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0. Introduction

The purpose of this paper is to investigate the theory of complete intersection
in noetherian commutative rings from the K-Theory point of view. (By
complete intersection theory, we mean questions like when/whether an ideal
is the image of a projective module of appropriate rank.)

The paper has two parts. In part one (Section 1-5), we deal with the rela-
tionship between complete intersection and K-theory. The Part two (Section
6-8) is, essentially, devoted to construction projective modules with certain
cycles as the total Chern class. Here Chern classes will take values in the
Associated graded ring of the Grothedieckγ − filtration and as well in
the Chow group in the smooth case.

In this paper, all our rings are commutative and schemes are noetherian.
To avoid unnecessary complications, we shall assume that all our schemes
are connected.

For a noetherian schemeX, K0(X) will denote the Grothendieck group
of locally free sheaves of finite rank overX. Whenever it make sense, for
a coherent sheafM overX, [M ] will denote the class ofM in K0(X).
We shall mostly be concerned withX = SpecA, whereA is a noetherian
commutative ring and in this case we shall also use the notationK0(A) for
K0(X).

Discussion on Part One (Section 1-5)

For a noetherian commutative ringA of dimensionn, we let

F0K0A = {[A/I] in K0A : I
is a locally complete intersection ideal of heightn}.
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In Sect. 1, we shall prove thatF0K0A is a subgroup ofK0A. We shall call
this subgroupF0K0A, thezero cycle subgroupof K0A. We shall also see
that (1.6), for a reduced affine algebraA over an algebraically closed field
k, F0K0A is the subgroup generated by smooth maximal ideals of height
n. The later subgroup was considered by Levine [Le] and Srinivas [Sr].

One of our main results (3.2) in Part One is thatfor a noetherian commu-
tative ringA of dimensionn suppose that wheneverI is a locally complete
intersection ideal of heightn with [A/I] = 0 in K0A, there is a projective
(respectivelystably free)A-moduleP of rankn that maps ontoI. Then for
any locally complete intersection idealI of heightn, whenever[A/I] is
divisible by(n − 1)! in F0K0A, I is image of a projectiveA-moduleQ of
rankn (respectivelywith (n− 1)!([Q] − [An]) = −[A/I] in K0A).

In [Mu2, (3.3)], Murthy proved that for a reduced affine algebraA over
an algebraically closed fieldk, for an idealI, if I/I2 is generated byn = dim
A elements thenI is image of a projectiveA-module of rankn.

In example (3.6), we show that for the coordinate ring

A = R[X0, X1, X2, X3]/(X2
0 +X2

1 +X2
2 +X2

3 − 1)

of real 3-sphere, the idealI = (X0 − 1, X1, X2, X3)A is not the image of
a projective A-module of rank 3, although[A/I] = 0 in K0A.

Another interesting result (3.4) in this part is thatsuppose thatf1, f2, . . . ,
fr is a regular sequence in a noetherian commutative ringA of dimensionn
and letQ be a projectiveA-moduleof rankr that maps onto(f1, . . . , fr−1,

f
(r−1)!
r ). Then[Q] = [Q0 ⊕ A] in K0A for some projectiveA-moduleQ0

of rankr − 1.
Whendim A = n = r = rank Q, this result(3.4) has interesting

comparison with the corresponding theorem of Mohan Kumar [Mk1] for
reduced affine algebrasA over algebraically closed fields.

More generally we prove that (3.5)supposeA is a noetherian commu-
tative ring ofdimensionn and letJ be a locally complete intersection ideal
of heightr 6 n. Assume thatK0A has no(r − 1)! torsion,[A/J ] = 0 and

J/J2 has free generators of the formf1, f2, . . . , fr−1, f
(r−1)!
r in J . LetQ

be a projectiveA-moduleof rankr that maps ontoJ . Then[Q] = [Q0 ⊕A]
in K0A, for some projectiveA-moduleQ0 of rankr − 1.

For reduced affine algebrasA of dimensionn over algebraically closed
fieldsk, and forn = r, (3.5) is a consequence of the theorem of Murthy
[Mu2, Theorem 3.7]. Besides these results [Mk1,Mu2] (3.4) and (3.5) are
the best in this context , even for affine algebras over algebraically closed
fields. In fact, there is almost no result available in the case when rank is
strictly less than the dimension of the ring.
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In Sect. 1, we define and describe the zero cycle subgroupF0K0A of
K0(A). In Sect. 2, fork′ = Z or a field, we define the ring

An = An(k′) =
k′[S, T, U, V,X1, . . . , Xn, Y1, . . . , Yn]

(SU + TV − 1, X1Y1 + · · · +XnYn − ST )
.

For our purposes,An serves like a ”universal ring.” Besides doing the con-
struction of the ”universal projective module” (2.6), we compute theK0An,
the Chow Group ofAn and we comment on the higherK-groups ofAn.

All the results in Section 3 discussed above follows from a key Theorem
(3.1). In Section 4, we give the proof of (3.1). In Section 5, we give some
more applications of (3.1).

Discussion on Part Two (Section 6-8)

The purpose of this part of the paper is to construct projective modules of
appropriate rank that have certain cycles as its Chern classes and to consider
related questions.

For a noetherian schemeX of dimensionn, Γ (X) =
⊕n

i=1 Γ
i(X) will

denote the graded ring associated to the Grothendieckγ-filtration of the
Grothendieck groupK0(X) andCH(X) =

⊕n
i=1CH

i(X) will denote
the Chow group of cycles ofX modulo rational equivalence.

Our main construction (8.3) is as follows:supposeX = SpecA is a
Cohen-Macaulay scheme of dimensionn and r > r0 are integers with
2r0 > n andn > r. Given a projectiveA-moduleQ0 of rankr0 − 1 and a
sequence of locally complete intersection idealsIk of heightk for k = r0
to r such that

(1) the restrictionQ0|Y is trivial for all locally complete intersection
subschemesY of codimension at leastr0 and

(2) for k = r0 to r Ik/I2
k has a free set of generators of the type

f1, . . . , fk−1, f
(k−1)!
k in Ik,

then there is a projectiveA-moduleQr of rankr such that
(1) for 1 6 k 6 r0 − 1 thekth Chern class ofQ0 andQr are same and
(2) for k betweenr0 and r the kth Chern class ofQr is given by the

cycle ofA/Ik, upto a sign.(Here Chern classes take values inΓ (X)
⊗

Q

or in the Chow group, ifX is nonsingular over a field).More precisely, we
have

[Qr] − r = [Q0] − (r0 − 1) +
r∑

k=r0

[A/Jk]

inK0(X) whereJk is a locally complete intersection ideal of heightk with
[A/Ik] = −(k − 1)![A/Jk].

Inductive arguments are used to do the construction ofQr in theo-
rem (8.3). Conversely, we prove theorem (8.2):
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letA be a commutative noetherian ring of dimensionn andX = SpecA.Let
J be a locally complete intersection ideal of heightr so thatJ/J2 has a free

set of generators of the formf1, f2, . . . , fr−1, f
(r−1)!
r . LetQ be projective

A-moduleof rankr that maps ontoJ .Then there is a projectiveA -module
Q0 of rankr − 1 such that the firstr − 1 Chern classes ofQ andQ0 are
same.(Here again Chern classes take values inΓ (X) or in the Chow group,if
X is nonsingular over a field).Infact, ifK0(X) is torsion free then[Q0] is
unique inK0(X).

Both in the statements of theorem (8.2) and (8.3), we considered locally
complete intersection idealsJ of height r so thatJ/J2 has free set of

generators of the formf1, f2, . . . , fr−1, f
(r−1)!
r in J . For such an ideal

J, [A/J ] = (r − 1)![A/J0], for some locally complete intersection ideal
J0. Consideration of such ideals are supported in theorem (8.1):

LetAbe a noetherian commutative ring of dimensionnandX = SpecA.
Assume thatK0(X) has no(n − 1)!-torsion. Let I be locally complete
intersection ideal of heightn that is image of a projectiveA-moduleQ of
rank n.Also suppose thatQ0 is anA-moduleof rank n − 1 so that the
first n− 1 Chern classes ofQ andQ0 are same.Then[A/I] is divisible by
(n− 1)!.

For a varietyX,what cycles ofX,in Γ (X) or in the Chow group,that
may appear as the total Chern class of a locally free sheaf of appropriate
rank had always been an interesting question, although not much is known
in this direction.

For affine smooth three foldsX = SpecA over algebraically closed
fields, Mohan Kumar and Murthy[MM] proved that (see 8.9) ifck is a cycle
in CHk(X), for k = 1, 2, 3 then there are projectiveA-modulesQk of
rankk so that
(1) total Chern class of Q1 is 1 + c1
(2) the total Chern class of Q2 is 1 + c1 + c2,
(3) the total Chern class of Q3 is 1 + c1 + c2 + c3.

We give a stronger version (8.10) of this theorem (8.9) of Mohan Kumar
and Murthy [MM]. Our theorem (8.10) applies to any smooth three foldX
over any field such thatCH3(X) is divisible by 2.

Murthy[Mu2] also proved that ifX = SpecA is a smooth affine variety
of dimensionn over an algebraically closed filedk andcn is a codimension
n cycle in the Chow group ofX then there is a projectiveA-moduleQ of
rankn so that the total Chern class ofQ is1+cn. We give a stronger version
(8.7) of this theorem of Murthy [Mu2]. This version (8.7) of the theorem
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applies to all smooth affine varietiesX of dimensionn, over any field, so
thatCHn(X) is divisible by(n− 1)!.

