of R. Q is a subfield of R.

4. Such "sub"-structues are defined routinely in mathematics, whenever

some kind of structures are defined.



a) For example, we define subspaces W of vector spaces.

(
(

(c) In topology, we define subspaces of topological spaces.

)

b) We define subgroups.
)
)

(d) Differential topology, we define submanifold N of a given manofold.

For example, the unit disc is a submanifold of C.



19 Integral Domains

InZ,ab=0=a=0o0rb=0.

Example 19.1 (19.1). Consider the ring Zs.

1. Here 3 -4 = 0 but none of the factors are zero.

2. Consider the equation (z — 2)(z — 3) = 0. Its solutions in Z, are
2,3,6,11.
This is strange because, we are used to the idea that quadratics should

have at most two root. Such strange things happen, because in this

ring product of two nonzero elements can be zero.

Definition 19.2. We give two definitions.

1. Let R be a ring. Let a € R. We say that a is a zero divisor, if a # 0
and 3 b € R with b # 0 such that ab = 0.

2. A commutative ring D is called an integral domain, if D does not

have any zero divizor.

So, a cmmutative ring R is an integral domain if and only if
VabeD (ab=0=a=00rb=0).

Theorem 19.3. Consider the ring Z,,. An element T € Z,, is a zero divisor

if and only if ged(r,n) # 1 (i.e. r,n are NOT relatively prime).
Proof. Suppose 7 € Z,.
1. («): Suppose ged(r,n) =d # 1 or d > 2, So, r = drg,n = dngy with

1 <mng<n-—1. So, rng = dn and T ng = 0. Since, ng # 0, T is a zero
divisor.



2. (=): Suppose T is a zero divisor. So, there is 0 < m < n — 1 such
that 7 m = 0. So, n divides rm. If ged(r,n) = 1 then it follows that n
divides m, and so m = 0. This is a contradiction. So, gcd(r,n) # 1.

The proof is complete. |

Definition 19.4. Suppose R is a commutative ring. We say that

cancellation law holds in R if
for a,b,c € R with a# 0 (ab=ac = b=c).

Theorem 19.5. Let R be commutative ring. Then, R is an integral domain

if and only if cancellation law holds in R.
Proof. (=): Suppose R is an integral domain. Suppose

for some a,b,c € R with a # 0 ab = ac.

Then, a(b — ¢) = 0. Since a # 0 we have b — ¢ = 0 or b = ¢. So, the
cancellation holds.

(«<): Suppose cancellation holds. Suppose ab = 0 and a # 0 for some
a,b € R. So, ab = a0. By cancellation b = 0. So, a is not a zero divisor. So,
R has no zero divisor and R is an integral domain. The proof is complete. m

Example 19.6 (19.7). Few examples:

1. Z is an integral domain.
2. Z, is an integral domain, if p is prime.
3. Z, is NOT and an integral domain, unless n is a prime.

4. Let F be the ring of all continuous real valued functions on R. Then,

F is NOT and an integral domain. (why not?)

5. Let R, S be two rings. Then the direct product R x S NOT and an
integral domain. This is because (1,0)(0,1) = (0,0).
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Example 19.7 (19.8). Let R be any commutative ring. Then, My(R) is

NOT and an integram domain. This is because Ms(R) is not commutative.

Theorem 19.8. Every field F' is an integral domain.

Proof. Let a € F and a # 0. Suppose ab = 0. Since a has an inverse
at(ab) = a0 = 0 gives b = 0. So, F is an integral domain. The proof is
complete. |

Theorem 19.9. Every finite integral domain R s a field.

Proof. Write R = {0,1,a4,as,...,a,}. Suppose a € R and a # 0. We need
to show that ¢ has an inverse. Consider the list:

al,aaq,aas, ..., aa,.
Since cancellation holds ths is a list are n+1 DISTINCT non zero elements in
R. But R has only n—+ 1 distinct elements, including 1. So, one of them must
be 1 or aa, = 1 for some r. So, a has an inverse. The proof is complete. m

Corollary 19.10. Z, is a field, when p is a prime.

Proof. Exercise.

Definition 19.11. Let R ba a ring with unity 1 (as always). If n-1# 0 for
all integers n > 2, we say R has characteristic zero. If n-1 =0 for some

integer n > 2 then the the characteristic is defined to be
char(R) = min{n > 2:n-1=0}.
So, Z,Q,R have characteristic zero. Z, has characteristic n.
Theorem 19.12. Let R be a ring of characteristicn. Thenn-a =0 Va € R.
Proof. We have n-1 =0. So, fora € Rwe haven-a=(n-1)a=0-a=0

The proof is complete. |

11



20 Farmat’s and Euler’s Theorem

In this section we do some number game.

Lemma 20.1. Let F' be a field and F* be the set of all nonzero elements in

F. Then F* is a group under multiplication.

Proof. Trivial. [

Theorem 20.2 (Little Theorem of Fermat). Let p be a prime number and
a € Z be an integer that is not divisible by p. Then,

=1 (modulo p).

Proof. Since Z, is a field,
Z,={1,2,....p—1}

is a group under multiplication. This group has order p — 1. So, Vx € Z; we
have 2P~! = 1. So, @?~! = 1. This means,

a =1 (modulo p).
The proof is complete. |

Corollary 20.3. Fora € Z and prime number p we have a? = a  (modulo p).

Proof. If a is divisible by p then a?» = a =0 (modulo p). If a is not divisible
by p then by the above theorem

a =1 (modulo p).

and so
a’ =a (modulo p).

