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1. Introduction

Throughout this article, unless further qualifications are added, A will denote a
noetherian commutative ring, with dim A = d. Also, P will denote a projective A-module
with rank(P) = n.

This article is a continuation of the study of Homotopy obstructions of projective
modules, that was started in [15]. It was pointed out in [15] that, the study of the
Homotopy obstructions of projective modules, evolved out of some germs of ideas, in
two components, given by Madhav V. Nori (around 1990), through some verbal and
informal communications, and was referred to as the “Homotopy Program”. The readers
would be very well advised to familiarize themselves with the introduction of [MM]. We
would try to avoid any repetition, and pick up from where we left in [15]. We make
additional introductory comments here only to reestablish the context. One of the two
components of these germs, was the Homotopy Question. The following is a statement
of the same from [13], which would almost certainly be an adaptation by the respective
author [13], of the more precise formulation communicated by Nori.

Question 1.1 (Homotopy Question). Suppose X = Spec (A) is a smooth affine variety,
with dim X = d. Let P be a projective A-module of rank n and fy : P — I be a surjective
homomorphism, onto an ideal I of A. Assume Y = V(1) is smooth with dimY = d — n.
Also suppose Z = V(J) C Spec (A[T]) = X x Al is a smooth subscheme, such that Z
intersects X x 0 transversally in Y x 0. Now, suppose that ¢ : P[T] — % is a surjective
map such that ¢j7—g = fo ® ?. Then the question is, whether there is a surjective map
F : P[T] — J such that (i) Fjp—o = fo and (ii) Fjz = ¢. Assume 2n > d + 3.

The statement of Question 1.1, is a simple translation of the theorem of Nori [13,
§3 Appendix], on smooth vector bundles V' over smooth manifolds M, using a vector
bundle to projective module dictionary. The Question 1.1, as stated, would fail to have
an affirmative answer, without the regularity hypothesis [5, Example 6.4]. Even when A
is regular, without the condition 2n > d + 3, the question would not have an affirmative
answer (see [5, Example 3.15]). However, existing results (see [13,5,3]) indicate that with
suitable hypotheses the regularity and/or transversality hypotheses may be spared. Up
to date, the best affirmative result (assumes 2n > d + 3) on (1.1) is due to Bhatwadekar
and Keshari [3], preceded by [21,13,20,5].

While the Homotopy Question (1.1) always had the flavor of being central to the
Homotopy Program, it was never articulated as such. In fact, it was never well understood
by the researchers how or why so? This article clarifies and establishes the centrality of
the Homotopy Question (1.1). The other half of these two pillars in this program is
the definitions of Euler class groups. Followed by the outline given by Nori, for integers
0 < n < d and line bundles L, definitions of Euler class groups E"(A, L) were given
in [7,6,18]. In fact, Nori originally outlined a definition of E%(A, A), when A is smooth
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(see [21]). For any projective A-module P, with rank(P) = d, an Euler class e(P) €
E(A, AP) was defined and it was proved [7] that

e(P)=0<=P=QaA

When rank(P) < d — 1, a desire to define a similar obstruction class e(P), in some
appropriate obstruction group or set seemed too ambitious. We accomplish this goal,
under additional conditions (see Corollary 4.6), by understanding the implicit Homotopy
relations in the statement of the Homotopy Question 1.1. We introduce the following

notations:
LO(P) = {(I,w):w: P — 2, is a surjective map, where I is an ideal}
LO"(P) ={(I,w) € LO(P) : height(I) =n}
LO7(P) ={(I,w) € LO(P) : height(I) =n, and V(I) is connected}

There is a (chain) homotopy relation ingrained in the statement of (1.1), by substitut-
ing T = 0,1, on the set LO(P). The set of equivalence classes would be denoted by
7o (LO(P)). In LO(P), there are two distinguished elements (0, 0), (4,0) € LO(P), and
their images in g (LO(P)) are denoted, respectively, by eg and e;. Define the obstruction
class

E(P) i=e€eqg € Ty (EO(P))7 (1)

to be called the (Nori) Homotopy class of P. We give a summary of the main results in
this article, before making further introductory remarks. Let A and P be as above.

1. (See Corollary 4.6.) Suppose A is essentially smooth, over an infinite perfect field k.
Assume 2n > d + 3, with 1/2 € k. Then, we prove

P=Q@ A<+ ¢(P)=-e; (“the additive zero”; see (3)).

2. (See Theorem 4.3.) Suppose A is essentially smooth, over an infinite perfect field k,
with 1/2 € k. Assume 2n > d+ 3. Let (I,w) € LO™(P) and let [(I,w)] € mo(LO(P))
be its image. Then, w : P — 1_2 lifts

to a surjective map Q: P -1 <= &(P)=[(I,w)] € m(LO(P)).

3. (See Theorem 6.5.) Assume A is a regular ring, containing a field k, with 1/2 € k.
Assume 2n > d + 2. Then, we prove that mo(LO(P)) has a natural structure of
an abelian monoid. In this additive structure, e; € mo(LO(P)) is the identity. For
(I,w1), (Jywe) € LO™(P), if I + J = A, the sum in mo(LO(P)) is given by

(1, w1)] + [(Jw2)] = [(1], w1 % w2)]
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1J

where wy xwy : P —» e is obtained by combining w; and ws, using Chinese

remainder theorem.
Further, if P = Q @ A, then ey = e; and mo(LO(P)) has a structure of a group.

4. To further establish centrality of the Homotopy Question (1.1) in this program, define
Euler class group

Ewy:@%%gﬁ

where Z(P) C Z(LO(P)) is the subgroup generated by the global orientations,

namely, those (I,w) € LO"(P) such that, w lifts to a surjective map P — I (here

(I,w) is considered as an element in Z(LOZ(P)), by decomposing I in to connected

components).

(a) (See Definition 7.2.) Assume A is a regular ring, containing a field &k, with 1/2 € k.
Assume 2n > d+ 2 and P = Q & A. Then, we prove that there is a natural
surjective group homomorphism

¢ E(P) = m (LO(P))

(b) (See Theorem 7.3.) Further, assume A is essentially smooth over an infinite
perfect field k and 1/2 € k. If 2n > d+ 3, then we prove that the homomorphism
© is an isomorphism.

(c) (See Theorem 7.6.) Assume A is a noetherian commutative ring (without any
regularity hypothesis), P = Q® A and 2n > d+3. Let (I,w) € LO™(P). Assume
its image

(I,w) =0 € E(P).

Then, w lifts to a surjective map Q: P — I.

(d) (Corollary 7.9.) In Section 7.2, we exploit the work of N. Mohan Kumar and
M.P. Murthy [25,24], when the base field k is algebraically closed, and P =2 Q@ A,
with rank(P) = n = d. If A is smooth and 1/2 € k, we prove my (LO(P)) =
CHY(A), where CH?(A) denotes the Chow group of zero cycles.

The desire to define an obstruction class, for P to split off a free direct summand, is
age old and might have been considered too bold. However, we are able to give such
a definition (1) of an obstruction class £(P), and the result in item 1 (Corollary 4.6)
establishes the splitting property. The result in item 2 (Theorem 4.3) was the main
objective of the Homotopy Question (1.1), in such a homotopy obstruction theory set
up. The structure of 7y (LO(P)) has been an open problem since the inception of the
Homotopy Program, while the exact nature of the structure to expect was not clear. In
item 3 (Theorem 6.5) we settle this issue, by proving that the homotopy obstruction set
mo (LO(P)) has structure of a monoid. The definition, in item 4, of Euler class group
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E(P) is new. In deed, for a line bundle L, E(L & A"~!) coincides with E"(A, L), as
defined in [7,6,18]. Further, under suitable smoothness conditions, the results in item 4
(see §7 for more details), establish a relationship, as in (4a), (4b), between homotopy
obstructions my (LO(P)) and the Euler class group E(P), which ties together the two
components of the germs of ideas originally given by Nori (around 1990). When n = d,
k is algebraically closed, P = @Q & A, under suitable other conditions, we establish that
7o (LO(P)) coincides with the Chow group CH?(A) of zero cycles.

While we described our results above, in terms of mg (LO(P)), there are three other
descriptions of 7y (LO(P)) available in §2. We use these descriptions of my (LO(P))
interchangeably. Consider the notations:

Q(P)={(f,s) e Pro&A:s(1—s) € f(P)}
Q(P):{(f,p,s) eEPrePdA: f(p)+s(s—1)=0}
QP)={(fpz) EPrOPDA: f(p)+22=1}

Given a polynomial extension A < A[T], substituting " = 0, 1, we have two set theoretic

maps, in each case
Q(P) <=2 Q(P[T]) =2~ Q(P)

oP) <=2 g(p[1]) = 9(P)

Q'(P) < Q/(P[T]) ~—~ Q'(P)
These lead to chain homotopy relations and accordingly, mo (Q(P)), mo (é(P)),
o (@’(P)) are defined. If and when 1/2 € A (which we often assume), there is a
bijection

Q(P) =5 Q'(P), which induces a bijection g (é(P)) 5 mo (@’(P)) .

In Section 2, we establish the following commutative diagram of natural bijections:

m0 (Q(P)) —Z= m (Q(P))

m
ﬁ/

™0 (LO(P))

We comment on the use of the phrase “Homotopy Program”. Perhaps, the phrase was
first used by Mandal, in a conversation with Nori to describe this whole set of problems.
Among what were encapsulated in the program are the following:
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1. (Part 1) A coherent theory of obstructions, based on homotopy was expected. It
was also expected that these homotopy obstructions would come together with the
concept of Euler class groups.

2. (Part 2) The theory should reconcile with the A'-homotopy approach (also known
as Motivic or Chow-Witt group approach [2,23]).

3. (Part 3) When A is a real smooth affine algebra, this algebraic homotopy obstruction
theory should also reconcile with the Topological counter part, in the sense analogous
to [17].

Results in this article addresses Part 1 of this program, in a comprehensive manner. In
deed, a coherent theory of homotopy obstructions is established, as was expected. Note
that the theory is not expected to behave too well for the lower half of the range of
n = rank(P). When P is not free, the definition of the Euler class group E(P) is new,
which was needed to bring the two components of the Homotopy Program together.
The destination of the road map that emerged out of the introduction of the Homotopy
Question (1.1) was not very well understood. This article clarifies and brings us to that
destination. This completes the Part 1 of the program. This was accomplished entirely
by the methods of commutative algebra, which was possible due to the strength of the
Homotopy Question.

In a sense, Part 2 of the program was resolved in [1,15] fairly satisfactorily, by set-
tling the problem of Fabien Morel [23, pp. 13| affirmatively. It was established that,
under suitable regularity conditions, CH d(A) = (é(Ad)), where CH n(A) denotes
the Chow-Witt group of A, for n > 2, introduced in [2].