Murthy [Mu2] also proved : suppose thatX = SpecA is a smooth affine
variety of dimensionnover an algebraically closed fieldk. Fori = 1 ton let
ci be a codimensionicycle in the Chow group ofX. Then there is a projective
A-moduleQ0 of rankn−1 with total Chern class1+c1 + · · ·+cn−1 if and
only if there is a projectiveA-moduleQ of rankn with total Chern class
1 + c1 + · · · + cn. We also give an alternative proof (8.8) of this theorem of
Murthy [Mu2] .

Besides these results [MM,Mu2] not much else is known in this direction.
Our results in Sect. 8 apply to any smooth affine variety over any field and
also consider codimesionr cycles wherer is strictly less than the dimension
of the variety. Consideration of Chern classes in the Associated graded ring
of the Grothendieckγ-filtration in the nonsmooth case is, possibly, the only
natural thing to do because the theory of Chern classes in the Chow group
is not available in such generality. Such consideration of Chern classes in
the Associated graded ring of the Grothendieckγ-filtration was never done
before in this area .

In Sect. 6, we set up the notations and other formalism about the Grothen-
dieck Gamma filtration, Chow groups and Chern classes. In this section we
also give an example of a smooth affine varietyX for which the Grothedieck
Gamma filtration ofK0(X) and the filtration by the codimension of the
support do not agree.

In Sect. 7, we set up some more preliminaries. Our main results of the
Part Two of the paper are in Sect. 8.

I would like to thank M. P. Murthy for the innumerable number of dis-
cussions I had with him over a long period of time. My sincere thanks to M.
V. Nori for many stimulating discussions. I would also like to thank Sankar
Dutta for similar reasons. I thank D. S. Nagaraj for helping me to improve
the exposition and for many discussions.

Part one : Section 1-5

Complete intersection and K-theory

In this part, we investigate the relationship between complete intersection
and K-theory.
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1. The Zero Cycle Subgroup

For a noetherian commutative ringA,K0(A) will denote the Grothendieck
group of projectiveA-modules of finite rank. We defineF0K0A = {[A/I]
in K0A : I is a locally complete intersection ideal of heightn = dimA}.

In this section, we shall prove thatF0K0A is a subgroup ofK0A. We
call this subgroupF0K0A, thezero cycle subgroup. We shall also prove that
if A is an affine algebra over an algebraically closed fieldk, this notation
F0K0A is consistent with the notation used by Levine [Le] and Srinivas
[Sr] for the subgroup ofK0A generated by[A/M], whereM is a smooth
maximal ideal inA.

Theorem 1.1.SupposeA is a noetherian commutative ring of dimensionn.
ThenF0K0A is a subgroup ofK0A.

The proof of (1.1) will follow from the following Lemmas.

Lemma 1.2.F0K0A = −F0K0A.

Proof. SupposeI is a locally complete intersection ideal of heightn = dim
A andx = [A/I] is in F0K0A.

Let I = (f1, f2, . . . , fn)+ I2. By induction, we shall findf ′
1, f

′
2, . . . , f

′
r

in I such that
(1) (f ′

r, . . . , f
′
r, fr+1, . . . , fn) + I2 = I,

(2) (f ′
1, . . . , f

′
r) is a regular sequence.

Suppose we have pickedf ′
1, f

′
2, . . . , f

′
r as above andr < n. Letp1, . . . , ps

be the associated primes of(f ′
1, f

′
2, . . . , f

′
r). If I is contained inp1, then

heightp1 = n and sinceIp1 is complete intersection of heightn, Ap1 is
Cohen-Macaulay ring of heightn. This contradicts thatp1 is associated
prime of (f ′

1, . . . , f
′
r). So, I is not contained inpi for i = 1 to s. Let

{P1, . . . , Pt} be maximal among{p1, . . . , ps} and assume thatfr+1 is in
P1, . . . , Pt0 and not inPt0+1, . . . , Pt. Let a be inI2 ∩ Pt0+1 ∩ · · · ∩ Pt \
P1 ∪P2 ∪ · · · ∪Pt0 . Letf ′

r+1 = fr+1 + a. Thenf ′
r+1 does not belong toPi

for i = 1 to t and hence also does not belong top1, . . . , ps. Hence we have
that

(1) (f ′
1, . . . , f

′
r, f

′
r+1, fr+2, . . . , fn) + I2 = I and

(2) f ′
1, . . . , f

′
r, f

′
r+1 is a regular sequence.

Therefore, we can find a regular sequencef ′
1, f

′
2, . . . , f

′
n such thatI =

(f ′
1, . . . , f

′
n) + I2. So, (f ′

1, f
′
2, . . . , f

′
n) = I ∩ J for some idealJ with

I + J = A. Sincef ′
1, . . . , f

′
n is a regular sequence,J is locally complete

intersection ideal and[A/I] + [A/J ] = [A/(f ′
1, f

′
2, . . . , f

′
n)] = 0. Hence

[A/J ] = −x is in F0K0A. So, the proof of (1.2) is complete.

Lemma 1.3.SupposeA is a noetherian commutative ring of heightn and
I is a locally complete intersection ideal of heightn. Let M1, . . . ,Mk be
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maximal ideals that does not containI. There aref1, f2, . . . , fn such that
(1) f1, . . . , fn is a regular sequence,
(2) I = (f1, . . . , fn) + I2,
(3) for a maximal idealM, if (f1, . . . , fn) is contained inM, thenM /=

Mi for i = 1 to k.

Proof. As in the proof of (1.2), we can find a regular sequencef1, . . . , fn
such thatI = (f1, . . . , fn) + I2. We readjustfn to avoidM1, . . . ,Mk as
follows. Let p1, . . . , ps be the associated primes of(f1, . . . , fn−1). Then
I is not contained inpi for i = 1 to s. Let {P1, P2, . . . , Pt} be maximal
among{p1, . . . , ps,M1, . . . ,Mk}. Assume thatfn is inP1, . . . , Pt0 and not
in Pt0+1, . . . , Pt. Let a be inI2 ∩ Pt0+1 ∩ · · · ∩ Pt \ P1 ∪ P2 ∪ · · · ∪ Pt0
andf ′

n = fn + a. Thenf ′
n is not inM1, . . . ,Mk. So,

(1) f1, f2, . . . , fn−1, f
′
n is a regular sequence

(2) I = (f1, f2, . . . , fn−1, f
′
n) + I2 and

(3) if (f1, . . . , fn−1, f
′
n) ⊆ M for a maximal idealM thenM /= Mi for

i = 1 to k.
This completes the proof of (1.3)

Lemma 1.4.LetA be as in(1.1). ThenF0K0A is closed under addition.

Proof. Let x and y be in F0K0A. Thenx = [A/I] and by (1.2),y =
−[A/J ], whereI andJ are locally complete intersection ideals of height
n. Let {M1, . . . ,Mk} = V (I) \ V (J), the maximal ideals that containI
and do not containJ . By (1.3), there is a regular sequencef1, f2, . . . , fn
such thatJ = (f1, . . . , fn) + J2 and for maximal idealsM that contains
(f1, . . . , fn),M /= Mi for i = 1 to k.

Let(f1, . . . , fn) = J∩J ′, whereJ+J ′ = AandJ ′ is a locally complete
intersection ideal of heightn. Theny = −[A/J ] = [A/J ′]. Also note that
I+J ′ = A. Hencex+y = [A/I]+ [A/J ′] = [A/IJ ′], andIJ ′ is a locally
complete intersection ideal of heightn. So the proof of (1.4) is complete.

Clearly, the proof of Theorem (1.1) is complete by (1.2) and (1.4). Now
we proceed to prove that for reduced affine algebrasA over a fieldk,F0K0A
is generated by regular points.

Theorem 1.5.SupposeA is a reduced affine algebra over a fieldk of di-
mensionn. ThenF0K0A is generated by the classes[A/M], whereM runs
through all the regular maximal ideals of heightn.

Proof. Since the regular locus ofA is open (see [K]), there is an idealJ of
A such thatV (J) is the set of all prime idealsP such thatAP is not regular.
SinceA is reduced, heightJ > 1.

LetG be the subgroup ofK0A, generated by all classes[A/M], where
M is a regular maximal ideal ofA of heightn. ClearlyG is contained
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in F0K0A. Now let x = [A/I] be inF0K0A, with I a locally complete
intersection ideal of heightn. Let I = (f1, f2, . . . , fn) + I2. By induction
we shall findf ′

1, f
′
2, . . . , f

′
r for r 6 n, such that

(1) I = (f ′
1, . . . , f

′
r, fr+1, . . . , fn) + I2,

(2) (f ′,1 , f ′
2, . . . , f

′
r) is a regular sequence and

(3) for a prime idealP of A, if J + (f ′
1, . . . , f

′
r) is contained inP then

either heightP > r or I is contained inP .
We only need to show the inductive step. Suppose we have pickedf ′

1, . . . ,
f ′
r as above. Letp1, . . . pk be the associated primes of(f ′

1, . . . f
′
r) and let

Q1, Q2, . . . , Qs be the minimal primes over(f ′
1, f

′
2, . . . , f

′
r) + J so thatI

is not contained inQi for i = 1 to s. So, we have heightQi > r. As before,
we see thatI is not contained inpi for i = 1 to k.

Let {P1, P2, . . . , Pt} be the maximal elements in{p1, . . . , pk, Q1, . . . ,
Qs} and letfr+1 be inP1, . . . , Pt0 and not inPt0+1, . . . , Pt. Let a be in
I2 ∩ Pt0+1 ∩ · · · ∩ Pt \ P1 ∪ P2 ∪ · · · ∪ Pt0 . Write f ′

r+1 = fr+1 + a. Then
f ′
r+1 will satisfy the requirement.