The proof is complete. |
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Example 20.4 (20.3). We compute the remainder of 8'% when devided by
13.

First, 108 = 128 + 7. So,
8108 = (8'2)887 = 1887 = (—5)" = (25)%(—5) = (—1)*(=5) =5 (modulo 13).
So, the remainder would be 5.

Example 20.5 (20.4). Show 2'1213 — 1 is not divisible by 11.
First, we will do (modulo 11) computations. So, divide the exponent by
10: we have 11,213 = 1121 % 10 4+ 3. So,
11218 1 = (2112193 1 = 11218 1 =7 (modulo 11).

Example 20.6 (20.5). For any integer n, the number n3?

15.

—n is divisible by

Proof. We will show it is divisible by 3 and 5. First, we do (modulo 3)

computation:

n* —n = (n*)% —n = 1"n —n = 0(modulo 3).
Now, we do (modulo 5) computat ion:
n*® —n = (n*%n —n =181 — n = 0(modulo 5).

The proof is complete. |
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20.1 FEuler’s Generalization

Theorem 20.7. Let G, be the nonzero divizors of Z,. Then G, forms a

group under multiplication.

Proof. First, GG, is closed under multiplication: Let z,y € G,,. Then xy # 0.
Then
(zy)z=0=yz=0=2=0.

So, zy € (G,,, meaning it is a nonzero divizor. Obviously, 1 € GG,,. We need
to prove that, each element in G,, has an inverse. The proof of this part is
exactly similar to the proof of (19.9). (Complete it.) The proof is complete.m

Corollary 20.8. If 7 € Z, s a nonzero divisor, then it is invertible. So,
G,={r€Z,:1<r<n-1, and ged(r,n) =1.}

Proof. The first statement is immediate from the theorem. For the second
statement note, that 7 € Z,, is invertible if and only id ged(r,n) = 1. The
proof is complete. |

Definition 20.9. For integers n > 1, let p(n) be defined as the number of
integers 1 < r <n —1 such that ged(r,n) = 1. So,

p(n) = |Gl

Theorem 20.10 (Euler’s Theorem). For any integer a, relatively prime to

n we have

a?™ =1 (modulo n).

Proof. For such an integer a, the element @ € G,,. Since order of G,, is p(n),
we have @#(® = 1. This means,

a?™ =1 (modulo n).

Example 20.11 (20.9). Let n = 12. Then, 1,5,7,11 the positive integers
less than 12 that are relatively prime to 12. So, ¢(12) = 4.
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So, for any integer a, relatively prime to 12, we have
at=1 (modulo 12).
For example 3025 = 5211 is relatively prime to 12. So,

(3025)* =1 (modulo 12).

15



20.2 Application to ax =b (modulo m)

Theorem 20.12. Let m be a positive intger and let a € Z,, be relatively
prime to m. Then for each b € 7Z,,, the equation ax = b has a unique

solution.

Proof. It follows, a has an inverse in Z,,. So, x = a~!b is the unique solution.
The proof is complete. |

This theorem can be restated as follows.

Corollary 20.13. If a,m are relatively prime integers, then for any integer
b, the equation

ar =b (modulo m)

has solutions. Further all solutions are in the same equivalence class. Namely

solutions are the member of the class @ 'b.

We skip the rest of the section. It is becoming technical.
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21 The Field of Quotients of an Integral Do-
main

Soppose D is an integral domain. We want to enlarge D to a field, by adding
inverses of all the nonzero elements of D. In a sense, we repeat the process
how, we get the field of rationals QQ, by adding inverses of nonzero elements
in Z.

21.1 The construction
Let D be an integral domain.
1. Consider the set

S ={(a,b) :a,b€ D,b#0}

We will define an equivalence relation, so that the equivalence class of
(a,b) will represent a/b. Intuitively, think of (a,b) as a representation

of a/b.

2. Define a relationship as follows:
Definition 21.1. For (a,b),(c,d) € S, define
(a,b) ~ (¢,d) if ad=bc.
Lemma 21.2. The relation ~ is an equivalence relation.

Proof. We check the three conditions:

(a) (Reflexive): For all (a,b) € S we have (a,b) ~ (a,b) because
ab = ba.

(b) (Symmetric): Suppose (a,b) ~ (¢,d). Then, ad = be. So, cb =
ad and hence (¢, d) ~ (a,b).

(¢) (Transitive): Suppose (a,b) ~ (¢,d) ~ (u,v). Then, ad = be
and cv = du. So, (ad)u = (bc)u or a(du) = beu or a(cv) = beu.
Cancelling ¢ we get or av = bu. So, (a,b) ~ (u,v). So, the relation
is transitive.
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So, it is established that ~ is an equivalence. The proof is complete. m

. The set of all equivalence classes will be denoted by F' and the equiva-
lence class of (a,b) will be denoted by [(a, b)]. So,

F = {[(a,b)] : (a,b) € S}.

. Intuitively, we think
[(a,b)] =: § and define addition and multiplication of equivalence classes,
in F', as in the lemma.

Lemma 21.3. For [(a,b)],[(c,d)] € F define
[(a,b)] + [(¢, d)] := [(ad + be,bd)]  and  [(a,b)][(c,d)] := [(ac, bd)]

We assert that these are well-define operations (to be called addition
and multiplication).

Proof. First, since (a,b),(c,d) € S, we have b # 0,d # 0. Since D
is an integral domain, bd # 0. So, (ad + be,bd) € S and (ac,bd) € S.

So, the right handsides are in F', or F' is closed under additing and
multiplication.