For clarity, let us specify that, for integers n > 2, four invariants of A has been dis-
cussed as obstruction houses. Namely, they are the Euler class groups E"(A, A), the

(naive) homotopy groups 7 (Q(A")), the A'-homotopy groups and the Chow-Witt

groups CH n(A) For our purpose, 7 (@(A")) coincides with Al-homotopy groups (see
[23, Remark 8.10]). We avoid discussions on complexities of various comparison theorems
between naive homotopy and Chow-Witt groups [23,1]. However, for each projective
A-module P, this article introduces two more invariants of P, namely the (Nori) Homo-
topy monoid my (LO(P)) = g (é(P)) and the Euler class group E(P). Newer questions
(A.6) have been raised, what would be an appropriate A'-homotopy or Chow-Witt inter-
pretations for mg (Q(P)), analogous to the original question of Morel [23, p. 13]. While

such an A'-homotopy interpretation would be of its own interest, this may become useful
for further study of the structure of these monoids 7 (Q(P)), like finite generation and
others. The Part 3 of the program would have to be addressed subsequently. It appears,
there is no well formulated or well studied topological counter part to these monoids
mo (LO(P)), in the literature.

We contrast Euler class groups E(A™) = E™(A, A), Chow Witt groups CH n(A), and
Homotopy obstructions 7y (LO(P)), along with the history. The goal, indeed a desire,
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that eventually emerged out of the introduction of the Homotopy Question (1.1), along
with the definition of E"(A, A) = E(A™), was to define an obstruction class e(P) in a
suitable obstruction set (desirably a group), for P to split off a free direct summand.
However, the study of Euler class groups E(A™) stole most of the attention, while the
study of the implications of the Homotopy Question (1.1) was largely left ignored. The
A'-Homotopy approach to Euler class groups emerged out of the introduction of Chow-
Witt groups Cr'\l/{n(A) in 2000 [2], followed by the book of Fabien Morel [23], in 2012.
Morel defined a surjective map E™(A, A) —» CH n(A), and indicated that this map could
be an isomorphism [23, pp. 13|, when n = dim A. Morel did not indicate that some
variation of his A'-Homotopy approach, may lead to a definition of an obstruction class
£(P), to split off a free direct summand. Both E(A") and CH n(A) are invariants of A.
They are not precise enough to house such an obstruction class e(P). Even the Euler
class groups E(P) defined in this article (4) are not large enough to house such an ob-
struction e(P). Nori provided the precise insight (1.1), exactly what would work (around
1990). This article brings Nori’s insight to the fullest fruition and establishes that the
Homotopy obstruction set 7o (LO(P)) is the appropriate set to house such an obstruction
e(P).

We comment on the organization of this article. First and foremost, it is best that
the reader is familiar with the introduction of [15]. In section 2, we lay out the basic
definitions and the foundation of this article. In this section, we define the Homotopy
obstruction set my (LO(P)), and give three other descriptions of the same, as mentioned
above. In section 3 we prove that the chain homotopy relations on o (P), is indeed
an equivalence relation, under further regularity hypotheses. In section 4, we prove our
main results on lifting and splitting, which are independent of the additive structure on
mo (LO(P)). In section 5, we define the involution map T" : mg (Q(P)) — T (é(P)),
which may be thought of as a substitute for the additive-inverse map, without any regard
to the existence of any additive structure on 7 (Q(P) . In section 6, we establish the

monoid structure on g (@(P)) In section 7, we define the Euler class group E(P), and
compare it with the homotopy obstruction monoid 7 (é(P)), as well with Chow group
of zero cycles. In the Appendix A, we define g (@(P)) : Sch 4 — Sets, as pre-sheaf,

and raise the question (A.6) of its motivic interpretation.

Acknowledgment

The authors would like to thank Madhav V. Nori for his academic support, guidance
and for sharing his invaluable insight on this program, over a long period of time. Thanks
are also due to Marco Schlichting for clarifying some of the results in [23].

2. Foundation of homotopy obstructions

In this section, we establish some notations and, for a projective module P, over a
noetherian ring A, give several descriptions of the homotopy pre-sheaves.
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Notations 2.1. Throughout, A will denote a commutative noetherian ring with dim A = d
and k will denote a field. Often, but not always, we will assume 1/2 € A and/or k C A.

For A-modules M, N, we denote M[T]:= M ® A[T] and M* = Hom(M, A). For f €
Hom(M,N), denote f[T]:=f®1¢€ Hom(M[T] N[ ]) Homomorphisms f: M — %
would be identified with the induced maps W — 1z

For surjective homomorphisms w; : M — 12, M — }%, where I, I, are two
ideals, with Iy + Io = A, wi *wo : M —» (111112)2 w111 denote the unique surjective map
induced by wq, ws.

For a projective A-module P, Q(P) = (Q(P),q) will denote the quadratic space
H(P) L A, where H(P) = P*® P is the hyperbolic space. So, P*®P® A is the underlying
projective module of Q(P) and, for (f,p,s) € P* & P& A, q(f,p,s) = f(p) + s°.

The category of (noetherian) schemes over Spec (A) will be donated by Sch,. The
category of sets will be denoted by Sets. Given a pre-sheaf F : Sch, — Sets, and a
scheme X € Sch 4, define 7y(F)(X) by the pushout

F(X x AY) F(X)
T_ll l in Sets (2)
F(X) 7o (F)(X)

So, X — m(F)(X) is also a pre-sheaf on Sch,. For an affine scheme X = Spec (B) €
Sch, and a pre-sheaf F, as above, we write F(B) := F(Spec(B)) and mo(F)(B) :=
o (F)(Spec (B)).

Given a projective A-module P, we define a homotopy obstruction set mo(LO(P))
and establish various other descriptions of the same. These are analogous to similar
obstruction sets available in the literature, when P = A" is free.

Definition 2.2. Let A be a noetherian commutative ring, X = Spec(A4) and P be a
projective A- module By a local P-orientation, we mean a pair (/,w) where I is an ideal
of Aandw: P — % isa Slll“JeCthG homomorphism, which is identified with the surjective
homomorphism I’; 1—2, induced by w. A local P-orientation will simply be referred to
as a local orientation, when P is understood. Denote

LO(P) ={(I,w) : (I,w) is a local P orientation}

Q(P)={(f.s) e Pr@&A:s(1—5) € f(P)} 5
Q(P) {(f,p,s) EP*®PBA: f(p)+s(s—1)=0}
Q(P)={(f,p.2) EP*®PBA: f(p)+22=1}
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There is a commutative diagram of set theoretic maps, denoted as follows:

= 174

QP) —= Q(P)

ni / where, for (f,p,s) € Q(P), v(f,p.s)=(f,s) (4)
LO(P)

and n'(f,s) = n(f,p,s) = (I,w), where I = f(P)+ As and w : P — % is the homomor-
phism induced by f. These maps 7,7n’, v are surjective. If and when 1/2 € A (which we

often assume), there is also a bijection
K Q(P) = @’(P) sending (f,p,s) — (2f,2p,2s — 1) (5)

Now, suppose P is a fixed projective A-module, and schemes Y € Sch,, with 7 : Y —
Spec (A). Then, LO(7*P), Q(7*P), Q(7*P), Q'(7*P) are likewise defined (3). The as-
sociations Y — LO(m*P), Y = Q(1*P), Y — Q(n*P), Y — é’(w*P) are pre-sheaves
on Sch,. However, the pre sheaf nature of Y — LO(7*P) requires some clarification.
For example, for a ring homomorphism § : A — B, and (I,w) € LO(P) is sent to
(B(P)B,w") € LO(P ® B), where w' : P® B — % is induced by w.

By the pushout diagram (2), applied to these pre-sheaves, the Homotopy obstructions
pre-sheaves

Y~ é(P)) (), are defined. (6)
m (Q(P)) ().

For historical reasons, we explicitly define the Homotopy obstruction set 7o (LO(P)), by
the pushout diagrams, in Sets, as follows:

LO(P[T)) LO(P)
T_ll l in Sets. (7)
LO(P) mo (LO(P))

In deed, mo (LO(P)) was the Homotopy obstruction explicitly envisioned by Nori
(see [13]).

For the convenience of our discussions, we make the following notational adjustment.
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Notations 2.3. Until Appendix A, we would only be interested in the value of the above
homotopy pre sheaves (6), when Y = Spec (A). To simplify notations, we will make the
following notational adjustment:

70 (Q(P)) =m0 (Q(P)) (4)
m (Q(P)) =m0 (Q(P)) (4)
7o (LO(P)) i= m (CO(P)) (4)

Technically, as well, this adjustment would not make any difference. We would prove
subsequently that all these sets are isomorphic, when 1/2 € A. This set 7o (LO(P))
would be referred to as Homotopy obstruction Set of P.

We record, the following basic lemma

Lemma 2.4. Use the notations as above (2.3) and assume 1/2 € A. Then, the bijection
K, induces an isomorphism

KT (é(P)) = 7 (@’(P))

Further, the maps n,v,n' (in diagram (/)) induce set theoretic maps, as denoted in the
commutative diagram of maps of pre-sheaves:

P)) om0 (Q(P))

o (é(
(LO(P))

Proof. It follows from definition of pushout. O

We proceed to prove that, the above is a commutative triangle of bijections:

We fix notations, for (f,p,s) € Q(P), its equivalence class in g (Q(P)) will be denoted

by [(f,p,s)] and similar notations will be used for (f,s) € Q(P) and (I,w) € LO(P).
Note, given (I,w) € LO(P), w lifts to a homomorphism f, as follows:
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I
N

By Nakayama’s lemma there is an element s € I such that (1—s)I C f(P). Consequently,
(f,s) € Q(P) and I = (f(P),s). This association would not be unique. Such a pair
(f,s) € Q(P) will be referred to as a lift of (I,w) in Q(P). Now define the map:

X : LO(P) — m (Q(P)) by x(I,w)=][(fs)] €mo(QP)) (10)

where (f,s) € Q(P) is any lift of (I,w) in Q(P), (as in diagram (9)) and [(f, s)] is its
equivalence class. In several lemmas, we establish that y is well defined.

Lemma 2.5. Use the notations as in (2.3). Let (I,wr) € LO(P) and (f,s) € Q(P) be a lift,
as in diagram (9). Further, assume that t(1 —t) € f(P), with I = (f(P),s) = (f(P),?).
Then

[(f;9)] = [(f, )] € w0 (Q(P)).-
Proof. First note, (1 —s)I C f(P) and (1 —t)I C f(P). Write I[T] = I A[T]. So,
I[T] = f(P)A[T] + sA[T] = f(P)A[T] + tA[T].
Let S(T) =t + T(s — t). Clearly, S(T) € I[T]. Further,
Claim. (1 — S(T))I[T] C f(P)A[T].