Hence we have a sequencef ′
1, f

′
2, . . . , f

′
n such that

(1) I = (f ′
1, . . . , f

′
n) + I2,

(2) f ′
1, f

′
2, . . . , f

′
n is a regular sequence and

(3) if a maximal idealM contains(f ′
1, . . . f

′
n)+J thenI is contained in

M. If (f ′
1, . . . , f

′
n) = I ∩ I ′, thenI + I ′ = A andI ′ is a locally complete

intersection ideal of heightn. Also, if a maximal idealM containsI ′, then
M is a regular maximal ideal of heightn. So, [A/I ′] is in G and hence
x = [A/I] = −[A/I ′] is also inG. The proof of (1.5) is complete.

Remark 1.6. From the proof of (1.5), it follows that (1.5) is valid for any
noetherian commutative ringA such that the singular locus of specA is con-
tained in a closed setV (J) of codimension at least one. Similar arguments
work for smooth ideals.

2. The Universal Constructions

Fork′ = Z or a field, we let

K = K(k
′) =

k′[S, T, U, V ]
(SU + TV − 1)

An = An(k′) =
k′[S, T, U, V,X1, . . . , Xn, Y1, . . . , Yn]

(SU + TV − 1, X1Y1 + · · · +XnYn − ST )

Bn = Bn(k′) =
k′[T,X1, . . . , Xn, Y1, . . . , Yn]

(X1Y1 +X2Y2 + · · · +XnYn − T (1 + T ))
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By the natural mapAn → Bn, we mean the map that sendsT → T, S →
1 + T,U → 1, V → −1. (We will continue to denote the images of upper
case letter variables inAn orBn, by the same symbol).

The ringBn, was considered by Jouanlou [J]. LaterBn was further used
by Mohan Kumar and Nori [Mk2] and Murthy [Mu2]. The purpose of this
section is to establish thatAn behaves much likeBn.

The Grothendieck Group and the Chow Group ofAn

For a ringA andX = SpecA,K0(A) or K0(X) (respectivelyG0(A) or
G0(X)) will denote the Grothendieck Group of finitely generated projec-
tive modules (respectivelyfinitely generated modules) overA. CHk(A) or
CHk(X) will denote the Chow Group of cycles of codimensionk mod-
ulo rational equivalence andCH(X) =

⊕
CHk(X) will denote the total

Chow group ofX.

Proposition 2.1. Let λn = [An/(X1, X2, . . . , Xn, T )] in G0(An). Then
G0(An) is freely generated byεn = [An] andλn. In fact, the natural map
G0(An) → G0(Bn) is an isomorphism.

Proof. We proceed by induction onn. If n = 0, thenA0 ≈ A0/(S) ×
A0/(T ). SinceA0/(S) ≈ A0/(T ) ≈ k′[S±1, V ], the proposition holds in
this case.

Now assumen > 0. We haveAnXn
≈ K[X1, . . . , Xn−1, X

±1
n , Y1, . . . ,

Yn−1] andAn/(Xn) ≈ An−1[Yn]. SinceG0(K) ≈ Z (see [Sw1], Sect. 10),
G0(AnXn

) ≈ Z and also by inductionG0(An/(Xn)) ≈ G0(An−1[Yn]) ≈
G0(An−1) is generated by[An−1] andλn−1. Now we have the exact se-
quenceG0(An/(Xn)) i∗−−−→ G0(An)

j∗
−−−→ G0(AnXn

) → 0. Since
the i∗(λn−1) = λn andi∗([An−1]) = 0, G0(An) is generated byλn and
[An].

It is also easy to see that the natural mapG0(An) → G0(Bn) sendsλn
to βn = [Bn/(X1, . . . , Xn, T )] and [An] to [Bn]. Sinceβn and [An] are
free generators ofG0(Bn) (see [Sw1,§10]/[Mu2]), λn and [An] are free
generators ofG0(An). This completes the proof of (2.1).

Proposition 2.2. Let λ′
n be the cycle defined byAn/(X1, . . . Xn, T ) in

CH(An) and letε′n = [Spec An] be the cycle of codimension zero. Then
CH(An) is freely generated byε′n andλ′

n. That meansCHj(An) = 0 for
j /= 0, n, CH0(An) = Zε′n ≈ Z andCHn(An) = Zε′n ≈ Z.

Before we prove (2.2), we prove the following easy lemma.

Lemma 2.3.CH(K) = Z[Spec K].

Proof. Note thatK/UK ≈ k′[T±1, S] andKU ≈ k′[T,U±1, V ]. Now the
lemma follows from the exact sequenceCHj(K/UK) → CHj(K) →
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CHj(KU ) → 0 for all j. (Here we use the notationCHj(S) = CHdim x−j
(X)).

Proof of (2.2). For n = 0, A0 = An ≈ K/(ST ) ≈ K/(S) × K/(T ) ≈
k′[T±1, U ] × k′[S±1, V ]. CH0(A0) ≈ Z[V (S)] ⊕ Z[V (T )] ≈ Zε′0 ⊕ Zλ′

0
andCHj(A0) = 0 for all i > 0. So, the Proposition 2.2 holds forn = 0.
Let

dn = dim An =

{
2n+ 2 if k′is a field

2n+ 3 if k′ = Z.

Letn > 0 and assume that the proposition holds forn−1. SinceAnXn
≈

K[X1, . . . , Xn−1, X
±1
n , Y1, . . . , Yn−1] and An/(Xn) ≈ An−1[Yn],

CH(AnXn
) ≈ Z[Spec AnXn

] andCH(An/(Xn) ≈ CH(An−1[Yn]) ≈
CH(An−1). By induction it follows thatCHj(An/(Xn) = 0 for j /= 0, n−
1 andCHn−1(An/(Xn) is freely generated by[An/(X1, . . . , Xn, T )].

Now consider the exact sequenceCHj−1(An/(Xn)) → CHj(An) →
CHj(AnXn

) → 0. It follows that forj /= 0, n, CHj(An) = 0 and clearly,
CH0(An) is freely generated byε′n = [Spec An]. AlsoCHn(An) is gener-
ated by the image of[An/(X1, . . . , Xn, T )], which isλ′

n. Since the natural
mapCHn(An) → G0(An) mapsλ′

n to λn andλn is a free generator, it
follows thatλ′

n is also torsion free. HenceCHn(An) = Zλ′
n ≈ Z. This

completes the proof of (2.2).

Higher K-Groups ofAn

Much of this section is inspired by the arguments of Murthy [Mu3] and
Swan [Sw1]. Again for a ringA,Gi(A) will denote thei-thK-group of the
category of finitely generatedA-modules. For a subringK of A, G̃i(A,K)
will denote the cokernel of the mapGi(K) → Gi(A). As also explained in
[Sw1], if there is an augmentationA → K with finite tordimension, then
0 → Gi(K) → Gi(A) → G̃i(A,K) → 0 is a split exact sequence.

Following is a remark about the higherK-groups ofAn.

Theorem 2.4.Letk be a field orZ andK = K(k) andAn = An(k). Then
(1)Gi(K) ≈ Gi(k) ⊕Gi−1(k) for all i > 0
(2) for i > 0, n > 1, G̃i(An,k) ≈ G̃i(A1,K) and 0 → Gi(K) →

Gi(An) → G̃i(An,K) → 0 is split exact,
(3) There is a long exact sequence· · · → Gi(k[T±1]) ⊕Gi(k[S±1]) →

Gi(A1) → Gi(K[X±1]) ∂→ Gi−1(k[T±1]) ⊕ Gi−1(k[S±1]) → Gi−1
(A1)) → . . .

Proof. The statement (1) is a theorem of Jouanolou [J]. To prove (2), note
that all rings we consider are regular and thatK → An has an augmentation
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for n > 1. Also note that forn > 2,K[Xn] → An is a flat extension. So, it
induces a map of the localization sequences

(2.5)
Gi(K)
ss

· · · → Gi(K) →Gi(K[Xn])→Gi(K[X±1
n ]) → Gi−1(K) → . . .

↓ ↓ ↓ ss ↓
· · · →Gi(An/Xn)→ Gi(An) → Gi(AnXn

) → Gi(An/Xn) → . . .
ss ss

Gi(An−1) Gi−1(An−1)

Also note that0 → Gi(K) → Gi(K[X±1]) → Gi−1(K) → 0 is a split
exact sequence([Q]). This will induce an exact sequence→ Gi(K) →
Gi(An−1) → G̃i(An,K) → Gi−1(K) → . . . . SinceGi(K) → Gi(An−1)
is splits, it follows that0 → Gi(K) → Gi(An−1) → G̃i(An,K) → 0
is split exact. HencẽGi(An−1,K) ≈ G̃i(An,K). This establishes state-
ment (2). The statement (3) is the is immediate consequence of the lo-
calization sequence([Q]) → Gi(A1/(X1) → Gi(A1) → Gi(A1X1

) →
Gi−1(A1/(X1)) → . . . . This completes the proof of (2.4).

Construction of the Universal Projective Module

Under this subheading we construct a projective module overAn, which will
be useful in the later sections. This construction is similar to the construction
of Mohan Kumar and M. V. Nori [Mk2] overBn.

Proposition 2.6.LetJn be the ideal(X1, X2, . . . , Xn, T ) in An. Then
(1) forn > 3, there is no projectiveAn-module of rankn that maps onto

Jn.
(2) There is a projectiveAn-moduleP of rankn that maps onto the ideal

J ′
n = (X1, . . . , Xn−1)An+J

(n−1)!
n such that([P ])−n) = [A/Jn] = −λn

in G0(An).

Proof. The proof of the statement (1) is similar to the argument in [Mk2] or
this can also be seen by tensoring withBn and using the result in [Mk2].