We need to prove well defined-ness. Suppose [(a,b)] = [(a1,b1)] and
(¢,d) = (c1,dy). That means, (a,b) ~ (a1,b;) and (¢, d) ~ (c1,dy). So,
aby = bay, cdy = dey ().

Multiply thse two equations, we get

abicd; = bayde;. So, (ac,bd) ~ (aycy, bidy).
So, the multiplication is well defined. (I am "thinking" fractions a/b
and so on.)

For addition, I want "common denominators" (the second coordinate):
So, multiply the first equation by dd; and the second equation by bb;.
We have

ablddl = balddl, Cdlbbl = dClbbl

Adding, we get
(ad+cb)b1d1 = <a1d1+01b1)db. SO, (ad+cb, bd) ~ (a1d1 —I—Clbl, bldl).
So, the addition is well defined. The proof is complete. |
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5. Notation. Now on, we will use the notation

a/b = 5= [(a,b)].

6. Now, we prove F' is a field.

(a) (F,+) is a abelian group. Proof.
i. We have

([(a, 0)]+[(c, )+ [(x, y)] = [(ad+be, bd)|+[(z,y)] = [(ady+bey+bd, bdy)]
Similarly,
[(a,0)] + ([(c, )] + [(z, y)]) = [(ady + bey + bdx, bdy)].

So, ([, )] + (¢, d)]) + [z, y)] = ([(a, )] + (¢, )]) + [, y)].

So, the addition is associative.
Alternately, If we are comfortable using the notations above,
then

v

<a c> x ad+bc+x:ady+bcy+bdx
bd Y bdy '

Similarly,

%+ (5"‘{) _a+cy+dx_ady+bcy+bdx.
Y

b dy bdy

ii. We have
[(a,0)] + [(c,d)] = [(ad + be, bd)] = [(c, d)] + [(a, b)]

So, the addition is commutative.
iii. [(0,1)] is the additive identity (zero):

[(07 1)] + [(CL, b)] = [(a7 b)] = [(a’ b)] + [(07 1)]

In fact, [(0,1)] = [(0,d)] for all d # 0 € D.
iv. The additive inverse of [(a,b)] = [(—a, b)], because

[(@, )] + [(=a,0)] = [(0,0)].
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This completes th eproof that (F,+) is a abelian group.

(b) The multiplication is associative, with an unity.
Proof.

i. (Associativity)
([(a, 0)][(c; )DI(z, y)] = [(ac, bd)][(z, y)]

= [(acz, bdy)] = [(a, 0)]([(c, d)][(x, y)])-

ii. The multiplicative identity is ((1,1)] = [(d,d)] for all d # 0 €
D, as follows:

[(a, D)II(L, V)] = [(a,0)] = [(1, 1)][(a; b)]

This completes the proof that I is a ring.

(c) In fact, F'is a commutative ring (because so is D), as shown below:
[(a, D)[(2, y)] = [(az, by)] = [(za, yb)] = [(x, y)][(a, D)].

7. Every nonzero element in F' has an inverse:

Let (a,b)] € F be nonzero. So, a # 0 and (b,a) € F. Now, [(a, b)][(b, a)]
[(abv ab)] = [(1’ 1)]

This completes the proof that F' is a field. The proof is complete. |
Now, final question is whether D is a subring of F'? Answer is "yes", in the
follwing sense.

Lemma 21.4. The map i : D — F given by i(a) = [(a,1)] = § is an

imjective homomorphism of rings.

Proof. Clearly i(a+b) = [(a+b,1)] = [(a, 1)]+][(b,1)] = i(a)+i(b). Similarly,
i(ab) = i(a)i(b). So, i is a ring homomorphism.

Now, we prove ¢ is injective, meaning one to one. In group theory, we
learned that it is enough to check that the kernel is zero. So, let i(a) = [(0,1)].
That means [(a,1)] = [(0,1)]. By definition of the equivalence relation, it
follows a = 0. The proof is complete. |
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Theorem 21.5. Let D be an integral domain. Then D can be enlarged to a

field F', such that every element is a quotient of two elements of D.

Proof. Take the injective homomorphism ¢ : D — F', as above. Now we
identify D by its image i(D), which is an isomorphic "copy" of D. The proof
is complete. |

21.2 Uniqueness

In fact, this field of quotient is "smallest" in the sense of the following the-
orem. This theorem can be called an "universal property" of the homomor-
phism i : D — F.

Theorem 21.6. Let F be the field of quotients of an integral domain D. Let
1 : D — F denote the "inclusion” homorphism. Let L be a field and j :
D — L be an injective homomorphism. Then there is a unique injective
homomorphism ¢ : F — L such that ¥i(a) = j(a). If we consider
D C F, then ¢¥(a) = j(a). Diagramatically:

Dt R

\p

w, commutes and a/b— (5(a))(5(b))"
L

Proof. We define ¢ : I’ — L as follows: Let § = [(a,b)] € F. Since b # 0
and j is injective j(b) has an inverse in L. Define

v (3) = i@G®)

To see v is well defined, let [(a,b)] = [(¢,d)]. This means ad = be. So,
§(@)i(d) = j(B)j(e). So, j(@)j(b) = j(c)j(d)". So, v is well defined.

Now, it is easy it check that

Y +y) =v) +dy)  Play) =p(@)P(y).
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Now to see ¢ is injective, let ¥ ([(a,b)]) = 0 € L. So, j(a)j(b)~ = 0. So,
j(a) = 0. Since j is injective a = 0. So, [(a,b)] =0 € F. So, ker(¢)) = {0}

and 1 is injective.