We have (1 —S(T))I[T] = (1—-S(T)) (f(P)A[T] + sA[T]). So, we only need to prove
that (1 — S(T))s € f(P)A[T]. But

1-ST))s=0-t)s—T(s—t)s=1—t)s—T[(s—1)s+ (1 —t)s] € f(P)A[T]

So, the claim is established. Therefore, (1 — S(T))S(T) € f(P)A[T]. Denote f[T] :=
f®1 47y Then, f[T]: P[T] — f(P)A[T]is a surjection. Clearly, (f[T], S(T)) € Q(P[T]).
Now, (f[T],S(T))r=0 = (f,t) and (f[T],S(T))r=1 = (f,s). The proof is complete. O

Lemma 2.6. Use the notations as in (2.3). Suppose (I,w) € LO(P) and f, g be two lifts
of w as follows:

P%f P ——= g(P)

\{ N
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> I=(f(P),s)=(9(P),t) and s(1 —s) € f(P), t(1—1t) € g(P).
Then
[(f,9)] = [(g,1)] € w0 (Q(P))
Proof. Note, (g — f)(P) C I%. Let F = f[T]+T(g[T] - f[T]) € P[T]*. It is obvious that
IT) = F(P[T)) + I[T)?
For completeness, we give a proof.
Veel,x=(1-s)z+sz=f(p)+sz where p€ P, szl

So,

So,
3 S(T) e I[T] > (1 - S(T)I[T) C FIT|(P[T])
So, (F[T), S(T)) € Q(P[T]). Therefore,
[(£,5(0))] = [(F(0),5(0))] = [(F(1),S(1))] = [(9.S(1))]
Now, the proof is complete by (2.5). O

Theorem 2.7. Use the notations as in (2.3). Let (I,w) € LO(P). Then, x(I,w) as defined
in equation (10), is well defined.

Proof. Follows from Lemma 2.6. O
Now, we prove that 7 is a bijection, as follows.
Theorem 2.8. Use the notations as in (2.3). Then, the map

v:mp (Q(P)) — 70 (Q(P)) is a bijection.

Proof. Define a map ¥ : Q(P) — mg (@(P)) as follows: Given (f,s) € Q(P), I p €
P > f(p) =s(1—s). Define

Wo(f.s) 1= [(f.p, )] €m0 (QP)) -
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We show that this association is a well defined map. To show this, suppose there is
another ¢ € P such that f(¢) = s(1 —s). Note f(p —q) = 0. So, f[T](p+T(qg—p)) =
f(p) +Tf(qg—p) = f(p) +0=s(1—s). Therefore,

H(T) == (f[T),p + T(q - p),s) € Q(P[T])

and, hence

H(0) = (f,p,s) ~ H(1) = (f,q,5).
This establishes that ¥y is well defined. Now, we show that ¥, is homotopy invariant.
To see this, suppose H(T) = (F,S(T)) € Q(P[T]). Then, S(T)(1 — S(T)) = F(p(T)),
for some p(T') € P[T]. Write H = (F,p(T),S(T)) € Q(P[T]). So,
Wo(F(0),5(0) = [H(0)] = [H(1)] = Wo(F(1),5(1))
This establishes that ¥y factors through a map
U : o (Q(P)) — mo (Q(P)) .
It is easy to check that 7 and W are inverse of each other. The proof is complete. O

Lemma 2.9. Use the notations as in (2.3). Then, the map x : LO(P) — m (Q(P)) (see
(10)) induces a well defined map X : o (LO(P)) — 7o (Q(P)), which is the inverse of
the map 7 : mo (Q(P)) — mo (LO(P)).

Consequently, all the maps 1, 7', U in diagram (8), are bijections.

Proof. The latter statement follows from the first one. Given a homotopy H(T) €

LO(P[T)), it lifts to a homotopy H(T) = (F(T),S(T)) € Q(P[T)). So, x(H(0)) =
[(F(0),5(0)] = [(F(1),5(1))] = x(H(1)). So, x is homotopy invariant, hence ¥ is well
defined. It is easy to see that this induced map is the inverse of 7. The proof is com-
plete. O

Corollary 2.10. Use the notations as in (2.3). Recall the notation

Qan(A) = {(ml,...,xn;yl,...,yn;z) € A%t inyi =z(1 —z)}

If P = A" = ®Ae; is free, then Qon(A) = Q(P) is a bijection. This bijection induces a
bijection mo (Q2n(A)) = 7o (Q(P))

Before we proceed, we introduce the following notions.
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Notations 2.11. Suppose A is a commutative noetherian ring, with dim A = d and P is a
projective A-module, with rank(P) = n. Denote ( =71y : LO(P) — 7 (Q(P)) and

(o : Q(P) — mo (@(P)) So, we have a commutative diagram:

Remark 2.12. The equation Y ., X;Y; + Z(Z — 1) = 0 would be the main motivation
behind the definition of Q(P). For a field k and the ring #(k) = k([lel:l)?inyl?Z(z%l)Z)]v
Swan [31] computed the total Chow ring CH (A(k)) of #(k). This ring (k) is sometimes
referred to as the universal ring, for complete intersections. Using the structure of the
Chow ring CH(#(k)), together with Riemann-Roch Theorem, Mohan Kumar and Nori
[26] proved that the ideal T = (X7,..., X,, Z)%(k) C Z(k), is not image of a projective
A(k)-module of rank n.

In the more recent past, the notation Qa, := Spec (#(k)) has been somewhat standard

in the literature of the motivic approach to Euler class theory.

In fact, sometimes it would be convenient to work with Q(P) than £O(P). This is
due to the fact that, when 1/2 € A, @(P) ~ o (P), which has a nice quadratic structure
that we can exploit (see §3).

3. Homotopy equivalence

In this section, we prove the following key homotopy theorem.

Theorem 3.1. Let A be a regular ring over a field k, with 1/2 € k. Let P be a projec-
tive A-module, with rank(P) = n > 2, and (Q(P),q) = H(P) L A (see 2.1). Recall
Q'(P) C Q(P) = P* & P® A. Suppose H(T) € Q'(P[T)). Then, there is an orthogonal
transformation o(T) € O(Q(P[T)),q), such that

H(T) = o(T)(H(0)) and  o(0) = 1.

Proof. Let H(T) = (f(T),p(T), s(T)) € Q' (P[T]) be a homotopy, as above. So, H(0) €
Q/(P). Then,

A[T|H(T) =2 A[T|H(0) = (A[T], q0) are isometric,
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where qp is the trivial quadratic space of rank one. The bilinear inner product in Q(P)

will be denoted (—, —). We have the following split exact sequences of quadratic spaces:
(H(T),—)
00— K —— Q(P[T)) AT ——=0
0 Ky Q(P) A 0

(H(0),—)

Therefore, K = (A[T|H(T))", Ko = (AH(0))" are orthogonal complements. Write K :=
K® %. Note, for p € Spec (4), Q(P), = (A, gant1), where o1 = Y 1y X;Y; + Z2.
So, K, & (Kj),, are isometric. It is standard (see [15, Lemma 4.1]), that (Ky), =
(A H(0)* = (4, gan), where g2, = Y1 | X;Y;. In other words, K is locally trivial. By
the Quadratic version [15, Theorem 3.5] of Lindel’s theorem [11], there is an isometry
7 : K = K ® A[T). Further, it follows K = (AH(0))" 2 K. Therefore, there is an
isometry og : K — Kj, which extends to an isometry oo ® 1 : K ® A[T] — Ko ® A[T].
Then, 01 := (0p ® 1)7: K =3 Ky ® A[T] is an isometry. Finally, note

(A[TTH(T), qammyar)) = (A[T], q0) = (A[T]H(0), g ar)E(0))-

Now, consider the diagram

(H(T),—)
0 K Q(P[T)) AlT] 0
o1 : o(T) (11)
Y
0 —— Ko ® A[T] —— Q(P[T)) A[T] 0

(H(0),—)

of quadratic spaces. In this diagram, the horizontal lines are split exact sequences of
quadratic spaces. Hence, there is an isometry o(7T') € O (Q(P][T]), q), such that the dia-
gram commutes. That means, for all v € Q(P[T)), we have (H(T),v) = (H(0),o(T)v).
Replacing o(T) by o(T)~!, we have o(T)H(0) = H(T). So, we have o(0)H(0) = H(0).
Again, by replacing o(T) by o(T)o(0)~!, we have o(0) = 1. The proof is complete. O

The following Corollary would be of some importance for our future discussions.

Corollary 3.2. Let A be a regular ring over a field k, with 1/2 € k. Let P be a projective
A-module, with rank(P) = n > 2, and (Q(P),q) = H(P) L A. Let u,v € Q'(P) be
such that [u] = [v] € mg (@’(P)) Then, there is a homotopy H(T) € Q'(P[T)) such that
H(0) = u and H(1) = v. Equivalently, for u,v € Q(P) if {o(u) = (o(v) € mo (@(P)),
then there is a homotopy H(T) € Q(P[T]) such that H(0) = u and H(1) = v.
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Proof. Suppose u,v € Q(P) such that [u] = [v] € 7o (é’(P)) Then, there is a se-
quence of homotopies Hy(T), ..., Hy,(T) € Q(P[T]) such that u =: ug := H;(0),
Uy, = Hp(l) =vandVi=1,...,m—1, we have u; := H;(1) = H,;11(0). By Theo-
rem 3.1, for ¢ = 1,...,m there are orthogonal matrices o;(T) € O(Q(P[T]), q) such that
0;(0) =1 and H;(T) = 0;(T)H;(0) = 0;(T)u;—1. Therefore, u; = H;(1) = o;(1)u;_1.
Write H(T) = om(T)---o1(T)ug. Then, H(T) € Q'(P[T]) and H(0) = uy and
H(1) = u,,. This establishes first part of the statement on g (@’ (P)) The lat-

ter assertion on g (Q(P)) follows from the former, by the bijective correspondences

Q/'(P) =5 Q(P) and Q'(P[T]) =+ Q(P|T]). This completes the proof. O

Remark 3.3. Another way to state (3.2) would be that the homotopy relation on Q(P)
is actually an equivalence relation.

In a slightly more formal language, the above is summarized as follows.

Theorem 3.4. Let A be a regular ring over a field k, with 1/2 € k. Let P be a
projective A-module, with rank(P) = n > 2, and (Q(P),q) = H(P) L A. For,
o(T) € O (Q(P[T)),q) and u € Q' (P), define the (left) action o(T)u := o(1)u € Q'(P).
Denote O (Q(P[T)),q,T) ={o(T) € O(Q(P[T)),q) : 0(0) = 1}. Then, the map

Q'(P)
0(Q(P),q,T)

Proof. Similar to the proof of (3.2). O

— o <@/(P)) is a bijection.

4. Homotopy triviality and lifting

In this section, under further smoothness conditions, we establish that for (I,w;) €
LO(P), the triviality of ¢(I,w;) implies that wy lifts to a surjective map P — I. We
start this section with the following notations and definitions.

Definition 4.1. Suppose A is a commutative noetherian ring, with dim A = d and P is
a projective A-module, with rank(P) = n. There are two distinguished points in Q(P),
namely:

0:=(0,0,0) € Q(P), 1:=(0,0,1) € Q(P)

We denote ey = (o(0) € 7o (@(P)) , and ey = (o(1) € mo (é(P)) .