To prove statement (2), note thatJnS = (X1, . . . , Xn) and J ′
nS

=

(X1, . . . , Xn−1, X
(n−1)!
n ). Also, since(X1, . . . , Xn−1, X

(n−1)!
n ) is an uni-

modular row inAnST , by Suslin’s Theorem ([S]), there is ann× n-matrix
γ in Mn(An) such thatdet(γ) = (ST )u for someu > 0 and the first

column of γ is the transpose of(X1, X2, . . . , Xn−1, X
(n−1)!
n ). Let f1 :

AnnS
→ J ′

nS
be the map that sends the standard basise1, . . . , en of AnnS

to

X1, X2, . . . , Xn−1, X
(n−1)!
n and letf2 : AnnT

→ JnT ≈ AnT be the map
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that sends the standard basise1, . . . , en to 1, 0, 0, . . . , 0. As in the paper of
Boratynski [B], by patchingf1 andf2 byγ, we get a surjective mapP → J ′

n,
whereP is a projectiveAn-module of rankn.

Now we wish to establish that([P ] − [Ann]) = −λn. By tensoring with
Q, in casek = Z, we can assume thatk is a field.

The rest of the argument is as in Murthy’s paper [Mu2]. Let[P ]− [Ann] =
mλn. So,Cn([P ]−[Ann]) = (−1)n[V (J ′

n)] = (−1)n(n−1)!λ′
n. Also, by the

Riemann-Roch theorem,Cn([P ] − [Ann]) = mCn(λn) = m(−1)n−1(n −
1)!λ′

n. Hence it follows from (2.2) thatm = −1. HenceP − [Ann] = −λn.

3. The main results in part one

Our main results follow from the following central theorem.

Theorem 3.1.LetA be a commutative noetherian ring of dimensionn and
let I andJ0 be two ideals that contain nonzero divisors andI + J0 = A.
Assume thatJ0 is a locally complete intersection ideal of heightr with
J0 = (f1, . . . , fr)+J2

0 and letJ = (f1, . . . , fr−1)+J
(r−1)!
0 . SupposeQ is

a projectiveA-module of rankr andϕ : Q → IJ is a surjective map. Then
(i) there is a projectiveA-moduleP of rank r that maps ontoJ with

[P ] − [Ar] = −[A/J0] in K0(A);
(ii) further, there is a surjective map fromQ⊕Ar ontoI ⊕ P ;
(iii) in particular, there is a projectiveA-moduleQ′ of rankr that maps

ontoI and[Q′] = [Q] + [A/J0] in K0(A).

In the rest of this section we shall use this theorem (3.1) to derive its
main consequences and the proof of (3.1) will be given in the next section.

Theorem 3.2.LetA be a noetherian commutative ring of dimensionn > 1.
Also assume that for locally complete intersection idealsI of heightn,
whenever[A/I] = 0 in K0(A), I is an image of a projective (respectively,
with stably free)A-moduleQ of rankn.

Then for locally complete intersection idealsI of heightn, if [A/I] is
divisible by(n−1)! in F0K0A thenI is image of a projectiveA-moduleQ′
(respectively, with (n− 1)!([Q′] − n) = −[A/I]) of rankn.

Remark 3.3. If A is a reduced affine algebra over an algebraically closed
field, Murthy [Mu2] proved that for any idealI of A, if I/I2 is generated
byn = dimA elements thenI is an image of a projectiveA-module of rank
n.

Proof of(3.2). Let I be a locally complete intersection ideal of heightn, so
that [A/I] is divisible by(n − 1)! in F0K0A. Let [A/I] = (n − 1)![A/J ]
in F0K0A.
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Let M1, . . . ,Mk be maximal ideals that containsI and that does not
containJ . By Lemma (1.3), we can find a locally complete intersection
idealJ ′ of heightn such that[A/J ] = −[A/J ′] andI + J ′ = A. Now let
J ′ = (f1, ..., fn) + J

′2 andJ
′′

= (f1, . . . , fn−1) + J
′(n−1)!. So,[A/I] =

(n − 1)![A/J ] = −(n − 1)![A/J
′′
] = −[A/J

′′
] andI + J

′′
= A. Hence

[A/IJ
′′
] = 0. By hypothesis, there is a projective (respectively, stably free)

A-moduleQ of rankn that maps ontoIJ
′′
. By (3.1) there is a projective

moduleQ′ of rankr that maps ontoI and[Q′] = [Q] + [A/J ′]. Hence also
(n− 1)!([Q′] − [Q]) = (n− 1)![A/J ′] = −[A/I]. So,the proof of (3.2) is
complete.

Our next two applications (3.4, 3.5) of (3.1) are about splitting projective
modules.

Theorem 3.4.LetA be noetherian commutative ring and letf1, f2, . . . , fr
be a regular sequence. LetQ be projectiveA−module of rankr that maps
onto (f1, . . . , fr−1, f

(r−1)!
r ). Then[Q] = [Q0 ⊕ A] for some projective

A−module Q0 of rankr − 1.

The proof of (3.4) is immediate from (3.1) by takingJ0 = (f1, f2, . . . , fr)
andI = A.

Following is a more general version of (3.4).

Theorem 3.5.LetA be a noetherian commutative ring of dimensionn and
let J be a locally complete intersection ideal of heightr > 1, such that
J/J2 has free generators of the typef1, f2, . . . , fr−1, f

(r−1)!
r in J . Suppose

[A/J ] = 0 in K0(A) and assumeK0(A) has no(r− 1)! torsion. Then, for
a projectiveA-moduleQ of rankr, if Q maps ontoJ , then[Q] = [Q0] + 1
in K0(A) for some projectiveA-moduleQ0 of rankr − 1.

Proof. First note that we can assume thatf1, f2, . . . , fr is a regular sequence.
We can find an elements in J such thats(1 + s) = f1g1 + f2g2 + · · · +
fr−1gr−1+f

(r−1)!
r gr for someg1, g2, . . . gr. LetJ0 = (f1, f2, . . . , fr−1, fr, s).

Then J0 is a locally complete intersection ideal of heightr and J =
(f1, . . . , fr−1) + J

(r−1)!
0 . Let I = A. Then by (3.1), there is a projective

A-moduleQ′ of rankr that maps ontoA and[Q′] = [Q] + [A/J0] = [Q].
SinceQ′ = Q0 ⊕A for someQ0, the theorem (3.5) is established.

Remark 3.6. For reduced affine algebrasA over algebraically closed fields
k, Murthy [Mu2] proved a similar theorem forr = n = dimA > 2. In that
case, if chark= 0 or chark= p > n orA is regular in codimension1, then
F0K0A has no(n− 1)!-torsion. (See [Le], [Sr], [Mu2])

Before we close this section we give some examples.
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Example 3.7. Let A = R[X0, X1, X2, X3]/(X2
0 + X2

1 + X2
2 + X2

3 − 1)
be the coordinate ring of the real3-sphereS3. ThenK0(A) = Z (see [Hu]
and [Sw2]) andCH3(A) = Z/2Z generated by a point [CF]. Since, in
this case for any projectiveA-moduleQ of rank 3, the top Chern Class
C3(Q) = 0 in CH3(A), no projectiveA-module will map onto the ideal
I = (X0 −1, X1, X2, X3)A. This is a situation, when[A/I] = 0 inK0(A),
but I is not an image of a projective module of rank3.

4. Proof of theorem 3.1

In this section we give the proof of Theorem 3.1. First we state the following
easy lemma.

Lemma 4.1.SupposeA is a noetherian commutative ring andI andJ are
two ideals that contain nonzero divisors. LetI + J = A. Then we can find
a nonzero divisors in I such that(s, J) = a.

Now we are ready to prove (3.1).

Proof of (3.1). The first part of the proof is to find a nonzero divisors in I
such that

(1) (s, J0) = A,
(2) after possibly modifyingf1, . . . , fr, we havesJ0 ⊆ (f1, . . . , fr) and
(3)Qs is free with basise1, . . . , er such thatϕs(e1) = f1, . . . , ϕs(er−1)

= fr−1 andϕs(er) = f
(r−1)!
r .

First note that there is a nonzero divisors1 in I such thatAs1 + J = A.
Now let P1,P2, . . . ,Pr be the associated primes ofAs1 such thatPi +
Js1 = As1 . We pick maximal idealsM1, . . . ,Mk in spec(As1) such that
Pi ⊆ Mi for i = 1 to k and letM0 = M1 ∩ · · · ∩ Mk. ThenJ0s1

+ M0 =
As1 . Let a + b = 1 for a in J2

s1 andb in M0. Let f ′
r = bfr + a. It follows

thatJ0s1
= (f1, . . . , fr−1, f

′
r) + J2

0s1
M.

Hence there iss2 = 1+t2 in 1+J0s1
M0, such thatJ0s1s2

= (f1, . . . , f
′
r).

Clearly,s2 is not inP1,P2, . . . ,Pr. If P is any other associated prime of
As1 ands2 = 1 + t2 is in P, thenJ0s1

+ P = As1 , which is impossible.
So, we have found a nonzero divisors2 in 1 + J0s1

M0 such thatJ0s1s2
=

(f1, f2, . . . , f
′
r).

Now let K be the kernel ofϕs1s2 : Qs1s2 → Js1s2 . SinceJs1s2 =
(f1, f2, . . . , fr−1, f

′(r−1)!
r ), there aree′1, e′2, . . . , e′r inQs1s2 such thatϕ(e′1)

= f1, . . . , ϕ(e′r−1) = fr−1, ϕ(e′r) = f
′(r−1)!
r .

By tensoring0 → K → Qs1s2 → Js1s2 → 0 byAs1s2/M0s2 , we get an

exact sequence0 → K/M0K → Qs1s2/M0Qs1s2
ϕ̄→ Js1s2/Js1s2M0 ≈

As1s2/M0s2 → 0 andϕ(e′r) = f (r−1)! is a unit inAs1s2/M0s2
. (Bar means



Complete intersection K-theory 437

moduleM0s2
). So there areE1, E2, . . . , Er−1 in K, such that images of

E1, E2, . . . , Er−1, e
′
r is a basis ofQs1s2/M0Qs1s2 .

