10.
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Do Problem 6 for a shuffle requiring 20 repeats.

Express the permutations in Problem 3 as the product of transpositions,
Given the two transpositions (1 2) and (1 3), find a permutation o
such that o(1 2)o™! = (1 3).

Prove that there is no permutation o such that o(1 2)o! = 1 2z 3).
Prove that there is a permutation o such that o(1 2 3ot =
4 5 o)

Prove that there is no permutation ¢ such that ol 2 3o ! =
1 2 45 6 7).

Widdle-Level Problems

3.

g

&

W

_ C
AR
Prove that (1 2) cannot b Kﬁﬁ@\mm/ the uct of disjoint 3-
cycles. %
Prove that fog any ﬁmwn&m:
tion o.

position.
@6_9 t
Let @ be an aio

Show that il\7 i
such that ®(7) = Ly,

is a transposition if 7 is a trans-

5 also a k-cycle, for any permuta-

3- Show that there is an element o € §,
every 1 €85,

n) be in S,,. Show that any subgroup of S,
that contaifis both of these must be all of S, (so these two permutations
generate S,).

If 7, and 7, are two transpositions, show that T1T, Can @m.wx@ammmma as the
product of 3-cycles (not necessarily disjoint).

Prove that if 7, 7,, and 7 are transpositions, then ;7,75 # e, the identity
element of §,.

If 7y, 7, are distinct transpositions, show that 717, 18 of order 2 or 3.

If o, T are two permutations that disturb no common element and ar = ¢,
prove that o = 7= e,

Find an algorithm for finding 70! for any permutations o, Tof §,.

Let o, 7 be two permutations such that they both have decompositions
into disjoint cycles of cycles of lengths my, m,, ..., m,. (We say that
they have similar decompositions into disjoint ‘cycles.) Prove that for
some permutation p, T = pop .

Find the conjugacy class in S, of (1 2
centralizer of (1 2 n)in §,?
Do Problem 24 for o = (1 2)(3 4).

n). What is the order of the
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3. ODD AND EVEN PERMUTATIONS

We noticed in Section 2 that although every permutation is the product of trans-
positions, this decomposition is not unique. We did comment, however, that cer-
tain aspects of this kind of decomposition are unique. We go into this now.

Let’s consider the special case of S, for here we can see everything ex-
plicitly. Let f(x,, x,, x3) = (x, — xa)(X1 = x3)(x, — x;) be an expression in
the three variables x,, x,, x,. We let S3act on f(x) = f(xy, x,, x3) as follows.
If 0 € §;, then

a*(f(x)) = Cﬂq:v - an:v Omi: - \«iavmkq@ = kqauv.

We consider what o* does to f(x) for a few of the ¢’s in S 9
Consider o = (1 2). Then o(1) = 2, ¢(2) = 1, and o(3) = 3, so that

a*(f(x))

Il

(o) = *om) Koy = Xo@) (*om = Xom)
(X2 = x)(x; — x3) (X — x3)
— (¥ — ) (% — x3) (X, — X3)

= ).

I

So o* coming from o = (1 2) changes the sign of f(x). Let’s look at the ac-
tion of another element, 7= (1 2 3), of 5, on f(x). Then

7)) = (s = Xy Qi:.l Xr3)(Xa2y = X))

Il

(2 = x3)(x; — x) (x5 — x;)

Il

(e = x) (x; x3) (Xz = x3)
f(x),

so 7% coming from v = (1 2 3) leaves f(x) unchanged. What about the
other permutations in S5;; how do they affect f(x)? Of course, the identity el-
ement e induces a map e* on f(x) which does not change f(x) at all. What
does 2, for T above, do to f(x)? Since 7f(x) = f(x), we immediately see that

() B (x)) = @}: = amﬁv@m:u - fau@lu ~ X))
f(x). (Prove!)

Now consider o7 = (1 2)(1 2 3) = (2 3); since T leaves f(x) alone and o
changes the sign of f(x), o must change the sign of f (x). Similarly, (1 3) changes
the sign of f(x). We have accounted for the action of every element of S; on f(x).
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