Use the same notations eg, e; € my (LO(P)) = mg (é(P)), to denote their respective
images. Define the obstruction class

e(P) := e € mo (LO(P)) 2 mo (’Q“(p)) .
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In the light of (1.1), e(P) will be referred to as (Nori) Homotopy Class of P, which may
sometimes be shortened. Note, for any f € P* and p € P, ¢(P) := ey = {o(f,0,0) =

6o(0.p,0) € mo (Q(P)):
We record the following obvious observation.

Lemma 4.2. Suppose A is a commutative noetherian ring with dim A = d and P is a
projective A-module. Let p € P and f € P* be such that f(p) =1 (ie. P=Q & A). Let

0=(0,0,0), u=(£,0,0), 1=(0,0,1) € O(P).
Then, (o(0) = (o(u) = (p(1) € 1o (@(P)) In other words,
€(P) =e€p = eq.

Proof. The first equality is obvious and was mentioned above (4.1). To prove the second
equality, write H(T) = (1 —=T)f,Tp,T). Then, (1 —=T)f(Tp) =T(1 —T). So, H(T) €
Q(P[T)). We have H(0) = u and H(1) = (0,p,1).

Now write G(T) = (0,(1 — T)p,1)) € Q(P[T]). Then, G(0) = (0,p,1) and G(1) =
(0,0, 1). The proof is complete. O

The following is the main result in this section.

Theorem 4.3. Suppose A is an essentially smooth ring over an infinite perfect field k,
with 1/2 € k and dim A = d. Let P be a projective A-module with rank(P) = n, with
2n > d + 3. Suppose (I,wy) € LO(P), with height(I) > n. Then, wy lifts to a surjective
map P — I if and only if e(P) = ((I,wy).

Proof. Suppose wy lifts to a surjective map f : P — I. Write H(T) = (f(7),0,0) €
Q(PI[T]). Then, ((I,wr) = (o(H(1)) = C(H(0)) = (o(0) = e(P).

Conversely, suppose ((I,wy) = (p(0). For notational convenience, fix fo € P*, and
let vo = (fo,0,0) € Q(P). Then, ¢(I,w;) = (o(0) = Co(vo). There is an element u =
(f1.p1,51) € Q(P) such that n(u) = (I,w;). By Moving Lemma argument 4.5 (below),
we can assume that height(fo(P)) > n and height(f1(P)) > n. We have, {o(u) = {o(vo).
By (3.2), there is a homotopy H(T) = (f(T),p(T), S(T)) € Q(P[T]) such that H(0) = vg
and H(1) = u. Write n(H(T)) = (J,Q). We would apply [3, Theorem 4.13], for which we
would need height(J) > n. So, we modify H(T'), as follows. Denote Z(T) = 1 — S(T).
Write &2 = {p € Spec (A[T]) : height(p) <n—1,T(1 —-T)Z(T) ¢ p}. For p € 2, let
d(p) be the maximum of the length of chains in &, ending at ©. Then 6 : & — N
is a generalized dimension functions (consult [12, pp. 36-37]). Note, V p € &, we have
§(p) < n—1. Now, (f(T),T(1 -T)Z(T)?) € P[T]* @ A[T] is basic on . So, there is
an element g(T) € P[T]* such that F(T) = f(T) +T(1 — T)Z(T)?g(T) is basic on 2.
It follows, F(0) = f(0) and F (1) = f(1).
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We have Z(T)(1 — Z(T)) = (1 — S(T))S(T) =

Write J = (f(T)(P[T]), Z(T)). Then J = (F(T)(P[T]), Z(T)). Write M = g5lprry-
Let p1,...,pm be a set of generators of P. So, J is generated by f(T)(p1),..., f(T)(pm),
Z(T). Use “overline” to denote the images in M and repeat the proof of Nakayama’s
Lemma, as follows:

T 00 - 0 —TU-T)ZID)g(T)(p1) )
W) | (00 0 TO-T)ZT)T) ) @) 72)
. =1lo o - 0 .. .
f(%m) 00 - 0 _T(l - T)Z(T)Q(T)(pm) f(%m)
T) 00 - 0 ZI)-TA-T)Z(T)g(T)(p(T)) (
So,
10 0 T(1-T)Z(T)g(T)(p1) F(T)(p1) 0
001 - 0 T(1 - T)Z(T)g(T)(p2) TT)(p2) 0
0 0 0 . . =1 ...
00 o 1 T -T)ZT)T)pn) T | | 0
0 0 0 1—Z(T)+T(1—T)Z(T)g(T)(p(T)) Z(T) 0

With Z/(T) = Z(T) — T(1 — T)Z(T)g(T)(p(T)), the determinant of this matrix
is 1 — Z'(T). Tt follows, (1 — Z'(T))J < F(T)(P[T]). So, (1 — Z"(T))Z'(T) =
F(T)(q(T)) for some ¢(T) € P[T]. Note, Z’'(0) = Z(0) and Z'(1) = Z(1). Therefore,
(F(T),q(T),2'(T)) € QPIT]). Also, with S"(T) = 1 — Z"(T), (F(T),q(T),S(T)) €
S(P[T)). We have, S'(T)(1 — S'(T)) = (1 — Z/(T)Z/(T) = F(T)(q(T)) S'(0) =
1-2'(0)=1-2(0)=5(0)=0and S'(1)=1-2'(1)=1—-Z(1) = S(1).

Write H(T) = (F(T),q(T),S(T)) and n(H(T)) = (J,Q). It is clear H(0) =
(f0,4(0),0), H(1) = (f1,4(1), 5(1)). So, n(#(0)) = n(vo) and n(H(1)) = n(u) = (I,wr).

We have J' = (F(T)(P[T)),S'(T)). We claim that height(J') > n. To see this, let
J'" C o € Spec(A[T]). f T € p, then Iy := fo(P) C p and hence height(p) > n.
Likewise, if 1 — T € g, then I := f1(P) C p and hence height(p) > n. So, we assume
T(1—T) ¢ p. 1t Z(T) € p, then J = (F(T)(P[T)), Z/(T)) = (F(T)(P[T)), Z(T)) C p.
which is impossible because S’(T) € p. So, T(1 — T)Z(T) ¢ p. Since F is basic on 2,
height(p) > n. This establishes the claim.

So, H(T) = (F(T),q(T),$(T)) € O(P[T]) is such that n(H(0)) = (To,wr,),
n(H(1)) = (I,wr) and with n(H(T)) = (J', ), we have height(J') > n. f T € p €
Ass (A[T}) then (J(0),T) = (lo,T) C p. Then, height(p) > n + 1. This is impossible
because A[T] is regular (Cohen-Macaulay) and J’ is local complete intersection ideal.
Hence,
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ES
=
S

is a patching diagram (see (4.4) below). So, the map Q' : P[T] — ﬁ and fo: P — Iy

combines to give a surjective maps ¢ : P[T] — #C)Q Now, by [3, Theorem 4.13], there

is a surjective homomorphism ¢ : P[T] — J’ such that ¢(0) = fp and ¢ ® A},T] = .
Now, it follows that ¢(1) is a lift of w;. This completes the proof. O

We used the following lemma above, while it needs a proof. The standard references for
Patching diagrams are [22,28,27]. We will be specific in the following statement, because
the literature does not seem complete regarding definitions of Patching diagrams of
modules that are not projective.

Lemma 4.4. Let R be a noetherian commutative ring and A = R[T]. Let I be a locally

complete intersection ideal of A with height(I) =r. Assume T : 4 < 4 is injective (i.e.
T ¢ o€ Ass(4)). Then,

-
2

1 1
TI TI
L

I
2 4TI

~

is a Patching diagram, in the sense that it is a Cartesian square. Further,

Proof. The patching diagram follows, because I? N (T1) = TI?.
To see this, first we have T1? C 12N (TI). Suppose f € I?N(TI). Then, f = Tg with
g € I. Now, consider the map

I I

T: 72 — 2
. i . . . é . é é . . . . . . . . L
Since 7z is projective T-module and T : 7 < 7 is injective, T' is also injective on 5.

So, g€ I? So, f=Tg e TI?.
Now, we prove = — I(0). Obviously, the map is surjective. Suppose f(T) € I and
f(0) = 0. Then, f =Tg. Since T is non zero divisor on %, gel. So, feTl.
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Finally, we prove m% = %. Again, the map is on to. Suppose f(T') € I and

f(0) € 1(0)2. Then, £(0) = Zfi(O)Ogj(O). Then, f—>" fig; € (T)NI =TI (by the above,
if we like). So, f € I?+TI. O

We close this section with the following “moving lemma argument”, which is fairly
standard. A number of variations of the same (4.5) would be among the frequently used
tools for the rest of our discussions.

Lemma 4.5 (Moving Lemma). Suppose A is a commutative noetherian ring with dim A =
d and P is a projective A-module with rank(P) = n. Assume 2n > d+ 1. Let K C A
be an ideal with height(K) > n and (I,wr) € LO(P). Then, there is an element v =
(f,p,s) € Q(P) such that n(v) = (I,wy). Further, with J = f(P)+ A(1 — s), we have
height(J) > n and J + K = A.

Proof. Let fo: P — I be any lift of w;. Then, I = fo(P) + I?. By Nakayama’s Lemma,
there is an element ¢ € I, such that (1—¢)I C fo(P). Therefore, t(1—t) = fo(po) for some
po € P. (Readers are referred to [12] regarding generalities on Basic Element Theory and
generalized dimension functions.) Write

P ={p € Spec(A) : t ¢ p, and either K C p or height(p) <n — 1}

There is a generalized dimension function (see [12]) § : & — N, such that é(p) <
n—1V pe 2. Now (fy,t?) € P*@® A is basic on Z. So, there is an element g € P* such
that f := fo+1t?g is basic on 2. It follows, f(P)+At = fo(P)+At = [ and I = f(P)+I>.
By Nakayama’s Lemma, there is an element s € I, such that (1 —s)I C f(P) and hence
f(p) =s(1—2s), for some p € P, Hence, I = (f(P),s). Now, write J = f(P) + A(1 — s).
For J C p € Spec(A), s ¢ p and hence ¢t ¢ p. Since, f is basic on &, height(p) > n.
This establishes, height(J) > n.

Now suppose J + K C o € Spec(A). By the same argument above, ¢ ¢ p. Hence,
p € &. This is impossible, because f is basic on &. So, J+ K = A. Now, v = (f,p,s) €
Q(P), satisfies the requirement. O

The following is a converse of Lemma 4.2.

Corollary 4.6. Suppose A is an essentially smooth ring over an infinite perfect field k,
with 1/2 € k and dim A = d. Let P be a projective A-module with rank(P) = n. Assume
2n > d+ 3. Then,

e(P)=e; <= PZ=ZQaoA

for some projective A-module Q.