Writee1 = be′1+aE1, e2 = be′2+aE2, . . . , er−1 = be′r−1+aEr−1, er =
e′r. It is easy to see thate1, . . . , er is a basis ofQs1s2W , whereW =
1 + Js1s2M0. So, there iss3 = 1 + t3 in 1 + Js1s2M0 such thate1, . . . , er
is a basis ofQs1s2s3 . As before,s3 is a nonzero divisor inAs1s2 . Of course,
ϕs1s2s3(e1) = bf1, . . . , ϕs1s2s3(er−1) = bfr−1, ϕs1s2s3(er) = (f ′

r)
(r−1)!.

By further inverting a nonzero divisor in1+J0s1s2 , we can also assume that
bf1, . . . , bfr−1, f

′
r generateJ0s1s2s3 .

So, we are able to find a nonzero divisors inA and a free basise1, e2, . . . ,
er of Qs such that, after replacingf1 by bf1, . . . , fr−1 by bfr−1 andfr by
f ′
r, we have

(1) s is in I andsu+ t = 1 for somet in J0 andu in A.
(2) sJ0 ⊆ (f1, . . . , fr)
(3)ϕ(e1) = f1, . . . ϕ(er−1) = fr−1, ϕ(er) = f

(r−1)!
r .

We had to go through all these technicalities because we wanted to have
a nonzero divisors. Now letst = g1f1 + g2f2 + · · · + grfr and letskQ ⊆
r⊕
i=1

Aei ≈ Ar for somek > 0.

By replacingQ by skQ andI by skI, we can assume that
(4) sk+1 is in I,
(5) ts = g1f1 + · · · + grfr.
(6) There is an inclusioni : Q → Ar = Ae1 + · · · + Aer such that

Qs = Ars and

(7)ϕs(ei) = fi for i = 1 to r − 1 andϕs(er) = f
(r−1)!
r .

LetAr = Ar(Z) be as in Sect. 2 and let us consider the mapAr → A
that sendsXi to fi, Yi to gi for i = 1 to r andT to t, S to s, U to u andV
to 1. By the theorem of Suslin ([S]) there is anr × r matrix γ in Mr(Ar)
with its first column equal to the transpose of(X1, X2, . . . , Xr−1, X

(r−1)!
r )

and with det(γ) = (ST )a in Ar, for some integera > 1. Now letα be the
image ofγ in Mr(A).

We shall considerα as a mapα : Ar → Ar and letα0 : Q → Ar be the
restriction ofα toQ.

Define theA-linear mapϕ0 : Ar → A such thatϕ0(ei) = fi for i = 1to

r − 1 andϕ0(er) = f
(r−1)!
r . Also letϕ1 = (1, 0, . . . , 0) : Art → At be

the map defined byϕ1(e1) = 1 andϕ1(ei) = 0 for i = 2 to r. Also let
ϕ2 = (ϕ0)s. Note thatϕ : Q → IJ is the restriction ofϕ0 toQ and hence
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the diagram

Qt
ϕ−−−→ IJtyα0

y
Art

ϕ1−−−→ At

is commutative.
Now consider the following fibre product diagram:

Hereϕ2 = (ϕ0)s is a surjective and the mapsη andψ on the upper left
hand corner are given by the properties of fibre product diagram.

Clearly, the mapψ : P → J is surjective. Further, sinceα is the image
of γ it follows from (2.6) that[P ] − [Ar] = image of−λr = −[A/J0].

Now it remains to show thatQ⊕Ar maps ontoI ⊕ P .
Note that the diagram

Q
φ−−−→ IJyη y

P −−−→ J

is commutative because it is so onD(t) andD(s). Also note that the map
ηs : Qs → Ps is an isomorphism and hencespP is contained inη(Q) for
somep > 1.
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Write K = kernel(ψ). So, the sequence0 → K → P
ψ→→ J → 0 is

exact.
SinceTori(J,A/spA) = 0, the sequence0 → K/spK → P/spP →

J/spJ ≈ A/spA → 0 is exact. In the following commutative diagram of
exact sequences

P/spP
ψ̄−−−→ J/spJ ≈ A/spA → 0y y

Art/s
pArt

ϕ̄1−−−→ Jt/s
pJt → 0,

the vertical maps are isomorphism. But sinceϕ̄1 = (1, 0, . . . , 0),K/spK =
kernelψ̄ ≈ ker ϕ̄1 is a freeA/spA-module of rankr − 1.

Now write M = kernelφ. Then we have the following commutative
diagram

0 → K → P
ψ→−→ J → 0

↑ ↑ η ↑

0 → M → Q −→ IJ → 0

of exact sequences.
Define the mapδ : P⊕I → J+I = A → 0 such thatδ(p, x) = ψ(p)−x

for p inP andx in I and letL = kernel(δ). So,0 → L → P ⊕I → J+I =
A → 0 is an exact sequence andL ⊕ A is isomorphic toP ⊕ I. So, it is
enough to show thatQ⊕Ar−1 maps ontoL.

ButL is isomorphic toψ−1(IJ) and we have the following commutative
diagram of exact sequences:

0 → K → L
ψ→ J → 0

↑ ↑ η ||

0 → M → Q −→ IJ → 0

Note thatspK is contained inη(M). SoK/spK maps ontoK/η(M).
ThereforeK/η(M) is generated byr − 1 elements.

AsQ⊕K/η(M) maps ontoL,Q⊕Ar−1 maps ontoL. This completes
the proof of Theorem 3.1.
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5. The theorem of Murthy

In this section we give some applications of (3.1), which was inspired by the
fact that the Picard group of smooth curves over algebraically closed fields
are divisible.

Theorem 5.1.LetA be a commutative ring of dimensionn andI be a locally
complete intersection ideal of heightn inA. Suppose thatI contains a locally
complete intersection idealJ ′ of heightn − 1 and there is a projectiveA-
moduleQ0 of rankn − 1 that maps ontoJ ′. If the image ofI in A/J ′ is
invertible and is divisible by(n−1)! in Pic(A/J ′), then there is a projective
A-moduleQ of rankn that maps ontoI and(n− 1)!([Q] − [Q0] − [A]) =
−[A/I] in K0(A).

Proof. Let bar “–” denote images inA/J ′. SinceĪ is divisible by(n − 1)!
in Pic(A/J ′), its inverse is also divisible by(n − 1)!. Let J be an ideal of
A such thatJ ′ ⊆ J, I + J = A andJ̄ (n−1)! = Ī−1 in Pic(A/J ′). Hence

IJ
(n−1)! = (J ′, f)/J ′ for somef in I.
Write G = J ′ + J (n−1)!. We can also find ag in J such thatJ =

(J ′, g)+J2. SinceJ ′/J ′J is locally generated by(n−1) elements,J ′/J ′J is
(n−1)-generated. Letg1, . . . , gn−1 generateJ ′/J ′J . We can find an element
s in J , such thatJ ′

1+s = (g1, . . . , gn−1) andJ1+s = (g1, . . . , gn−1, g).
Hence it also follows thatG1+s = (g1, . . . , gn−1, g

(n−1)!). ThereforeG =
(g1, . . . , gn−1)+J (n−1)! andJ = (g1, . . . , gn−1, g)+J2. SinceIJ

(n−1)! =
(J ′, f)/J ′, it follows that IG = (f, J ′). As Q0 ⊕ A maps ontoIG, by
Theorem 3.1, there is a surjective mapϕ : Q0⊕An+1 → I⊕P , whereP is a
projectiveA-module of ranknwith [P ]−[An] = −[A/J ]. LetQ = ϕ−1(I).
ThenQ maps ontoI andQ ⊕ P ≈ Q0 ⊕ An+1. So,[Q] − [Q0] − [A] =
−([P ]−[An]) = [A/J ]. Hence(n−1)!([Q]−[Q0]−[A]) = (n−1)![A/J ] =
[A/G] = −[A/I]. This completes the proof of (5.1)

Corollary 5.2. Let A be a smooth affine domain over an infinite fieldk
and letX = SpecA. Assume that for all smooth curvesC in X, Pic C
is divisible by(n − 1)!. If I is a smooth ideal ofheightn = dim X, then
there is a projective moduleQ of rank n, such thatQ maps ontoI and
(n− 1)!([Q] − [An]) = −[A/I].

Proof. We can find elementsf1, . . . fn−1 in I such thatC =Spec(A/(f1, . . . ,
fn−1)) is smooth [Mu2, Corollary 2.4]. Now we can apply (5.1) with
Q0 = An−1.

Remark. Unlessk is an algebraically closed field, there is no known exam-
ple of affine smooth variety that satisfy the hypothesis of (5.2) about the



Complete intersection K-theory 441

divisibility of the Picard groups. Whenk is an algebraically closed field,
(5.2) is a theorem of Murthy [Mu2, Theorem 3.3] .

Part Two: Sections 6–8

Projective modules and Chern classes

This part of the paper is devoted to construct Projective modules with certain
cycles as the total Chern class and to consider related questions. Our main
results in this Part are in Sect. 8.

6. Grothendieckγ-filtration and Chern class formalism

As mentioned in the introduction, for a noetherian schemeX, K0(X) will
denote the Grothendieck group of locally free sheaves of finite rank overX.
All schemes we consider are connected and has an ample line bundle on it.

In this section we shall recall some of the formalisms about the Gorthen-
dieckγ−filtrations of the Grothendieck groups and about Chern classes.
The main sources of this material are [SGA6], [Mn] and [FL].