Uniqueness: Suppose there is another homomorphism ¢ : F' — L such
that gi(a) = j(a) for all @ € D. Since ¢ is a homomorphism,

P([(L0)]) = ([(b, D] 1) = ([(b, ]) " = (i(B)]) " = j(b) .

So,
¢([(a,b)) = ¢([(a, D][(L,0)]) = @([(a, )] ([(1, 0)])
= (D)) (D)) = 5(a)i(0) " = ¥([(a, b)).
So, ¢ = 1. The proof is complete. |

Interpretation: The injecitivity is intepreted as follows:

For any field L, DCL=—F CL.

Exercise. Let f : K — L be a homomorphism of fields. Prove that f is
injective. (Use f(1) =1.)

Definition 21.7. Suppose D is an integral domain. Any field F', satisfying
the unwwersal property, as in theorem 21.6, is called a field of quotients of
D.

Try to see the analogy with Z C Q.

Corollary 21.8. Any two fields of quotients, of an integral domain D, are

1somorphic.

Proof. Let F, L be two fields of quotients of D. Let us denote the inclusions
t: D — F and j — L. By theorem above there is an injective homomor-
phism ¢ : F' — L such the ¥i(a) = j(a) for all a € D.

We will prove that 1 is onto. Since L is also a field of quotients, any
element y € L can be written as y = j(a)j(b)™'. So, ¥(i(a)i(b)™!) =
¥(i(a))Y(i(b)™') = j(a)j(b)~' = y. So, ¥ is onto, hence an isomorphism.
The proof is complete. |
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Alternate Proof: with Diagram:

7 /
v
D[ op=Ip Y = Ip because of uniquenness of such homomorphisms.
A NP
% \A

By "existance part" theorem 21.6, 1, ¢ exist, so that the diagram commutes.
By the "uniqueness part" of theorem 21.6, oy = Ip. Similarly ¥ = 1. So,
1 is an isomorphism. |
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22 Rings of Polynomials

We formally define polynomials.

Definition 22.1. Suppose R is a ring and z is an indeterminate (a symbol).

A polynomial f(x) with coefficients in R is an infinite formal sum

[o.¢]
Zaixi:a0+a1m—|—---—|—anx”+--- with a; € R
i=0

and only finitely many a; are nonzero.
1. The a, is called the coeffient of 2" in f(z).
2. We use the notation 2™ := 1z™.

3. Also, we omit the terms 0z°. Since only finitely many a; are nonzero,

a polynomial f(z) would look like a finite sum:
f(x) = ap+arz+ -+ apz",
perhaps few more terms would be missing, in this expression.

4. Suppose f(x) = ag + a1z + -+ - + a,x™ is a polynomial, with a, # 0.
Then, we say f(x) has degree n.

5. For a € R the polynomial
a+0x+ 0z +- da denoted by "a” itself.

It is called a constant polynomial. A constant polynomial has degree

Zero.

6. So, one can think of a polynomial as a sequence ag,ar,...,a, ... with

only finitley many nonzero terms.
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7. Suppose
f(z) =ap+arz+---+ax"+--+ and g(x) =byg+bjx+---+bya"+---
(a) Define "addition"
fl@)+g(x)=co+az+- - +cz"+--- where ¢, =a,+ by.

(b) Define "multiplication"
f)g(x) =do+dix+ -+ dpa” + - where dy =Y aibn_;.
i=0

Theorem 22.2. Let R be a ring and R[x] be the set of all polynomials in an

indeterminate x and coefficients in R.

1. Then, Rlz| is a ring.
2. If R is commutative, so is R[x].
3. The ring R[z] is called the polynomial ring with coefficients in R.

Proof. The proof is routine. Verify all the properties of rings. Read it from
the textbook. n

Question. What are the units of R[x]? Assume R is commutative.
Definition 22.3. Define polynomial rings with two variables, as follows.

If y is another indeterminate, then we define R[z,y] = R[z][y] to be called

the polynomial ring in two indeterminate over R.

Likewise, we define the polynomial ring Rz, zs,...,z,] in n inde-

terminate z{,29,...,1,.

Lemma 22.4. The map R — R[z| defined by a — a is an injective homo-

morphism. So, we consider R C R[x] as a subset or "subring".

Proof. Trivial

25



Lemma 22.5. Suppose D is an integral domain. Then, Dlx] is an integral

domain.

Proof. Suppose f(x),g(x) € R[z] and f(z)g(xz) = 0. We will prove one of
them is zero. Assume both are nonzero. Write

f(z) = ap+ayz+- - Hayx" and f(z) = bo+byz+- - ~+bya™ with a, # 0,b, # 0.

Then the coefficient of z™*™ (the top degree term) is a,b,,. Since f(z)g(z) =
0, this coefficient a,b,, = 0. Since, D is an integral domain, a,, = 0 or b, = 0.
Which is a contradiction. So, either f(z) = 0 or g(z) = 0 The proof is
complete. |

Remark. Since, D[z] is an integral domain, we can define the field of quo-
tients of D[z], whose elements are written as f(x)/g(z) with f(z) # 0.

22.1 The Evaluation Homomorphisms

The evaluation homomorphim is my favorite homomorphism.

Theorem 22.6. Let F' be a subring of another ring E. Let o € E. Define
the map
SOQ:F['I]—)E by QOa:f(Oé).

Then, @, s a homomorphism.