Proof. Suppose P = Q @ A. Then, by (4.2), e(P) = ey = e;. Conversely, suppose
e(P) = eg = e1. Fix fy € P* such that height(fo(P)) = n. Then, (o(fo,0,0) = ey = e;.
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Then, it follows from Theorem 4.3 that 7(0,0, 1) lifts to a surjective map P — A. This
completes the proof. O

5. The involution

In this section, we introduce an involution map I' : mg (@(P)) — o (@(P)) This
can be thought of as a substitute to additive inverse map, without any regard to existence
of an addition.

Definition 5.1. Suppose A is a commutative noetherian ring and P is a projective
A-module, with rank(P) = n. For (f,p,s) € Q(P), define I'(f,p,s) = (f,p,1 — s).
This association, v — I'(v), establishes a bijective correspondence

I:Q(P) =5 Q(P), suchthat I'?=1.

We would say that I is an involution on Q(P)7 which will be a key instrument in the sub-
sequent discussions. (This notation I' will be among the standard notations throughout
this article.)

We record the following obvious lemma.

Lemma 5.2. Suppose A is a commutative noetherian ring and P is a projective A-module,
with rank(P) = n and T : Q(P) — Q(P) is the involution. Let v = (f,p,s) € Q(P)
and denote n(v) = (I,wy) and n(T'(v)) = (J,wy). Then,

1. InJ = f(P).
2. For H(T) € Q(P[T)), we have T(H(T))r— = T(H(t)).

3. Therefore, ¥V v,w € Q(P) Co(v) = Co(w) <= (H(T'(v)) = ¢ (T(w)).
In deed, T factors through an involution on g (@(P))7 as follows.

Corollary 5.3. Suppose A is a commutative noetherian ring and P is a projective
A-module, with rank(P) = n. Then, the involution T : Q(P) — Q(P) induces a

bijective map T : mo (@(P)) - 7 (é(P)), such that I = 1 and (oI = ['¢y. We say T
is an involution. (The notation [ will also be among our standard notations throughout
this article.)

Proof. First, consider the map (I : Q(P) — (@(P)) For, H(T) € Q(P[T)), we
have (eI'(H(0)) = (oI'(H(1)). Therefore, (oI is homotopy invariant. Hence, it induces a
well defined map T : g (é(P)) — 7 (@(P)) Clearly, I2 = 1 and T is a bijection.
The proof is complete. O



S. Mandal, B. Mishra / Journal of Algebra 540 (2019) 168—-205 189

The following is a way to compute the involution.

Corollary 5.4. Suppose A is a commutative noetherian ring and P is a projective
A-module, with rank(P) = n. Suppose (I,w) € LO(P). For any v = (f,p,s) € Q(P)
with n(v) = (I,w), write n(T'(v)) = (J,wy). Then,

F(C(1,w)) = ((Jws) €m0 (O(P)) .
Proof. Obvious. O
The following is another version of the Moving Lemma 4.5.

Lemma 5.5 (Moving Representation). Suppose A is a commutative noetherian ring, with
dim A = d. Let P be a projective A-module, with rank(P) = n and 2n > d + 1. Let
T € m (@(P)) and let K C A be an ideal with height(K) > n. Then, there is a local
P-orientation (J,wy) € LO(P) such that x = ((J,wy), height(J) >n and J + K = A.

Proof. Let z = ¢(I,w;). First, n(u) = (I,w;) for some u € Q(P). Denote (Iy,wy,) :=
n(T'(u)). Then, T'(z) = ¢(Ip, wr,)- B

Now, we apply Moving Lemma 4.5, to (Ip,wy,) and K. There is v € Q(P), such that
n(v) = (Ip,wr, ), and with n(I'(v)) = (J,wy), we have height(J) > n and J + K = A.

Now, z =T'(T'(z)) = T'((({o, w1, )) = {(J,wys). The proof is complete. O
6. The monoid structure on 7o (LO(P))

In this section, we define and establish a natural monoid structure on the homotopy
obstruction set o (LO(P)) = mg (é(P)), when 2rank(P) > dim A+2 and A is a regular
ring over a field k, with 1/2 € k. We start with the following basic ingredient of the group
structure.

Definition 6.1. Let A be a commutative noetherian ring, with dim A = d, and P be a
projective A-module, with rank(P) = n > 2. Let (I,wy), (J,wy) € LO(P) be such that
I+J=A Let w:=wrrwy: P —» % be the unique surjective map induced by wy,w;.
We define a pseudo-sum

(I,OJ])—T-(J, OJJ) = (IJ,LU) € o (EO(P)) .
Note, pseudo-sum commutes.
In the rest of this section, we establish that the pseudo sum respects homotopy, when

2n > d+2, and A is a regular ring over a field k, with 1/2 € k. Consequently, this leads
to a addition operation on 7y (LO(P)). The following is the key lemma.
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Lemma 6.2. Let A be a commutative noetherian ring and P be a projective A-module,
with dim A = d, rank(P) =n, and 2n > d + 2. Consider a homotopy

H(T) = (f(T),p(T), Z(T)) € Q(P[T)).
Write n(H(0)) = (Ko, wk,) and n(H(1)) = (K1,wk, ). Further suppose (J,wy) € LO(P)
such that Ko+ J = K1+ J = A and height(J) > n. Then, there is a homotopy

H(T) € Q(P[T)) such that n(H(0)) = (KoJ,wk,s) and n(H(1)) = (K1J,wk, ), where,
fori=0,1wg,j =wg, xwy: P — % Consequently,

(KO,WKO)‘T‘(J7WJ) = (Kl,le)—T—(J,wJ) € o (ﬁO(P)) .

Proof. We will write f = f( ), p = p(T) and Z = Z(T). Denote Y = 1 — Z and
n(C(H(T)) = (J,wy). Then, J = (f(P[T]),Y). Write

P ={p € Spec(A[T]) : YT(1 =T) ¢ p,J C p}.

There is a generalized dimension function ¢ : & — N such that V p € &, §(p) <

dim(ﬁl[?ﬂ) < d+1—height(J) <d+1—n < n—1. Further, (f,Y2T(1—1T)) is a basic

element in P[T]* ® A[T], on &. Therefore, there is an element A := \(T") € P[T]* such
that

f'=f+Y?*T(1—-T)\ is basicon 2. So, f(0)=f(0), f'(1)= f(1).
We have J = (f(P[T)),Y) = (f/(P[T]),Y). Further,
Z0=2)=Y(1=Y)=f(p) = ['(p) = Y*T(1 = T)A(p).
So,
Y = f'(p) - Y?T(1 —T)\(p) + Y?

Write M = ﬁ%ﬂ)' Let p1,...,pm be a set of generators of P. Use “overline” to indicate
images in M. We intend to repeat the proof of Nakayama’s Lemma and we have

f(p) 0 0 0 —Ap)YT(1-T) fp1)

f(p2) 0 0 0 —Alp)YT(A-T) f(p2)

f(pm) 0 0 0 —Apn)YT(1-T) f(pm)
Y 0 0 0 0 Y-ApYT(1-T) Y
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0 0 Ap)YT(1-T) f(p1) 0
0 1 0 Ap2)YT(1—T) f(p2) 0
0 o --- 1 )\(pm)YT(l - T) f(pm) . 0
0 0 0 0 1-Y+ApYTQ-T) Y 0

Multiplying by the adjoint matrix and computing the determinant, with Y/ = Y —
Ap)YT(1—T), we have

(1=Y"J C f'(PIT)).
We have Y'(0) =Y (0) =1—-Z(0), Y'(1) =Y (1) =1 — Z(1). Further,

Y'1-Y')=f'(p)  forsome p € P[T].

Therefore H(T)=(f",p,Y) e @(P[T])

We have

In fact, n(H'(T)) = (J,wy) and write n(T'(H'(T))) = (I,wy). Claim
I+ JA[T] = A[T]. i.e. (f(P[T)),1=Y")+ JA[T] = A[T).
To see this, let
I 4 JA[T] C p € Spec (A[T])
1. Y € p then J = (f/(P[T),Y) = (f(P[T]),Y') C p. So, Y’ € p, which is
impossible, since 1 — Y’ € p. So, p € D(Y).
2. Since f’ is unimodular of &2 and p € D(Y'), we must have T(1 —T') € p.
3. Now, T € p implies,

1(0) + J = (f/(0)(P), 1 =Y'(0)) + J = (f(0)(P), 1 =Y (0)) + J =Ko+ J=AC p

which is impossible.
4. Likewise, 1 — T € p implies,

I()+J=()(P),1-Y'1)+J=(f0)(P),1-Y(A)+J=K,+J=AC p.

This is also impossible.
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This establishes the claim. Recall, wy : P[T] — £5 is induced by f’. Extend wy : A" — %

to a surjective map w4 : A[T]" — ﬁﬂ[TT]]. Let

JI

Q= wr xwyam ¢ PT] — T2

be induced by wy, and w7y

Now, there is a homotopyH(T) € Q(PI[T]), such that n(H(T)) = (LJA[T], Q). Specializ-
ingat T=0and T =1, we have

n(H(0)) = (KoJ,wror),  n(H(1)) = (K1J,wk, 1)
The proof is complete. O
Now, we define addition on 7y (LO(P)).

Definition 6.3. Let A be a regular ring, containing a field k, with 1/2 € k, with dim A = d.
Let P be a projective A-module, with rank(P) =n > 2, and 2n > d + 2. Let =,y €
o (LO(P)). By Moving Lemma 5.5, we can write = [(I,wr)], y = [(J,ws)], for some
(I,wr), (J,wy) € LO(P), with height(IJ) > n, and I + J = A. Define

r+y:=(Iw)+(J,wy) € mo (LO(P)) as defined in (6.1).
We establish that « 4 y is well defined (6.4).

Proposition 6.4. Under the setup and notations, as in (0.3), x +y is well defined.

Proof. Let x = [([1,wr,)],y = [(J1,ws,)] € mo (LO(P)), be another pair of choices, as in
(6.3). That means, height(l;J1) > n, I + J; = A. We prove

(Lown)+(J,wy) = (I1,wr,)+(J1,wy, ).

By Moving Lemma 4.5, there is (K, wg) € LO(P) such that z = [(K,wk)], height(K) >
nand K+ NJ; = A.

We have u,u; € Q(P) such that n(u) = (I,w;), and n(u;) = (K,wg). Since z =
[(I,wr)] = [(K,wk)] € T (LO(P)), it follows u, uy are equivalent in Q(P). By (3.2),

there is a homotopy H(T) € Q(P[T]) such that H(0) = u, and H(1) = u;. It follows
from Lemma 6.2,

(Lwn)+(J,wy) = (K wi) H(J,wy) = (Jwg)+HK, wk)
Likewise, the above is
= (lewh)"T'(Kva) = (K7WK)"T'(J17WJ1) = (Ilvwh)_T'(lewh)

The proof is complete. O



S. Mandal, B. Mishra / Journal of Algebra 540 (2019) 168—-205 193

The final statement on the binary structure on 7o (LO(P)) = g (@(P)) , is as follows.