Definitions and Notations 6.1. LetX be noetherian scheme of dimension
n and letK0(X)[[t]] be the power series ring overK0(X). Then

a)λt = 1 + tλ1 + t2λ2 + · · · will denote the additive to multiplicative
group homomorphism fromK0(X) to1+ tK0(X)[[t]] induced by the exte-
rior powers, that isλi([E]) = [Λi(E)] for any locally free sheafE of finite
rank overX, andi = 0, 1, 2, . . . ,

b) γt = 1 + tγ1 + t2γ2 + · · · will denote the mapλt/1−t, which is also
an additive to multiplicative group homomorphism.

c) We letF 0K0(X) = K0(X),F 1K0(X) = Kernel(ε) whereε :
K0(X) → Z is the rank map.

For positive integerk, F kK0(X) will denote the subgroup ofK0(X)
generated by the elementsγk1(x1)γk2(x2) . . . γkr(xr) such that

∑r
i=1 ki >

k andxi in F 1K0(X). We shall often writeF i(X) for F iK0(X).
Recall that

F 0(X) ⊇ F 1(X) ⊇ F 2(X) ⊇ · · ·
is the Grothendieckγ-filtration of K0(X). Also note thatFn+1(X) = 0
(see [FL,Mn]).

d) Γ (X) =
⊕n

i=0 Γ
i(X) will denote the graded ring associated to the

Grothendieckγ-filtration.
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If x is inF k(X), then the image ofx in Γ k(X) will be called thecycle of x
and be denoted byCycle(x).

e) For a locally free sheafE of rankr overX and for nonnegative interger
i, theith Chern class ofE is defined as

ci(E) = γi([E] − r) modulo F i+1(X).

This will induce a Chern class homomorphism

ct : K0(X) → 1 +
n⊕
i=1

Γ i(X)ti

which is also an additive to multiplicative group homomorphism. We write

ct(x) = 1 +
n∑
i=1

ci(x)ti

with ci(x) in Γ i(X).

f) We recall some of the properties of this Chern class homomorphism:
(1) if x is in F k(X), then

ci(x) = 0 for 1 6 i < r

cr(x) = (−1)r−1(r − 1)!Cycle(x),

(2) if E is a locally free sheaf of rankr and ifE maps onto a locally complete
intersection sheafI of ideals of heightr then[OX/I] =

∑r
i=0(−1)iλi[E]

is in F r(X) and

cr([E]) = (−1)rCycle([OX/I])

Now we shall set up some notations about the formalism of Chern classes
in Chow groups.

Notations and Facts 6.2. Let X be a noetherian scheme of dimensionn
and let

CH(X) =
⊕n

i=0
CH i(X)

be the Chow group of cycles ofX modulo rational equivalence. Assume
thatX is nonsingular over a field. Then

a) There is a Chern class homomorphism

Ct : K0(X) → 1 +
n⊕
i=1

CH i(X)ti
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which is an additive to multiplicative group homomorphism. We writeCt(x)
= 1 +

∑n
i=1Ci(x)t

i with Ci(x) in CH i(X).

b) For nonnegative integerk,FkK0(X) or simplyFk(X) will denote the
subgroup ofK0(X) generated by[M ], whereM runs through all coherent
sheaves onX with codimension(supportM) atleastk. For such a coherent
sheafM ,CycleM will denote the codimentionr−cycle in the Chow group
of X. (There will be no scope of confussion with notationCycle x we
introduced in (6.1 c).)

c) We recall some of the properties of this Chern Class homomorphism
(see [F]):
(1) if x is in FrK0(X) then

Ci(x) = 0 1 6 i < r and

Cr(x) = (−1)r−1(r − 1)!Cycle(x)

(2) If E is a locally free sheaf of finite rank overX and there is a surjective
map fromE onto a locally complete intersection ideal sheafI of heightr
then

Cr(E) = (−1)rCycle(OX/I).

It is known that for a nonsingular varietyX over a field, theγ −
filtration F r(X) ofK0(X) is finer than the filtrationFr(X) i.e.F r(X) ⊆
Fr(X). Following is an example of a nonsingular affine ring over a fieldk,
for which these two filtrations indeed disagree.

Example 6.3. Following the notations in Sect. 2, for a fixed positive integer
n and a fieldk, let

An = An(k) =
k[S, T, U, V,X1, . . . , Xn, Y1, . . . , Yn]

(SU + TV − 1, X1Y1 + · · · +XnYn − ST )

Bn = Bn(k) =
k[T,X1, . . . , Xn, Y1, . . . , Yn]

(X1Y1 + · · · +XnYn − T (1 + T ))
Then forX = SpecAn or SpecBn,

Fr(X) ≈ Z for 1 6 r 6 n and

Fr(X) = 0 for n < r.

Further,

Fn(X) = (n− 1)!Fn(X) and F r(X) = 0 for n < r.
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Proof. The computation ofFr(X) is done exactly as in [Sw1],(see (2.1) in
case ofAn). SinceF r(X) is contained inFr(X), F r(X) = 0 for r > n.

For definiteness, letX beSpecAn. So,λn = [An/(X1, . . . , Xn, T )]
is the generator ofFr(X) for 1 6 r 6 n. Also λn is the generator of
F 1(X) = F1(X). By (2.6) in , there is a projectiveA−module P of rankn
with [P ]−n = −λn so thatP maps onto the idealJ = (X1, . . . , Xn−1)+
I(n−1)!, whereI is the ideal(X1, . . . , Xn, T )An. Hence(n − 1)!λn =
−[An/J ] ,(see (7.3)), is inFn(X). Also sinceFn+1(X) = 0, λ2

n = 0.
Hence for1 6 k,γk acts as a group homomorphism onF 1(X). So,Fn(X) =
Zγn(λn). AsFn+1(X) = 0, by (6.1),γn((n−1)!λn) = cn((n−1)!λn) =
(−1)n−1(n− 1)!2λn. HenceFn(X) = Z(n− 1)!λn. So the proof of (6.3)
is complete.

7. Some more preliminaries

Following theorem (7.1) gives the Chern classes of the projective module
P that we constructed in theorem (3.1).

Theorem 7.1.Under the set up and notations of theorem (3.1), we further
have

ci(P ) = 0 for 1 6 i < r in Γ i(X)
⊗

Q,

cr(P ) = (−1)rCycle(A/J) in Γ r(X).

If X is nonsingular over a field then

Ci(P ) = 0 for 1 6 i < r in CH i(X) and

Cr(P ) = (−1)rCycle(A/J) in CHr(X).

Proof. Comments about Chern classes inΓ (X) follow from (6.1), because
(r−1)!([P ]−r) = −[A/J ] is inF r(X). Similarly, since[A/J0] is inFr(X),
the comments about Chern classes in Chow group follow from (6.2).

Remark 7.2. For historical reasons we go back to the statement of theorem
3.1. LetJ0 be an ideal in a noetherian commutative ringA and letJ0 =
(f1, . . . , fr) + J2

0 .The part(i) of theorem (3.1) evolved in two stages.First,

Boratynski [B] definedJ = (f1, . . . , fr−1)+J
(r−1)!
0 and proved that there

is a projectiveA−moduleP of rankr that maps ontoJ .Then, Murthy[Mu2]
added that ifJ0 is a locally complete intersection ideal of heightr then there
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is one such projectiveA−module P of rankr, with [P ] − r = −[A/J0],
that maps ontoJ .

We shall be much concerned with such idealsJ constructed, as above,
from idealsJ0. Following are some comments about such ideals.

Natations and Facts 7.3.For an idealJ in a Cohen-Macaulay ringA with
J = (f1, . . . , fr) + J2.We use the notation

B(J) = B(J, f1, . . . , fr) = (f1, . . . , fr−1) + J (r−1)!.

Then, we have
(1)

√
J =

√
B(J),

(2) J is locally complete intersection ideal of heightr if and only if so
isB(J).

(3) IfJ is locally complete intersection ideal of heightr then[A/B(J)] =
(r − 1)![A/J ] in K0(X).

Proof. The proof of (1) is obvious.To see (2), note that locally,J0 is generated
by f1, . . . , fr andB(J0) is generated byf1, . . . , fr−1, f

(r−1)!
r . To prove

(3), letJk = (f1, . . . , f(r−1)) + Jk0 for positive integersk. Note that0 →
Jk/Jk+1 → A/Jk+1 → A/Jk → 0 is exact andA/J0 ≈ Jk/Jk+1. Now
(3) follows by induction and hence the proof of (7.3) is complete .

The following lemma describes such idealsB(J0) very precisely.

Lemma 7.4.LetA be a Cohen-Macaulay ring andJ be an ideal inA. Then
J = B(J0) = B(J0, f1, . . . , fr) for some idealJ0 = (f1, . . . , fr) + J2

0 if

and only ifJ = (f1, . . . , fr−1, f
(r−1)!
r ) + J2.

Proof. To see the direct implication, letJ = (f1, . . . , fr−1)+J
(r−1)!
0 where

J0 = (f1, . . . , fr) + J2
0 . Then, it is easy to check thatJ = (f1, . . . , fr−1,

f
(r−1)!
r ) + J2. Conversely, letJ = (f1, . . . , fr−1, f

(r−1)!
r ) + J2. By Naka-

yama’s lemma, there is ans in J such that

(1 + s)J ⊆ (f1, . . . , fr−1, f
(r−1)!
r ) and J = (f1, . . . , fr−1, f

(r−1)!
r , s).

Now we letJ0 = (f1, . . . , fr, s). It follows thatJ = B(J0) and the proof
of (7.4) is complete.

The following lemma will be useful in the next section.

Lemma 7.5.LetAbe a Cohen-Macaulay ring of dimensionnand letI andJ
be two locally complete intersection ideals of heightrwithI+J = A.Then,
if IJ = B(J) for some locally complete intersection idealJ of heightr then
I = B(I0) for some locally complete intersection idealI0 of heightr. Also
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if I = B(I0) and J = B(J0) for locally complete intersection idealsI0, J0
thenIJ = B(J) for some locally complete intersection idealJ of heightr.