Proof. For f(z),g(z) € R[x], we need to show
Pa(f(2)+9(2)) = @a(f(2)+@alg(x)  and  @u(f(2)g(2)) = @a(f(2))palg(z))

Or, to prove

(f +9)(a) = fla) +g(a)  and (fg)(a) = f(a)g(a)

which is obvious. n

Example 22.7 (22.6). Let R be any ring. Then, the homomorphism ¢y :
R[z] — R is given by

for f(x)=ao+ax+ - +a,a" we have @o(f) = ao.
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Example 22.8 (22.7). Consider Q C R. Then,

0o : Q] — R is given by pa(f) = f(2).

Note, pa(x* —6) = 0, pa(x —2) = 0. The author is trying to amke the point:

2 is zero of these two polynomial.

So, these two polynomials are in ker(ys).

Example 22.9 (22.8). Consider Q C C. Let i> = —1. Then,

i : Q[z] — R is given by  ;(f) = f(i).

Note, o;(2? + 1) = 0. The author is trying to amke the point: i is zero of
% + 1.

So, 2 + 1 in ker(¢;).

Definition 22.10. Let F' be a subfield of a field E and o € E. Consider the

evaluation homomorphism
Ga: Fla] — B is given by a(f) = f(a).

We say « is a zero of f if f(a) =0. That means, if f € ker(pa),
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23 Factorization of Polynomials over a fields

23.1 The Division algorithm
Actually, the divisio algorithm needs a proof.

Theorem 23.1 (Division Algorithm). Suppose F' is a field. Let g € F|x]
and g # 0 and degree(g) = m. Then, given any polynomial f € F[x], we
can write
Junique r(x),q(z) € Rlz] > fz) = g(z)q(z) + r(z)
with r(x) =0 or degree(r(xz)) <m.
Proof. (Existance): Write

S={f(x) —g(z)q(z) : q(x) € Rlz]}

If 0 € S then 3 ¢q(z) € R[z] >  f(z) = g(x)q(x). So, the algorithm is valid
with r(x) = 0.

Now suppose 0 ¢ S. Let
d = min{degree(p) : p € S}

Pick
r(z) = f(x) —g(x)q(z) € S > degree(r(x)) = d.
I claim, that d < m. If not let d > m. Write

f(x) = ag+a1z+- - 4a,z",  g(x) = bytbia—+-- +bna™, r(x) = cotciz4- - +cqx

with b,, # 0,cq # 0. Now,

p(x) =r(x) — g(x)cdx - has degree < d —1.
Also,
cqrt™ cqrt™
plo) = ) = " g(a) = 1) - gle) (at0) + % ) €5



Since 0 ¢ S, p(z) # 0. The minimality of d is contradicted, because
degree(p(z)) < d — 1. So, it is established degree(r(z)) < m — 1. So,
we have f(z) = g(x)q(x) +r(z) with degree(r(z)) < d—1. So, the algorithm
holds.

Now, we prove uniqueness. Suppose
f(@) = g(2)qi(x) + () = g(x)ga(2) + ra()
where ri(x) =0 or degree(r;) <m —1.
Subtracting, we have
ri(x) — ra(z) = g(2) (@ (z) — ¢2())

Since, degree(ri(x) — ro(z)) < m — 1 < m = degree(g), we have ¢;(z) —
¢2(x) = 0. Hence ri(x) —ro(z) = 0. So, ¢1(x) = ¢2(x) and ry(z) = ra(x). So,
uniqueness is established. The proof is complete. |

Theorem 23.2 (Generalized Division Algorithm). Let R be a commutative
ring. Let g(x) = 2™ + ap_12™ " + -+ a1z + ag € R[z]. (Note coefficient
of 2™ in G is 1. Such a polinomial is called a monic polynomial.) Then,

given any polynomial f € F[x], we can write
J unique 1r(z),q(z) € Rlz] > f(x)=g(x)q(z)+r(z)
with r(z) =0 or degree(r(z)) <m.

Proof. Exercise

Long Division: The long division method of dividing applies in all these
cases.

Example 23.3 (23.2). in Zs[z] divide a give f(z) by g(z) = 2* — 2z + 3, by
long division. Please read it.

Objective of this section is to write any polynomial f(z) over a field,
as product of "irreducible polynomials". Simplest among the irreducible

polynomials are the linear polynomial x — a.
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Corollary 23.4 (Factor Theorem). Let F' be field and a € F and f(x) €
F[z]. Then, a is a zero of f if and only if x — a is a factor of f(x).

Proof. (<): Suppose = — a is a factor of f(z). So, f(x) = (z — a)g(x) for
some ¢(z) € F[z]. So, f(a) = and hence a is a zero of f(x).

(=): Now suppose a is a zero of f, which means f(a) = 0. Now divide f(z)
by z — a, we have

f(@) = (z = a)q(x) + r(z)
where 7(z) = 0 or degree(r(z) = 0 (i.e. r(x) =r € F). Substituting a = 0
we have r = r(0) = 0. So, f(z) = (r — a)q(x). The proof is complete. ]

Example 23.5 (23.4). in Zs[z] use long division and apply the corollary
(23.4). Please read it.

Corollary 23.6. Let F' be a field and f(x) € F|x] be a nonzero polynomial

of degree n. Then f(x) can have at most n zeros.

Proof. Suppose a; is a zero of f(z). Then,

f(x) = (z = a1)qu(x)

for some polynomial ¢;(x) of degree n — 1. Now, if as is a zero of ¢; then
T — asy is a factor of g9, which gives

f(z) = (x —a1)(x — az)qa(x) where degree(q—2)=mn—2.
Repeating this process, we can write
fl@)=(r—a)(x —ag) - (v —a,)q(xr) where degree(q—2)=mn—r.

and ¢,(x) has no zero in F. Since, degree of f is n, there can be at most n

such linear factors. Also, ay,...,a, are theonlt zeros of f in F, because if
b # a; then f(b) = (b—ay)(b—az)---(b—a,)q.(b) # 0. Hence ay,...,a, are
the only zeros of f9z) and r < n. The proof is complete. |

Corollary 23.7. Let F' be a field and G be a FINITE subgroup of the mul-
tiplicative group F*. Then G is cyclic.