Theorem 6.5. Suppose A is a regular ring over a field k, with 1/2 € k and dim A = d.
Let P be a projective A-module with rank(P) = n. Assume 2n > d + 2. (Subsequently,
we use the notations in 7o (LO(P)) and 7o (é(P)) interchangeably.) Then, the addition
operation on mo (LO(P)), defined in (6.3) has the following properties.

1. The addition in mo (LO(P)) is commutative and associative. Further, the image
e; = [(4,0)] € m (LO(P)), of (0,0,1) € Q(P), acts as the additive identity in
7o (LO(P)). In other words, mo (LO(P)) has a structure of an abelian monoid.

2. Leteg := [(0,0)] € mo (LO(P)) be the image of (0,0,0) € Q(P). Then, z+T () = e,
V z € w0 (LO(P)), where T is the involution map.

3. If eg = e; € my (LO(P)), then mo (LO(P)) is an abelian group, under this addition.
(Recall (4.6), if 2n > d + 3, and if A is essentially smooth over an infinite perfect
field, then eg = e if and only if P = Q @ A.)

Proof. Given z,y,z € mo (LO(P)), by the Moving Lemma 5.5, we can write
z=[(K,wk)l, y=[T,wr)], z=[(J,ws)] 2 K+I=K+J=1I+J=A4
and height(K) > n, height(I) > n, height(J) > n. By definition (6.3),

(z+y) + 2= (K,wr)+(Lwr)FHJwy) =2+ (y + 2).
and r4+y= (K wg)+I,w) =, w)+ K wg) =y -+

So, the associativity and commutativity hold. It is obvious that, for all z € my (LO(P)),
we have x + e; = x. So, e; acts as the additive identity. This establishes (1).

Let = = [(K,wk)] € mo (LO(P)), with height(K) > n. There is u = (f,p,s) €
with n(u) = (K,wg). Write n(T'(u)) = (I1,wr,). We can assume height(l;) >
follows.

o(P),
n. It

z+T(x) = (o(f,0,0) = eq. This establishes (2).

If e = e, it follows from (2) that, mo (CO(P)) has a group structure. This estab-
lishes (3).
This completes the proof. 0O

Remark 6.6. Use the notation as in (6.5). When ey # eq, the results in (6.5) describe a
situation similar to the construction of Witt group, from the monoid of isometry classes
of quadratic spaces.

For x,y € mo (LO(P)) define z ~ y if © + ney = y + mey, for integers m,n > 0.
This is easily checked to be an equivalence relation. Let E (7o (LO(P))) be the set of all
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equivalence classes. Then, E (mo (CO(P))) has a structure of an abelian group, induced
by the additive structure on mo (LO(P)). The natural map

{: o (LO(P)) — E (mo (LO(P)))

is a surjective homomorphism of monoids. The identity element of E (mo (LO(P))) is
l(eg) = L(e1). For z € my (LO(P)), the additive inverse of £(z) is £(T'(x)).
Clearly, if ey = eq, then E (w9 (LO(P))) = mo (LO(P)).

7. The Euler class groups

Suppose A is a noetherian commutative ring with dim A = d and P is a projective
A-module, with rank(P) = n. In this section, in analogy to the definition of the Euler
class groups E™(A) in [6,18], we define a group F(P), which would also be called the
Euler class group of P. Subsequently, we compare E(P) with mo (LO(P)). Also, refer to
some superfluous aspect of the definitions in [6,18], pointed out in [15]. (In the sequel,
for a set S, the free abelian group generated by S will be denoted by Z(S)).

Definition 7.1. Suppose A is a noetherian commutative ring, with dim A = d and P is a
projective A-module, with rank(P) = n > 0. Denote,

(Z,wr)

{(I,wr O(P) : height(I) = n},
{(L,wr)

O(P) : V(I) is connected and height(I) = n}.

LO™(P) eL

LOZ(P) eL
Let (I,wy) € LO™(P) and I = N,I; be a decomposition, where V(I;) C Spec(A)
are connected. The local orientation (I,wy) € LO™(P) induce (I;,wy,) € LOL(P), for
i=1,...,m. Denote

m

(Lwnz =Y (Inwr) € Z(LOZ(P)).

=1

A local orientation (I,w;) € LO™(P) would be called global, if w; lifts to a surjec-
tive map P — I. Let Z(P) denote the subgroup of Z (LO7 (P)), generated by the set
{I,wy)z : (I,ws) € LO™(P), and is global}.

Define

_ Z(£LO:(P))

E(P) = Z(P) to be called the Euler class group of P.

Images of (I,wr) € LO™(P) in E(P) will be denoted by (I,wy), which is same as the
image of (I,wy)z.

Subsequently, we assume eg = e; € my (LO(P)), and hence 7y (LO(P)) is a group. In
this case, we define a homomorphism p : E(P) — m (LO(P)), as follows.
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Definition 7.2. Suppose A is a regular ring over a field k, with 1/2 € k and dim A = d, and
P is a projective A-module with rank(P) = n. Assume 2n > d + 2. (Use the notations
n (6.6)). The restriction 3, of the map ¢, to LOT (P), gives the following commutative
diagram:

T

LO™(P — o (LO(P))

We assume ey = e;. So, mg (LO(P)) has the structure of an abelian group. The map
extends to a group homomorphism pg : Z (LOL (P)) — o (LO(P)).

Now suppose (I,wy) € LO"(P) is global. Let f : P — I be a lift of w and I =N, I;
be a decomposition of I in to connected components. Then,

m

(I,w)z =Y (Li,w;) € Z (LOL(P)).

i=1
We have

m

po (I,w)z) =Y [(Ti,w)] = [n(f,0,0))] = eg = €1

i=1

Therefore, py factors through a group homomorphism p : E(P) — m (LO(P)). In fact,
p is surjective.

Proof. We only need to give a proof that p is surjective. For = € my (LO(P)), by 5.5,
x = [({,wy)] for some (I,wy) € LO™(P). Let I =N, I; be a decomposition, with V(L)

connected and w; : P — II—Q be the surjective map induced by w;. Then,

m

po((L,wn)z) =Y _[(Li,wi)] = [(1,wr)] € mo (LO(P)).

i=1

So, po is surjective and hence so is p. This completes the proof. O

Theorem 7.3. Suppose k is an infinite perfect field, with 1/2 € k and A is an essentially
smooth ring over k, with dim A = d. Suppose P is a projective A-module with rank(P) =
n and 2n > d + 3. Assume P =2 Q @ A. Then, g (LO(P)) is an abelian group and the
homomorphism p : E(P) — mo (LO(P)) is an isomorphism.

Proof. We only need to prove that p is injective. Let p(z) = 0 for some x € E(P). We can
write z = (I,wr), for some (I,wy) € LO"(P). By Lemma 4.2, we have [(I,w;)] = e1 = €.
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It follows from Theorem 4.3 that wy lifts to a surjective map f : P — I. Therefore, (I, wr)
is global. Hence x = (I,w;) = 0. So, p is an isomorphism. This completes the proof. O

Corollary 7.4. Suppose k is an infinite perfect field, with 1/2 € k and A is an essentially
smooth ring over k, with dim A = d. Suppose P is a projective A-module with rank(P) =

n and 2n > d+3. Assume P = Q@ A. Suppose (I,wr) € LO™(P) and (I,wr) =0 € E(P).
Then, wy lifts to a surjective homomorphism P — 1.

Proof. It is immediate from Theorem 7.3. O

In fact, a stronger version (7.5) of (7.4) follows, by the same arguments as in [6].
7.1. The vanishing of Euler cycles

We use the notations as in Definition 7.1. An element x € E(P) is, sometimes, referred
to as an Euler cycle. In this subsection, we prove a less restrictive version of Corollary 7.4.
We will follow the arguments in the proof of [6, Theorem 4.2], which mainly depends on
the availability of Subtraction and Addition Principles. Accordingly, the following is a
version of [6, Proposition 3.3].

Proposition 7.5. Suppose A is a noetherian commutative ring, with dim A = d and P is
a projective A-module, with rank(P) =n. Assume 2n > d+ 3 and P = Q @ A.
Let Jo, J1, J2, J3 C A be ideals, with height(J;) > n fori=0,1,2,3, Jo+ J1Jo = A
and JoJ1Js + J3 = A. Also, let
A

A
a:P—JyNnJ;, B:P— JyNnJy be surjective maps 9a®7=ﬁ®7.
0 0

Further, assume that there is a surjective map

A A
: P Ji N J: — = —.
Y —-»Ji1NJds 3 7®J1 04®J1

Then, there is a surjective map

A A A A
0:P— JyNnJ. 0R — = —, ®—= —.
2 3 > ®J3 ,7®J3a ®J2 ﬁ®J2

If A = R[X] is a polynomial ring over a regular ring R, over an infinite field k, same
is true, when 2n > dim A + 2.

Proof. Denotew0=a®% :6@%,w1 =a®% =’y®%,wz=ﬁ®%,w3:7®%.
By Moving Lemma 4.5 there is u = (f, p, s) € Q(P), such that

n(a) = (Jo,wo), n(l(a)) = (Js,ws), JiJoJs+Jy=A, height(Js) > n.

As is intended, f(P) = Jo N Jy, with Jo + J4 = A.
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Denote g := f: P — JyJy be the a surjective map defined by f. Then, g ® % = wp.
By Addition Principle [3, Theorems 5.6, 5.7], applied to v and g, there is a surjective
map

M:P—»(JlﬂJ;g)ﬁ(J()ﬁ,L;) = = W1 * w3,

e A A A

and /,L® = W * W4.

Jond 9N
It follows, p ® ﬁ =worw = a® ﬁ. By Subtraction Principle [3, Theorems
3.7, 4.11], applied to p and «, there is a surjective map v : P — J3 N Jy such that
V® ﬁ =u® ﬁ = w3 * w4. By Addition Principle [3, Theorems 5.6, 5.7], applied
to v and S, there is a surjective map

A:P—»(JoﬂJg)ﬂ(JgﬂJ;;) 5 A®

B®

wo * Wy

Jond P ann T

and, A® w3 * Wy.

g VO hng
Now apply Subtraction Principle [3, Theorems 3.7, 4.11], to A and g. There is a surjective
map

A

w20 3 0@ e =A@

wWo * W3.

So, 0 ® % =ws and 0 ® % = ws. The proof is complete. O
The following is the version of Corollary 7.1.

Theorem 7.6. Suppose A is a commutative noetherian ring with dim A = d and P is
a projective A-module, with rank(P) = n. Assume 2n > d+ 3 and P = Q @ A. Let

(Jywy) € LO™(P) and (J,wy) =0 € E(P). Then, wy lifts to a surjective map P — J.
If A = R[X] is a polynomial ring over a regular ring R, over an infinite field k, same
18 true when 2n > dim A + 2.