The proof is straightforward.

Remark. With careful formulation of the statements, the Cohen-Macaulay
condition in (7.3), (7.4), (7.5) can be dropped.

8. Results on Chern classes

Our approach here is that ifQ is a projective module of rankr over a
noetherian commutative ringA then we try to construct a projectiveA −
moduleQ0 of rankr−1, so that the firstr−1 Chern classes ofQ are same as
that ofQ0.Conversely, given a projectiveA−module Q0 of rankr− 1 and
a locally complete intersection idealI of heightr, we attempt to construct
a projectiveA−module Q of rankr such that the firstr− 1 Chern classes
of Q andQ0 are same and the top Chern class ofQ is (−1)rCycle([A/I]).
Our first theorem (8.1) suggests that ifr = n = dimX, then for such a
possibility to work, it is important that[A/I] is divisible by(n− 1)!.

Theorem 8.1.LetA be noetherian commutative ring of dimensionn and
X = SpecA. Assume thatK0(X) has no(n− 1)! torsion. Suppose thatQ
is a projectiveA−module of rankn andQ0 is a projectiveA−module of
rankn−1. Assume that the firstn−1 Chern classes,inΓ (X) (respectively,
in CH(X), if X is nonsingular over a field), ofQ andQ0 are same. Then∑n

i=0(−1)i[ΛiQ] is divisible by(n − 1)! in K0(X). That means that ifQ
maps onto a locally complete intersection idealI of heightn, then[A/I] is
divisible by(n− 1)! in K0(X).

Proof. We can find a projectiveA−moduleP of rankn such thatQ
⊕
An ≈

Q0
⊕
A

⊕
P .It follows thatci(P ) = 0 for 1 6 i < n andcn(P ) = cn(Q)

in Γ (X). Write ρ = [P ] − n.
We claim that forr = 0 to n − 1, βrρ is in F r+1(X), whereβr =

Πr−1
i=1 (i!). By Induction, assume thatβr−1ρ is in F r(X). Sincecr(βrρ) =

βrcr(ρ) = 0, also sincecr(βrρ) = (−1)r−1(r − 1)!βrρ the claim follows.
So,βn−1ρ is inFn(X). Hencecn(βn−1ρ) = (−1)(n−1)(n− 1)!βn−1ρ.

SinceK0(X) has noβn−1 torsion, it follows thatcn(ρ) = (−1)n−1(n −
1)!ρ.Sincecn(ρ) = cn(Q) = (−1)n

∑n
i=0(−1)i[ΛiQ], the theorem fol-

lows.
We argue similarly whenX is nonsingular over a field and Chern classes

take values in the Chow gorup. In this case, we use (6.2c). This completes
the proof of (8.1).

Our next theorem (8.2) is a converse of (8.1).
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Theorem 8.2.LetA be a noetherian commutative ring of dimensionn and
X = SpecA. LetJ be a locally complete intersection ideal of heightr > 0
withJ = (f1, . . . , fr−1, f

(r−1)!
r )+J2 ( henceJ = B(J0) for some locally

complete intersection idealJ0 of heightr). LetQbe a projectiveA−module
of rankr that maps ontoJ . Then there is a projectiveA − module Q0 of
rank r − 1 such that,

(1) [Q0
⊕
A] = [Q] + [A/J0] in K0(X),

(2)

ci(Q0) = ci(Q) in Γ (X)
⊗

Q for 1 6 i < r and

if X is nonsingular over a field then

Ci(Q0) = Ci(Q) in CH(X) for 1 6 i < r.

(3) If K0(X) has no torsion (respectively, no(n − 1)! torsion,in case
X is nonsingular over a field) then such a[Q0] satisfying (2) is unique in
K0(X).

Proof. By (3.1) withI = A, there is a surjective map

ψ : Q
⊕

Ar → A
⊕

P

whereP is a projectiveA−module of rankr that maps ontoJ and[P ]−r =
−[A/J0]. We letQ0 = kernel (ψ). ThenQ0

⊕
A

⊕
P ≈ Q

⊕
Ar. This

settles (1). By (7.1), firstr − 1 Chern classes ofP , in Γ (X)
⊗

Q, are
zero. Hence it follows thatci(Q) = ci(Q0) for 1 6 i < r. In caseX is
nonsingular, the argument runs similarly. So, the proof of (2) of (8.2) is
complete.

To prove (3), letQ′ be another projectiveA − module of rank r − 1
satisfying (2) and letρ = ([Q0] − [Q′]). Since the total Chern classes ofQ0
andQ′ in Γ (X)

⊗
Q (respectively, inCH(X), in caseX is nonsingular),

are same,the total Chern classc(ρ) = 1 in the respective groups.
For a positive integerr let βr = Πr−1

i=1 (i!). By induction, as in (8.1), it
follows thatβnρ is in Fn+1(X)

⊗
Q = 0 (respectively, inFn+1(X) = 0).

Hence the proof of (8.2) is complete.

Following theorem (8.3) gives a construction of projective modules with
certain given cycles as its total Chern class.

Theorem 8.3.LetA be a Cohen- Macaulay ring of dimensionn andX =
SpecA. Letr0 be an integer with2r0 > n.

LetQ0 be a projectiveA−module of rankr0−1, such that for all locally
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complete intersection subschemesY ofX with codimension Y > r0, the
restrictionQ0|Y of Q0 to Y is trivial. Also let r be another integer with
r0 6 r 6 nand fork = r0 to r, letIk be locally complete intersection ideals
of heightk, with Ik = (f1, . . . , fk−1, f

(k−1)!
k ) + I2

k (henceIk = B(Ik0),
for some locally complete intersection idealIk0 of heightk).

Then there is a projectiveA−module Qr of rankr such that
(1)Qr maps ontoIr,
(2)

[Qr] − r = ([Q0] − (r0 − 1)) + [A/Jr0 ] + · · · + [A/Jr],

whereJk is a locally complete intersection ideal of heightk such that
(k − 1)![A/Jk] = −[A/Ik] and further,[Pk] − k = −[A/Jk] for some
projectiveA−module Pk of rankk, for r0 6 k 6 r.

(3)

ck(Qr) = ck(Q0) in Γ k(X)
⊗

Q for 1 6 k < ro

ck(Qr) = (−1)kCycle([A/Ik]) in Γ k(X)
⊗

Q for ro 6 k 6 r.

If X is nonsingular over a field,then

Ck(Qr) = Ck(Q0) in CHk(X) for 1 6 k < r0 and

Ck(Qr) = (−1)kCycle(A/Ik) in CHk(X) for r0 6 k 6 r.

Caution. In the statement of (8.3) the generatorsf1, . . . , fk−1, f
(k−1)!
k of

Ik/I
2
k depend onk.

Remark 8.4. A freeA−moduleQ0 of rankr0−1 will satisfy the hypothesis
of (8.3). If r0 = n− 1, then any projectiveA−module Q0 of rankr0 − 1
with trivial determinant will also satisfy the hypothesis of (8.3).

The proof of (8.3) follows, by induction, from the following proposition
(8.5).

Proposition 8.5. Let A be a Cohen-Macaulay ring of dimensionn and
X = SpecA and letr be a positive integer with2r > n andr 6 n. LetQ0
be a projectiveA−module of rankr−1 such that for any locally complete
intersection closed subschemeY of codimension atleastr, the restriction
Q0|Y of Q0 to Y is trivial. Also let I be a locally complete intersection

ideal of heightr with I = (f1, . . . , fr−1, f
(r−1)!
r ) + I2 (henceI = B(I0)

for some locally complete intersection idealI0 of heightr).
Then there is a projectiveA−module Q of rankr such that
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(1)Q maps ontoI,
(2)

[Q] − r = ([Q0] − (r − 1)) + [A/J0],

whereJ0 is a locally complete intersection ideal of heightr such that(r −
1)![A/J0] = −[A/I] and further there is a projectiveA − module P of
rank r such that[P ] − r = −[A/J0].

(3)

ck(Q) = ck(Q0) in Γ k(X)
⊗

Q for 1 6 k < r, and

ck(Q) = (−1)rCycle([A/I]) in Γ k(X)
⊗

Q for k = r.

If X is nonsingular over a field, then

Ck(Q) = Ck(Q0) in CHk(X) for 1 6 k < r

and

Ck(Q) = (−1)rCycle(A/I) in CHk(X) for k = r.

(4) For any locally complete intersection closed subschemeY of X of
codimension atleastr + 1, the restrictionQ|Y is trivial.

Before we prove (8.5), we state the following proposition from [CM].

Proposition 8.6.LetA be a noetherian commutative ring andJ be a locally
complete intersection ideal of heightr withJ/J2 free. Suppose I is an ideal
with dimA/I < r. If π : K0(A) → K0(A/I) is the natural map then
π([A/J ]) = 0.

The proof is done by finding a locally complete intersection idealJ ′ of
heightr such thatJ ′ + I = A = J ′ +J andJ ∩J ′ is complete intersection.
Now it follows thatπ([A/J ]) = −π([A/J ′]) = 0.

Proof of (8.5). We have

I = (f1, . . . , fr−1, f
(r−1)!
r ) + I2 = B(I0) = (f1, . . . , fr−1) + I

(r−1)!
0 ,

whereI0 is a locally complete intersection ideal of heightr with I0 =
(f1, . . . , fr)+I2

0 . We can also assume thatf1, . . . , fr is a regular sequence.
By hypothesisQ0/IQ0 is free of rankr−1. Lete1, . . . , er−1 be elements in
Q0 whose images forms a basis ofQ0/IQ0.So, there is a mapφ0 : Q0 → I
such thatφ0(ei) − fi is in I2 for i = 1 to r − 1.
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So,(φ0(Q0), f
(r−1)!
r ) + I2 = I. By Nakayama’s lemma there is ans in

I such that

(1 + s)I ⊆ (φ0(Q0), f (r−1)!
r ) and I = (φ0(Q0), f (r−1)!

r , s).