Proof. It is an application of theorem 11.12. We omit the proof. |
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23.2 Irreducible Polynomials

As T mentioned above simplest of all the irreducible polynomials are linear
polynomials =z — a.

Definition 23.8. Let F' be a field and f(x) € Flz]| be nonconstant poly-
nomial. We say that f(x) is irreducible over F or is an irreducible

polynomial in F[z] if

[f(z) = g(x)h(z) with g,h € Flz]] = |[f€F orge€kF]|.

A nonconstant polynomial f(x) € F[z] is said to be reducible, if it is

not irreducible.
Remarks. Here are some comments:

1. We restate the definition. A nonconstant polynomial f is irreducible,
if it has no nontrivial factorization f(x) = g(x)h(z). For example,
Vae€F, a#0 (ie. unitin F[z]), there is always a trivial factorization

f(@) = ala™'f(z)).
2. All linear polynomials ax + b, with a # 0, are irreducible.

3. Suppose F' is a subfiled of a field E. It is possible that a polynomial
f(z) € Flx] is irreducible over F, but not over E. Some examples
follows.

Example 23.9. Here are some examples.

1. (23.8) f =2*—2 € Q[z]. Although f = z? — 2 is irreducible in Q[z],
it is reducible in R[x].

2. f(z) = 2% + 1 is irreducible in R[z], it is reducible in C[z]. Reducible
polynomials in R[z] are linear or quadratic (why?). In fact, all irre-

ducible polynomials in C[z] are linear(why?).
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Example 23.10 (23.9). The polynomial f(z) = 2 + 3z + 2 € Zs[x] is

irreducible in Zs|x].

Proof. If f(x) is reducible, then f(z) = g(x)h(x), both g(x) and h(x) are
nonconstant. So, one of them has degree 2 and other one has degree one.
Suppose g(x) = ax + b is the linear factor. Then, —ba~! is a zero of g and
hence of f. So, we conclude that, if f is irreducible in Zs[x], then it has a

zero in Zs. But

So, f is irreducible. The proof is complete. |

Theorem 23.11. Let F be a field and f(x) € Flx| be a polynomial of degree
2 or 3. Then, f(x) is reducible over F if and only if f(x) has a zero in F.

Proof. («<): Suppose a € F' is a zero of f(x). Then (x — a) is a factor of f.
So, f(z) = (z — a)h(x) is a nontrivial factorization of f. So, f is reducible.

(=): Suppose F' is reducible. Let f(x) = g(z)h(z) be a nontrivial fac-
toriztion, with g, h € F[z]|. Since f has degree 2 or three, g or h has degree
one. Assume g(z) = (ax + b) is linear, with a # 0. So, f(z) = (azx + b)h(x).
So, —ba~! is a zero of f in F. The proof is complete. m
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23.3 Irreducibility in Q[x]

I will add some material from the book of Herstein.

Definition 23.12. Suppose f(z) € Z[z]. Write f(z) = ag+ a1z + - -+ a,a”
with a; € Z.

1. Define content of f as content(f) = ged(ag, aq, - .., an).

2. We say that f is primitive, if content(f) = 1.
Lemma 23.13. Let f(x),g(z) € Z[x] be two premitive polynomials. Then,
f(x)g(z) is also a premitive polynomial.
Proof. Write
flx)=ay+a1x+ -+ ax” and g(x) =by+byx+ -+ bpz™

Suppose p is a prime number. We will show p does not divide some coefficient
of f(z)g(x). Since f is primitive p does not divide some coefficient of f. Let
a; be the first one:

p‘CLOap’ala e ap’ajflap /raj'
Similarly, there is a k£ such that

p|b07p|b17 s 7p|bk—1ap /{/bk
Now, coefficient ¢4 of 277 in f(z)g(z) is give by ¢; 1k =
ajbe+ (aj110k—1 +ajpobp—o+- - - aj4ibo) + (aj-1bpg1 +aj—obpra+- - - +aobjix)

Now, p Ja;b; and all the other terms are divisibe by p. So, p /cjir. The
proof is complete.

Alternate Proof. I will give a different proof, in class, using "modulo p"
calcualtions and the product of two monic polynomials is monic. |

Theorem 23.14 (23.11). Suppose f(x) € Z[x]. Suppose

f(z) = g(x)h(z) with g,h € Q[z],degree(g) = r,degree(h) = s.

flz) = MNa)u(z) with A p € Zx], degree(N) = r,degree(u) = s.
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Proof. Let ¢ = content(f). So, f(x) = cp(x) and p(z) is premitive. We can
write g(z) = %(I), h(z) = %,(x), where u,u’,v,v" € Z and \, u are premitive
polynomials in Z[z]. Writing § = Z‘Z’,/, the equation f(z) = g(x)h(x) reduces
to

F(2) = co(a) = “A(@)ux). hence  cbp(x) = a(w)u(x)

b
where @, A, u are primitive. So, A(x)u(x) is also premitive. So, the content
of the left side is cb and content of the right side is a. So, a = cb or 3 = c.
So,we get
f(@) = (eA(@))p(x).
The proof is complete. |

Corollary 23.15. Suppose f(x) = 2" +a, 12"+ +ayx+ay be a monic
polynomial in Z|x] with ay # 0. (monic means the coefficient of the to degree
term is 1). Then,

f(a) =0 for some a € Q = f(m) =0 for some m € Z and n|ao.