Proof. Suppose (J,wy) € LO™(P) and (J,wy) =0 € E(P). We have a set
{(Jt,w) : 1 <t <r+s}

such that

1. height(J;) = n.
2. There are surjective maps a; : P — J; such that a; lifts w;.
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3. And
r+s T
(Jwz+ Y (Jnw)z =Y (Jow)z in Z(LOY(P)) (12)
l=r+1 t=1

holds in the free group Z (LOZ(P)).

First assume that Jq, Js,...,J, are pairwise comaximal. In this case, J, Jr41,..., Jrts
are pairwise comaximal. Write

J=nZ2J,  J'=n_1Ji.  Then JnJ =J"

Further, by Addition Principle [3, Theorems 5.6, 5.7], there are surjective homomor-
phisms o’ : P — J' and o” : P — J” such that

r+s r+s
Sz =Y (Jnw)z, (J'wz= Y (Jow)z in Z(LOL(P))
t=r+1 t=r+1

where w’ = o/®A/J and w”’ = o’ ®A/J". So, by Subtraction Principle [3, Theorems 3.7,
4.11], there is a surjective homomorphism « : P — J such that a® A/J = " ®A/J = w.

Now, we consider that Ji,Js, ..., J, are not, necessarily, pairwise comaximal. Given
an Equation, as in (12), we would associate an integer n(Eqn—12) > 0, as follows. Let
S; be the set of all connected components of J; and S = Ul_,S;. For K € S, let n(K)+1
be the cardinality of the set {t : K 4 J; # A}. Let n(Eqn—12) = >, ¢ n(K). We have
n(Equ—12) = 0 if and only if Jy, Jo,. .., J, are comaximal.

Now, assume n(Eqn—12) > 1. Therefor, n(K) > 1 for some K € S. We can assume
K €S, and K + Jy # A. So, 3 K a connected component of J, such that K + K # A.

First, assume K # K. Both K, K cannot be connected component of J. (components
add up to A.) Without loss of generality, assume K is not a connected component of J.
Using Eqn-12, it follows that there is an integer I, with r+1 <1 < r+s, such that (1) K
is a connected component of J;, (2) @ A/K = a1 ® A/K. Assume | = r+1 and denote
wg = RA/K=01®A/K : P - K/K? We write J; = KNK; and J, 41 = KN K>
where K + K1 = A = K+ Ks. By Moving Lemma 4.5, applied to wg, := a1 ® Kil, there
is an ideal K3 such that (3) height(K3) > n, (4) K3 is comaximal to J, J;,V1 < j < r+s,
(5) there is a surjective map 8 : P — K3 N K; such that aqy ® A/K; = ® A/K;.

We have three surjective maps:

alzP—»KﬁK1, Oér+1ZP—»KﬂK2 ﬁiP—»KlmK3

By Proposition 7.5, there is a surjective map

A A A

o 5®E=5r+1®—-

A
Bro1: P> KzNKy 3 ap11®—=0110®
K3

Ks
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So, we have

r+s r

(J,wz + (iﬁﬁi)z + Y (hw)z = (71, E)Z +y (w)z,  (13)

l=r+2 =2

where j;/l = K3 N Ky and ?]I = K3 N K;. (K is removed from both sides and K is
inserted.) Tt is clear n(Eqn—13) < n(Eqn—12). Therefore, by induction, the Equation-13
would reduce to an Equation (*), so that n(x) = 0.

Now assume K = K. Let wg = a1 ® A/K. Therefore, K = K is a component of
Ja. We denote Wi = as ® A/K. Using Equation-12, it follows that either (K,wg) or

r+s

(K,0k) is a summand of > (Jt,wi)z. Without loss of generality, we assume that

t=r+1
(K,wgk) is a summand of (J41,w,+1)z and complete the induction exactly in the same

manner, as above. This completes the proof. O
7.2. Comparison with Chow groups

In this section, we exploit the work of N. Mohan Kumar and M. P. Murthy [25,24] to
compare the Euler class group E(P) with the Chow group of zero cycles C H%(A), whe

[=]

A is a smooth affine algebra over an algebraically closed field and n = rank(P) = d =
dim A.

Definition 7.7. Let A be a Cohen Macaulay ring, with dim A = d. Let Ky(A) denote the
Grothendieck group of projective A-modules. Let FyKg(A) =

A
{ [7] € Ko(A) : I is a locally complete intersection ideal, with height(I) = d} .

It was established in [14, Theorem 1.1] that FyKy(A) is a subgroup of Ky(A4).
Let @ be a projective A-module with rank(Q) =d — 1, and P = Q ® A. Then, there
is a surjective homomorphism

¢ : E(P) — FyKo(A) sending [(I,w)]— {?}

Proof. Since A is Cohen Macaulay, for (I,w) € LO%(P), I is a locally complete inter-
section ideal. Now, consider the map LO%(P) — FyKo(A), sending (I,w) ~ [4]. This
map extends to a homomorphism ¢g : Z ([,OZ(P)) — FyKo(A). Now, if (I,w) is a
global orientation, then w lifts to a surjective map f: P — I. Since P = Q& A, it follows

po(l,w) = {ﬂ = i(—l)r [ATP] = 0.

r=0
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Therefore, ¢ factors through a map ¢ : E(P) — FyKo(A). For, [4] € FyKy(A), there
is an isomorphism % = ILQ, which gives rise to a surjective map w : P — I% Therefore,
e([(I,w)]) = [£]. So, ¢ is surjective.

Now, we assume that the base field k is algebraically closed, and use [19].

Corollary 7.8. Suppose A is a reduced affine algebra over an algebraically closed field k,
with dim A = d > 2. Assume A is Cohen Macaulay and that FyKo(A) has no (d — 1)!
torsion. Let Q be a projective A-module with rank(Q) =d—1, and P =Q @ A. Then,
the map ¢ : E(P) — FoKo(A) in (7.7) is an isomorphism.

Proof. By Swan’s Bertini theorem [25, pp. 586], it follows that FyKo(A) coincides with
the usual subgroup F?K,(A) (see [8,24,19]), which is generated by the cycles of A/m,
where m runs through the smooth maximal ideals of height d. We only need to prove that
 is injective. Suppose p(z) = 0 for some = € E(P). By Moving Lemma, we can write
x = [(I,w)], for some (I,w) € LO%(A). Therefore p(z) = (4] = 0. Since P = Q & 4,
the top Chern class C4(P*) = Zfzo(—l)r[/\rf’} =0 € FYKy(A) (see 24, Definition
3.5]). Therefore, C4(P*) = [4] € F9Ky(A). By [19, Theorem 2.1], it follows w lifts
to surjective map P —» I. Therefore, x = [(I,w)] = 0. This establishes that ¢ is an
isomorphism. The proof is complete. O

The condition in (7.8) that FyK(A) has no (d — 1)! torsion is a minor condition,
due to the results of Levine [10] and Srinivas [29] (see [24, Lemma 2.10, Theorem 2.14]).
Summarizing all the above, with smoothness hypotheses, we have the following.

Corollary 7.9. Suppose A is smooth affine algebra over an algebraically closed field k,
with 1/2 € k and dim A = d > 3. Let Q be a projective A-module with rank(Q) =d—1,
and P=Q & A. Then, the maps

7 (LO(P)) <—— E(P) ——= FyKy(A) <—— CHY(A)
are isomorphisms, where CH(A) denotes the Chow group of codimension d cycles.

Proof. The last isomorphism follows from Riemann-Roch theorem, because FoKo(A) is
divisible and does not have (d —1)! torsion [24, Lemma 2.10, Theorem 2.14]. The second
isomorphism follows from (7.8), while the first isomorphism follows from (7.3). The proof
is complete. O

7.8. Some closing remarks

Before we close the main body of this article, we have the following remarks.

Remark 7.10. For the following comments, assume A is an essentially smooth affine rings,
over an infinite perfect field k, with 1/2 € k and dim A = d > 3, and X = Spec (4).
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1. The structure theorem [4, Theorem 4.21] illustrates that these monoids 7 (@(P))
can assume a wide range of values.

2. Assume P does not have a unimodular element (see [26]). Then, there is no ideal
preserving and homotopy preserving map LO(A™) — LO(P).

(a) However, in a subsequent article [16], we prove that when rank(P) = d, then
mo (LO(P)) = mo (LO(AYP & A971)). Since the latter one is a group, 7o (LO(P))
is a group. In particular, for 7o (LO(P)) to be a group, it is not necessary that
P splitsas P = Q & A.

(b) Open Problem: It remains open, whether 7o (LO(P)) is always a group or not,
whenever 2n > d + 3.

(¢) In [16], we establish a natural additive map m (LO(P)) — CH™(A), where
CH"™(A) denotes the Chow group of codimension n cycles.

3. If mo(LO(P)) is a group and ey #* e, then the natural map LO(P) —
7o (LO(P)) (see (7.2)), does not factor through a group homomorphism, from E(P)
to mo (LO(P)). This is because the global orientations, map to eg.

4. Note (see [8]), that the total Chern class C(P) = 1+CY(P)+- - -+C"(P) takes value in
the total Chow group CH(X) = @¢_,CH*(X), which is an invariant of X. However,
the homotopy obstruction group m (LO(P)), which houses the Nori class e(P), is an
invariant of P. This does not come as a surprise, because when rank(P) = n = d,
the Euler class of P (as in [7]) takes value in E"(A, AYP) = BE(A*P @ A?~1), which
is dependent on P.

Appendix A. The motivic interpretation

In this section, we attempt to give a motivic interpretation to the homotopy obstruc-
tion sets, in analogy to the case when P = A™ [2,23]. Four descriptions for the same was
given in section 2, assuming 1/2 € A. For our purpose, in this section, it would be best
to work with Q'(P) and (@’(P)) We assume 1/2 € A in this section. Recall, with

k[le s 7Xn;Y1a .. 'aYn7Z]
(T XY+ 22 -1)

@27“,_1 = and Qén = Spec (%271-&-1) (Al)

I

[Spec (A), @2, ]scn

Q/Qn(A) = {(fla"wfn;gla"'agnaz) €A2n+1 Zflgz+z2 1}

i=1

Also recall, my (Q%,,) (A) = [Q%,,, Spec (A)]ar where the right hand side denotes the set of
all morphisms in the A!'-homotopy category [23, Chapter 8] (also see [1, Theorem 1.1.1]).
A similar interpretation for Q'(P) and 7 (@/(P)) would be desirable.

We follow Swan [30, §1, 2]. Suppose @ is a projective A-module. Let S(Q*) =
D>, 5i(Q*) denote the symmetric algebra of Q*. Let Quad(Q) = {¢ € Hom(Q, Q") :
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©* = ¢} denote the A-module of all the quadratic forms on Q. Given ¢ € Quad(Q),
let B(p) € Hom(Q ® Q, A) = Q* ® Q* be the corresponding bilinear map. In fact, this
association ¢ — B(y) induces a bijection Quad(Q) — S2(Q*) (see [30, § 2]).