Let Q∗
0 be the dual ofQ0. Then (φ0, s

2) is basic inQ∗
0
⊕
A on the

setP = {℘ in SpecA : fr is in ℘ and height (℘) 6 r − 1}. There is a
generalised dimension functiond : P → {0, 1, 2, . . . } so thatd(℘) 6 r−2
for all ℘ in P (see [P]). Since rankQ∗

0 = r− 1 > d(℘) for all ℘ in P, there
is anh in Q∗

0 such thatφ = φ0 + s2h is basic inQ∗
0 onP.

Write I = (φ(Q0), f
(r−1)!
r ). It follows that (1)I is a locally complete

intersection ideal of heightr, (2) [A/I] = 0, (3) I + I2 = I (4) I =
(g1, . . . , gr−1, f

(r−1)!
r ) + I2 for someg1, . . . , gr−1 in I.

To see (1), note thatI is locally r generated and also sinceφ is basic
in Q∗

0 onP, I has heightr.Now sinceA is Cohen-Macaulay,I is a locally
complete intersection ideal of heightr. Since

0 → A/φ(Q0)
f
(r−1)!
r−−−−→ A/φ(Q0) → A/I → 0

is exact, (2) follows. Sinceφ = φ0+s2h,(3) follows. By hypothesisQ0/IQ0
is free of rankr − 1 and hence (4) follows.

Because of (4),I = B(I0) for some locally complete intersection ideal
I0 of heightr. From (3) it follows thatI = J ∩ I for some locally complete
intersection idealJ of heightr andI + J = A. SinceI = B(I0), by (7.5),
J = B(J0) for some locally complete intersection idealJ0 of heightr.

Let φ : Q0
⊕
A → I be the surjective map(φ, f (r−1)!

r ). We can apply
theorem (3.1) and (7.1). There is a surjective mapψ : Q0

⊕
Ar+1 →

P
⊕
I, whereP is a projectiveA−module of rankr that maps ontoJ and

[P ] − r = −[A/J0]. Also

ck(P ) = 0 for 1 6 k < r in Γ k(X)
⊗

Q,

cr(P ) = (−1)rCycle(A/J) in Γ r(X).

If X is nonsingular over a field then

Ck(P ) = 0 for 1 6 k < r in CHk(X) and

Cr(P ) = (−1)rCycle(A/J) in CHr(X).

NowQ = ψ−1(I) will satisfy the assertions of the theorem.Clearly,Qmaps
ontoI and (1) is satisfied. Note thatQ

⊕
P ≈ Q0

⊕
Ar+1 and hence

[Q] − r = ([Q0] − (r − 1)) − ([P ] − r) = ([Q0] − (r − 1)) + [A/J0].
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Also (r− 1)![A/J0] = [A/J ] = −[A/I], since[A/I] = 0.This establishes
(2).

Again sinceQ
⊕
P ≈ Q0

⊕
Ar+1 and since the Chern classes ofP are

given as above, (3) follows.
To see (4), letY be a locally complete intersection subscheme ofX with

codimension at leastr+1.Letπ : K0(X) → K0(Y ) be the restriction map.
Thenπ([Q]− r) = π([Q0]− (r− 1))+π([A/J0]) = 0 by (8.6). Hence the
restrictionQ|Y is stably free.Sincer > dimY , by cancellation theorem of
Bass(see [EE]),Q|Y is free. This completes the proof of (8.5).

Before we go into some of the applications let us recall(1.5, 1.6) that for
a smooth affine varietyX = SpecA of dimensionn over a field,Fn(X) =
F0K0(X) = {[A/I] in K0(X) : I is a locally complete intersection ideal
of heightn}.

Following is an important corollary to theorem (8.3).

Corollary 8.7. SupposeX = SpecA is a smooth affine variety of dimension
n over a field. Assume thatCHn(X) is divisible by(n − 1)!. LetQ0 be
projectiveA−module of rankn− 1 andxn is a cycle inCHn(X). Then
there is a projectiveA−module Q of rankn such that

Ci(Q) = Ci(Q0) for 1 6 i < n and Cn(Q) = xn in CHn(X).

Conversely, ifQ is a projectiveA − module of rank n, then there is a
projectiveA−module Q′ of rankn such that

Ci(Q) = Ci(Q′) for 1 6 i < n and Cn(Q′) = 0 in CHn(X).

Proof. Since the Chern class mapCn : Fn(X) → CHn(X) sends[A/I] to
(−1)(n−1)(n−1)!Cycle(A/I) (see [F]), this map is surjective. SinceFn(X)
= F0K0(X), there is a locally complete intersection idealI0 of heightn
such thatCn(A/I0) = −xn. By theorem (8.3) withI = B(I0), there is
a projectiveA − module Q of rankn such that[Q] − n = ([Q0] − (n −
1)) + [A/J ] whereJ is a locally complete intersection ideal of heightn
with (n− 1)![A/J ] = −[A/I] = −(n− 1)![A/I0]. Hence

Ci(Q) = Ci(Q0) for 1 6 i < n and

Cn(Q) = Cn([A/J ]) = (−1)n−1(n− 1)!Cycle([A/J) =

(−1)n−1Cycle((n−1)![A/J ]) = (−1)n−1Cycle(−(n−1)![A/I0]) = xn.

This establishes the direct implication.
To see the converse, note that, as above, there is a projectiveA-module

P such thatCi(P ) = 0 for 1 6 i < n andCn(P ) = −Cn(Q). Now
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Q
⊕
P ≈ Q′ ⊕An for some projectiveA − module Q′ of rankn. It is

obvious thatQ′ satisfies the assertions. This completes the proof of (8.7).

Following theorem of Murthy ([Mu2]) follows from (8.7).

Theorem 8.8 (Murthy). Let X = SpecA be a smooth affine variety of
dimensionnover an algebraically closed fieldk. Letxi be cycles inCH i(X)
for 1 6 i 6 n. Then there is a projectiveA − module Q0 of rankn − 1
with the total Chern classC(Q0) = 1 + x1 + · · · + xn−1 in CH(X) if and
only if there is a projectiveA − module Q of rankn with the toal Chern
classC(Q) = 1 + x1 + · · · + xn−1 + xn.

Proof. In this caseCHn(X) is divisible (see [Le,Sr,Mu2]). So the direct
implication is immediate from (8.7).

To see the converse, letQ′ be as in (8.7). SinceCn(Q′) = 0,it follows
from the theorem of Murthy([Mu2]) thatQ′ ≈ Q0

⊕
A for some projective

A−moduleQ0 of rankn−1. It is obvious thatC(Q0) = 1+x1+· · ·+xn−1.
So the proof of (8.8) is complete.

Following is an alternative proof of the theorem of Mohan Kumar and
Murthy ([MM]).

Theorem 8.9 ([MM] ). LetX = SpecA be a smooth affine three fold over
an algebraically closed field and letxi be cycles inCH i(X) for 1 6 i 6 3.
Then

(1) There is a projectiveA−module Q3 of rank3 with total Chern class
C(Q3) = 1 + x1 + x2 + x3,

(2)there is a projectiveA−module Q2 of rank2 with total Chern class
C(Q2) = 1 = x1 + x2.

Proof. Because of (8.8), we need to prove (1) only.LetL be a line bundle
onX with C1(L) = x1.We claim that there is a projectiveA−module P
of rank3 so thatC1(P ) = 0 andC2(P ) = x2.Let x2 = (y1 + · · · + yr) −
(yr+1 + · · · + ys) whereyi is the cycle ofA/Ii for prime idealsIi of height
2 for 1 6 i 6 s.

For1 6 i 6 s there is an exact sequence

0 → Pi
⊕

Gi → Fi → A → A/Ii → 0

whereFi andGi are free modules andPi are projectiveA − modules
of rank3.Since the total Chern classesC(Pi) = C(A/Ii), it follows that
C1(Pi) = C1(A/Ii) = 0 andC2(Pi) = C2(A/Ii) = −Cycle(A/Ii) =
−yi. There are free modules R and S and a projectiveA−moduleP of rank3
such thatP1

⊕ · · ·Pr
⊕
R

⊕
P ≈ Pr+1

⊕ · · ·⊕Ps
⊕
S. It follows that

C1(P ) = 0 andC2(P ) = (y1 + · · · + yr) − (yr+1 + · · · + ys) = x2. This
establishes the claim.
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Let P
⊕
L ≈ P ′ ⊕A. ThenC1(P ′) = C1(L) = x1 andC2(P ′) = x2

and letC3(P ′) = z for somez in CH3(X). Again,by (8.7) there is a
projectiveA−module Q′ of rank3 such that the total Chern classC(Q′) =
1 + (x3 − z). There is a projectiveA − module Q3 of rank 3 such that
Q′ ⊕P ′ ≈ Q3

⊕
A3.We have,C(Q′)C(P ′) = C(Q3). So the proof of

(8.9) is complete.

The same proof of (8.9) yeilds the following stronger theorem (8.10).

Theorem 8.10.LetX = SpecA be a smooth affine three fold over any field
k such thatCH3(X) is divisible by two. Givenxi inCH i(X) for 1 6 i 6 3,
there is a ProjectiveA−module Q of rank 3 such that the total chern class
C(Q) = 1 + x1 + x2 + x3.

Remark.For examples of smooth three folds that satisfy the hypothesis of
(8.10) see [Mk2].
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