Proof. Suppose a € Q is a zero of f. Then f(z) = (x — a)g(x), with
g(x) € Q[z]. By (23.14), f(z) = (cx — m)h(x) for some h € Z[x] and
c,m € Z with ¢ # 0. Write h(z) = b,_12" ' + -+ + bz + by with b; € Z.
The equation f(z) = (cx —m)h(x) can be written as

2"+ @y 12"+ aw +ag = (e — m) (b1 2™ -+ b+ by).

Comparing the coefficient of ", we have ¢b,_; = 1. So, ¢ = £1. We can
assume ¢ = 1. So, m is a zero of f. Comparing the constant terms ag = mby.
So, by = ag/m. The proof is complete. n

Example 23.16 (23.14).
We prove f(z)=a'—22>+8r+1 is irreducible Q[x].

Proof. Suppose f(z) is reducible in Q[z]. Then f(z) = g(z)h(z), where
g, h € Q[z], both non-constant. We deal with two cases.

1. Suppose g or h is linear. Then, f(z) has a zero in Q. By corollary
(23.15), f(x) has a zero m in Z and m divides the constant term of
f, which is 1. So, m = £1. But f(1) = 8, f(—1) = —8, which is
impossible. So, neither g nor A is linear.
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2. Now assume both g, h are quadratic. By (23.14), f factors into two
quadratics in Z[x]. Write

f(z) = 2" —22°+8x+1 = (apx®+ax+b)(bor*+cx+d) with ag, by, a,b,c,d € Z.

Comparing coefficient of z#, we have 1 = agby. So, ay = by = 1 or

ag = bp = —1. However, if ay = by = —1, we can change sigms of
a,b,c,d and assume ag = by = 1. So, we rewrite the above equations
as:

flz) =" — 22" + 8x + 1 = (27 + az + b)(a® + cx + d)

Comparing the coefficients of 22, 2%, z, 2° we have

a+c=0,b+d+ac=—-2,ad+bc=8,bd=1.
Fram, bd = 1 we get
b=d=1 or b=d=-1
Substituting in ad + bc = 8 we get
a+c=8 or a+c= -8 This contradicits a+ c=0.
So, f cannot have any quadratic factors.
Therfore, f is irreducible in Q[z]. The proof is complete. |

Theorem 23.17 (Eisenstein Criterion). Let p € Z be a prime. Suppose
f(x) = ap2™ + ap @™ ' + -+ ayx + ag € Zlz], such that

p|a’07p‘a17"'7p|an717 but p /{/an7 and p2 XQO'
Then, f(z) is irreducible in Q[x].

Proof. By (23.14) we have to show, that f(x) does not factor into polyno-
mials of of lower degrees in Z[z]|. Suppose,

flx) = (bpa"+- - -+by)(csx®+- - -+co) with b, #0,¢s #0 andr < n,s <n.

1. We have ag = bycyg. Since p? /lap not both by, ¢y are divisible by p.
Assume p fby. Since plag, plco.
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2. Since, p fa,, we have p fb.,p fes.
3. We have p|co,p fes. Let 1 < m < s be such that

p‘CD>p|Cl7"' 7p’Cm—17 but p /{/Cm'

4. Comparing coefficient of 2™ we have

bimCo ifr>m

am:bocm+blcm_1+---+{bc Zf?”<m

The first term is not divisible by p and other terms are divisible by p.
So, p fa,,. So, m = s = n, which is impossible. So, above factorization
is not possible. The proof is complete. |

Example 23.18 (23.16). Use Eisenstein Criterion, to prove that f(x) =
252° — 92* — 32 — 12 is irreducible in Q[z].

Proof. take p = 3. |

Corollary 23.19. The polynomial ®,(x) = 2P~ + 272 + - + 2 + 1 is

wrreducible over Q for any prime p.

Proof. It is enough to prove that ®,(z + 1) is irreducible (why?). First note

P —1
q)p(x):x_l.
So,
p —1 p
P + e+ r+1)—1
(z+1)P—1 ( <p—1> (1) )
P 1) = =
p(r+1) - -

:xp‘1+( P ):cp—2+---+(p>
p—1 1

By Eisenstein Criterion ®,(x 4+ 1) is irreducible hence so is ®,(z). The proof
is complete. |
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23.4 Unique Factorization
We use the language "¢ divides f" before. The textbook gives a definition:

Definition 23.20. For two elements f, ¢ in a commutative ring R, we say

that g divides f, if f = gq for some ¢ € R. In this case, we also write g|f.

Theorem 23.21. Let F be a field and p(z) € F[z]| be an irreducible polyno-
mial. Suppose r(x),s(x) € F[x], then

plr(x)s(z) = either p(x)|r(z) or p(z)|s(z).
Proof. Delayed untill §27.

Corollary 23.22. Let F be a field and p(x) € F|x] be an irreducible polyno-
mial and r;(x) € Flx].

If p(@)|(ri(z)rn(x)---r(x)) then p(z)|ri(x) for some 1.

Proof. This is proved by induction. If n = 2 then the assertion holds for by
the theorem above. For the inductive step, assume the assertion holds for
product of n — 1 polynomials. Now suppose p(z)|(ri(z)r,(z)---rp(x)). We
can rewrite it as p(x)|[r1(x)rp(x) - - - rp_1(x)]r,(z). Since it is true for n = 2,
we have
p(@)|(ri(@)rn(z) - o (z))  or p(x)|ra(z).