Since A is commutative, all maps f : Q* — A extends to a map S(Q*) — A. So,
we have the commutative diagram of bijections:

Q ——— Hom(Q*, A)

.

Hom(S(Q*), A)
Forze@, f,geQ" (Mz),f)=f(z) (A=), fg)=f(z)g(x)

For a bilinear map 5 € Hom(Q ® Q, A) = Q* ® Q*, we can write 8 = >_ f; ® g; for some
f’ivgi € Q* and

(M), 8) = fulw)gilw) = Bz, x).

Fix a quadratic form ¢ : @ — @Q* and B(y) : Q ® Q@ — A be the corresponding
bilinear map. More precisely, B(¢)(x,y) = ¢(x)(y). As usual, define ¢ : @ — A by
q(z) = B(z, ). Then,

forx € Q@ (Mz),B(p)) = B(p)(z,2) = q(x).
We introduce some notations.

Notations A.1. Suppose A is a commutative noetherian ring, with 1/2 € A, and X =
Spec (A). For a quadratic space (Q, ¢) over A, denote

5(Q)
(B(p)—1)

Proposition A.2. With notations as in (A.1), the following maps

S(p) ={z € Q:q(x) =1}, B(p) = and X(p) = Spec (%(y)) -

(X, X(Q)|sen, ——= Hom (%(p), A) =<—— S(p)  are bijections,
where [—, —]scn, denotes the set of morphisms in Sch,.
Proof. Follows from above discussions. O
Remark A.3. Use the same notations, as in (A.1). Consider the presheaf

[ X(¢)]scn : Schy — Sets  sending Y = [V, X(¢)]scn,,
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In fact, for affine schemes Y = Spec (B) € Sch ,, the following maps
Y, X(9)|seh, —— Hom (#(p), B) <—— S(p® B)  are bijections.

One can make a similar statement for any scheme Y € Sch,. Let f: Y — X be the
structure map, and f* would denote the pullback. Redefine

SU°0) = (¢ €T (0 1°Q): 14(w) = B o)) = 1)
B(I"0) = mirmtor
X(f*p) = Spec (B(f*p)) -

Then, the following maps
Y, X (0)lscn, —— Hom (B(¢),T(Y,0y)) <—— S (f*¢)

are bijections. (see [9, II, Ex. 2.4]).
Corresponding to the notations (A.1), we introduce the following notations.

Notations A.4. Let (Q(P),q) = H(P) L A be as in (2.1). Denote the underly-
ing projective module of (Q(P),q) by the same notation Q(P) := P* ® P & A. Let
B : Q(P) x Q(P) — A be the corresponding bilinear form. Define

S(P&P* o A)

and denote Q' := Spec (%(P)).

Corollary A.5. Use the notations, as in (A.]). Then, for Y € Sch, and the structure
map f:Y — X, the following maps

are bijections.

Q'(P) =5(a) = [X.Qply,
O (f*P) = S(f*q) = [V, Qplgyy .

Consequently, the association
Y+ Q/(f*P) defines a presheaf Sch, — Sets.
Therefore, one can define
70(Q(P)) : Sch, —» Sets as a presheaf.
Proof. Follows from (A.2). This completes the proof. O

In analogy to the free case P = A™, we raise the following question.
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Question A.6. Suppose k is an infinite perfect field, with 1/2 € k and A is an essentially
smooth ring over k, with dim A = d. Write X = Spec (A4). Suppose P is a projective
A-module with rank(P) = n. The question remains, whether a motivic interpretation

can be given to the pre sheaf mo(Q(P)). In particular, whether

mo(Q(P))(A) = [X, Qplyya)?

Here H(A) denotes the Al-homotopy category of smooth schemes over X = Spec (4),
and [X, Qplyy4) denotes the set of all maps X — Qp in H(A).

If P is free, then the question has an affirmative answer, when A is an infinite perfect
field (see [23, Remark 8.10]).

References

[1] Aravind Asok, Jean Fasel, Euler class groups and motivic stable cohomotopy, arXiv:1601.05723.

[2] Jean Barge, Fabien Morel, Fabien Groupe de Chow des cycles orientés et classe d’Euler des fibrés
vectoriels (The Chow group of oriented cycles and the Euler class of vector bundles), C. R. Acad.
Sci. Paris, Sér. I Math. 330 (4) (2000) 287-290.

[3] S.M. Bhatwadekar, Manoj Kumar Keshari, A question of Nori: projective generation of ideals,
K-Theory 28 (4) (2003) 329-351.

[4] S.M. Bhatwadekar, Mrinal Kanti Das, Satya Mandal, Projective modules over smooth real affine
varieties, Invent. Math. 166 (1) (2006) 151-184.

[5] S.M. Bhatwadekar, Raja Sridharan, Projective generation of curves in polynomial extensions of an
affine domain and a question of Nori, Invent. Math. 133 (1) (1998) 161-192.

[6] S.M. Bhatwadekar, Raja Sridharan, On Euler classes and stably free projective modules, in: Algebra,
Arithmetic and Geometry, Part I, II, Mumbai, 2000, in: Tata Inst. Fund. Res. Stud. Math., vol. 16,
Tata Inst. Fund. Res., Bombay, 2002, pp. 139-158.

[7] S.M. Bhatwadekar, Raja Sridharan, The Euler class group of a Noetherian ring, Compos. Math.
122 (2) (2000) 183-222.

[8] William Fulton, Intersection Theory, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) (Re-
sults in Mathematics and Related Areas (3)), vol. 2, Springer-Verlag, Berlin, 1984, xi+470 pp.

[9] Robin Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics, vol. 52, Springer-Verlag,
New York-Heidelberg, 1977, xvi+496 pp.

[10] Marc Levine, Zero-cycles and K-theory on singular varieties, in: Algebraic Geometry, Bowdoin,
1985, Brunswick, Maine, 1985, in: Proc. Sympos. Pure Math., vol. 46, Part 2, Amer. Math. Soc.,
Providence, RI, 1987, pp. 451-462.

[11] Hartmut Lindel, On the Bass-Quillen conjecture concerning projective modules over polynomial
rings, Invent. Math. 65 (2) (1981/82) 319-323.

[12] Satya Mandal, Projective Modules and Complete Intersections, Lecture Notes in Mathematics,
vol. 1672, Springer-Verlag, Berlin, 1997, viii+114 pp.

[13] Satya Mandal, Homotopy of sections of projective modules, with an appendix by Madhav V. Nori,
J. Algebraic Geom. 1 (4) (1992) 639-646.

[14] Satya Mandal, Complete intersection K-theory and Chern classes, Math. Z. 227 (3) (1998) 423-454.

[15] Satya Mandal, Bibekananda Mishra, The homotopy obstructions in complete intersections, J. Ra-
manujan Math. Soc. 34 (1) (2019) 109-132.

[16] Satya Mandal, Bibekananda Mishra, Some perspective on homotopy obstructions, arXiv:1811.04510.

[17] Satya Mandal, Albert J.L. Sheu, Local coefficients and Euler class groups, J. Algebra 322 (12)
(2009) 4295-4330.

[18] Satya Mandal, Yong Yang, Intersection theory of algebraic obstructions, J. Pure Appl. Algebra
214 (12) (2010) 2279-2293.

[19] Satya Mandal, M. Pavaman Murthy, Ideals as sections of projective modules, J. Ramanujan Math.
Soc. 13 (1) (1998) 51-62.

[20] S. Mandal, P.L.N. Varma, On a question of Nori: the local case, Comm. Algebra 25 (2) (1997)
451-457.


http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4146s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib424Ds1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib424Ds1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib424Ds1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib424Bs1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib424Bs1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib42444Ds1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib42444Ds1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib425331s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib425331s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib425332s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib425332s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib425332s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib425333s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib425333s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib46s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib46s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib48s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib48s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4C65s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4C65s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4C65s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4Cs1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4Cs1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D31s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D31s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D32s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D32s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D33s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D4D31s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D4D31s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D4D32s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D5368s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D5368s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D59s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D59s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D4D75s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D4D75s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D56s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D56s1

S. Mandal, B. Mishra / Journal of Algebra 540 (2019) 168—-205 205

[21] Mandal Satya, Raja Sridharan, Euler classes and complete intersections, J. Math. Kyoto Univ.
36 (3) (1996) 453-470.

[22] John Milnor, Introduction to Algebraic K-Theory, Annals of Mathematics Studies, vol. 72, Princeton
University Press, University of Tokyo Press, Princeton, N.J., Tokyo, 1971, xiii+184 pp.

[23] Fabien Morel, Al-Algebraic Topology over a Field, Lecture Notes in Mathematics, vol. 2052,
Springer, Heidelberg, ISBN 978-3-642-29513-3, 2012, x+259 pp.

[24] M. Pavaman Murthy, Zero cycles and projective modules, Ann. of Math. (2) 140 (2) (1994) 405-434.

[25] N. Mohan Kumar, M. Pavaman Murthy, Algebraic cycles and vector bundles over affine three-folds,
Ann. of Math. (2) 116 (3) (1982) 579-591.

[26] N. Mohan Kumar, Stably free modules, Amer. J. Math. 107 (6) (1985) 1439-1444 (1986).

[27] Manuel Ojanguren, A splitting theorem for quadratic forms, Comment. Math. Helv. 57 (1) (1982)
145-157.

[28] Amit Roy, Application of patching diagrams to some questions about projective modules, J. Pure
Appl. Algebra 24 (3) (1982) 313-319.

[29] V. Srinivas, Torsion 0-cycles on affine varieties in characteristic p, J. Algebra 120 (2) (1989) 428-432.

[30] Richard G. Swan, K-theory of quadric hypersurfaces, Ann. of Math. (2) 122 (1) (1985) 113-153.

[31] Richard G. Swan, Vector bundles, projective modules and the K-theory of spheres, in: Algebraic
Topology and Algebraic K-theory, Princeton, N.J.; 1983, in: Ann. of Math. Stud., vol. 113, Princeton
Univ. Press, Princeton, NJ, 1987, pp. 432-522.


http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D53s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D53s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D69s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D69s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D6Fs1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D6Fs1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D75s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D6F4Ds1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D6F4Ds1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4D6Bs1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4F32s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib4F32s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib52s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib52s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib53s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib5377s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib537732s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib537732s1
http://refhub.elsevier.com/S0021-8693(19)30479-X/bib537732s1

	The monoid structure on homotopy obstructions
	1 Introduction
	2 Foundation of homotopy obstructions
	3 Homotopy equivalence
	4 Homotopy triviality and lifting
	5 The involution
	6 The monoid structure on π0(LO(P))
	7 The Euler class groups
	7.1 The vanishing of Euler cycles
	7.2 Comparison with Chow groups
	7.3 Some closing remarks

	Appendix A The motivic interpretation
	References