In case, p(x)|(r1(x)ry(x) -+ - rp—1(x)) then by induction hypothesis p(x)|r;(x)
for some 1 < i <n — 1. The proof is complete. |

Lemma 23.23. Suppose p(x) € Flz] is an irreducible polynomial. Let u #
0 € F. Then up(x) is irreducible.

Proof. Suppose up(z) = g(x)h(z). Then p(z) = (utg(z))h(zx). Since p is
irreducible, either u~'g(z) € F or h(x) € F. This implies, either g(z) € F
or h(x) € F. So, up is irreducible. The proof is complete. |

Lemma 23.24. Suppose p(x),q(x) € Fx] ar two irreducible polynomials. If
plq then p(x) = uq(z) for some unit u € F.
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Proof. Suppose p(z) = u(z)q(x). Since p is irreducible, u(x) € F. ]
Theorem 23.25. Let F' be a field and f(z) € F|x] be a nonconstant poly-

nomial. Then, f can be written as the product of irreducible polynomials.
This factorization is unique, except of the order and for units in F (same
as units in F[z]). (See the proof for better understanding of the uniqueness
statement. )

Proof. Suppose f(x) is a nonconstant polynomial. First, we prove that f(z)
can be written as product of irreducible polynomials. We use induction of

degree of f to prove this. If degree(f) = 1, then F' is irreducble and the
assertion holds.

Now assume degree(f) = d > 2. If f is irreducible then the assertion
holds. If f is not irreducible then f(z) = g(x)h(z) where both g(x), h(x)
are nonconstant. So, degree(g(x)) < degree(f(x)) and degree(h(z)) <
degree(f(x)). So, by induction, both g and h are product of irreducible
polynomial. So, it is established that f(z) is product of irreducible polyno-
mial.

Now, we prove that such factoriztions are unique. Suppose
f=ppe-pr=qq---qs where p;,q; € Flz| irreducible.

We will prove r = s and we can reorder (label) ¢;, so that p; = u;q; for some
units u; € F. We assume s > r.

Since p; divides q1¢2 - - - ¢s. By (23.22), pi1|¢; for some i = 1,...,s. By
re-labeling, we assume p;|g;. So, ¢i1(x) = uyp;(x) for some unit u € F. So,
we have

pr(p2ps - -+ pr) = wapi(qeqs - -+ qs)- S0, paps---pr = U1G2qs - - Gs-
By similar argument (or by induction)
G2 = UoD2, ..., qr = U.p, for some units wu; € F.
So, we have

pip2 - pr = (wiug .. up ) (pipe - Pr) (Qrs1 -+ Qs)- Hence 1= (ujug...u)(qrs1-""qs)

SO, ¢ri1,---,qs are units in F. This is impossible because ¢; are irreducible.
So, r = s. The proof is complete. |

Remark. Compare this with factorization theorems in Z.
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24 Noncommutative Examples

We did not give too many examples of noncommutative rings and noncommu-
tative groups. We will not work with noncommutative situation very much.
In this section we give some example.

Example 24.1. Most commonly encountered non-commutative ring are the
ring M, (R) of all square matrices of order n with entries in a commutative

ring R. This includes,
M,(Z), My, (Zy,), M, (Q), Mn(R), M, (C)
and M, (F) where F is any field.

Example 24.2. Let F' be a field and V' be a vector space over a field F' with
dimV = n. In Math 790 (or 290), we have seen that, there is a one to one

correspondance between the linear transforamtion f : V' — V and elements
in M, (F).

Let Endp(V) denotes the set of all linear transforamtion f : V — V.
Then Endp(V) is a ring under addition and composition as the multiplica-

tion.
In fact, Endp(V) is a noncommutative ring. It follows from the fact

that M, (F) is noncommutative, if n > 2.

Likewise, we have the following.

Example 24.3. Let G be ab abelian group. Let End(G) denote the set of
all group homomorphism f : G — G. Then, End(G) a ring under addition

and composition as the multiplication.

In fact, End(G) is a noncommutative ring.
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24.1 Group Rings

Let G = {g; : i € I} be any group, written multiplicatively and R be any
commutative ring.

1. Let R(G) denote the set of all formal sums

Zaigi where a; € R

iel
and only finitely many a; are nonzero.

2. Define addition:

> aigi+ Y bigi =Y (ai +bi)gi

iel i€l el

3. Define multiplication

(Sus) (S00) =X 5 o

iel el i€l gjgr=9i

4. Then, R(G) is ring. If G is nnoabelian, then R(G) is noncommutative.
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25 Ordered Rings and Fields

We know that the field of real numbers R has an order realtion <. In that
spirit we define ordered rings as follows.

Definition 25.1. An ordered ring R is ring R together with a nonempty
subset P C R satisfying the following two properties:

1. Va,beP a+beP and abe P
2. For each a € R, one and only one of the following holds:
aceP, a=0, —ae€eP.

The elements in P are called positive elements.

Theorem 25.2. Let R be an ordered ring, with the set P of positive ele-
ments. Let <. read "less than" be the relation defined by

a<b if b—a€P

Such a relation has the following properties V a.b.c € R:

1. (Tricotomy): One and only one of the following holds:

a<b, a=b, b<a.

2. (Transitivity): a <b<c¢ = a<c
3. (Isotonicity):

(a) b<c = a+b<a+c

(b)y b<ec and 0<a = ab<acandba< ca.
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