Dear Author,
Here are the proofs of your article.

*  You can submit your corrections online, via e-mail or by fax.

* For online submission please insert your corrections in the online correction form. Always
indicate the line number to which the correction refers.

*  You can also insert your corrections in the proof PDF and email the annotated PDF.

* For fax submission, please ensure that your corrections are clearly legible. Use a fine black
pen and write the correction in the margin, not too close to the edge of the page.

* Remember to note the journal title, article number, and your name when sending your
response via e-mail or fax.

e Check the metadata sheet to make sure that the header information, especially author names
and the corresponding affiliations are correctly shown.

*  Check the questions that may have arisen during copy editing and insert your answers/
corrections.

*  Check that the text is complete and that all figures, tables and their legends are included. Also
check the accuracy of special characters, equations, and electronic supplementary material if
applicable. If necessary refer to the Edited manuscript.

* The publication of inaccurate data such as dosages and units can have serious consequences.
Please take particular care that all such details are correct.

* Please do not make changes that involve only matters of style. We have generally introduced
forms that follow the journal’s style.
Substantial changes in content, e.g., new results, corrected values, title and authorship are not
allowed without the approval of the responsible editor. In such a case, please contact the
Editorial Office and return his/her consent together with the proof.

* If we do not receive your corrections within 48 hours, we will send you a reminder.

* Your article will be published Online First approximately one week after receipt of your
corrected proofs. This is the official first publication citable with the DOI. Further changes
are, therefore, not possible.

* The printed version will follow in a forthcoming issue.
Please note

After online publication, subscribers (personal/institutional) to this journal will have access to the
complete article via the DOI using the URL: http://dx.doi.org/[DOI].

If you would like to know when your article has been published online, take advantage of our free
alert service. For registration and further information go to: http://www.link.springer.com.

Due to the electronic nature of the procedure, the manuscript and the original figures will only be
returned to you on special request. When you return your corrections, please inform us if you would
like to have these documents returned.


http://www.link.springer.com
mandal
Highlight

mandal
Sticky Note
Done


Metadata of the article that will be visualized in

OnlineFirst

ArticleTitle Some perspectives on homotopy obstructions
Article Sub-Title
Article CopyRight The Indian National Science Academy

Journal Name

(This will be the copyright line in the final PDF)

Indian Journal of Pure and Applied Mathematics

Corresponding Author Family Name Mandal
Particle
Given Name Satya
Suffix
Division
Organization University of Kansas
Address Lawrence, KS, 66045, USA
Phone
Fax
Email mandal@ku.edu
URL
ORCID
Author Family Name Mishra

Particle
Given Name Bibekananda
Suffix
Division
Organization University of Kansas
Address Lawrence, KS, 66045, USA
Phone
Fax
Email bibekanandamishra@ku.edu
URL
ORCID
Received 6 May 2020

Schedule Revised
Accepted 19 March 2021

Abstract For a projective A-module P, with # = rank(P) > 2, the Homotopy obstruction sets 70 (LO(P)) were

defined, in [6], to detect whether P has a free direct summand or not. These sets have a structure of an
abelian monoid, under suitable regularity and other conditions. In this article, we provide some further
perspective on these sets 70 (CO(P)), In particular, under similar regularity and other conditions, we
prove that if P, Q are two projective A-modules, with rank(P) = rank(Q) = d and det(P) = det Q, then
70 (LO(Q)) = 7o (LO(P)),

Keywords (separated by '-')

Projective modules - Chow groups

Footnote Information

Communicated by Jugal K Verma.



Partially supported by a General Research Grant (no 2301857) from U. of Kansas.




Author Proof

(O8]

10
11
12
13

15

16
17
18

19
20

22

3

26

Al
A2
A3

A5
A6

G Journal : Large 13226 Dispatch :  9-6-2021 Pages: 7

Article No. : 5§ O LE O TYPESET

MS Code : _LIPA-D-20-00382R0 & cp ¥ DISK

®

Indian J Pure Appl Math s
https://doi.org/10.1007/s13226-021-00005-y updates

ORIGINAL RESEARCH

Some perspectives on homotopy obstructions

Satya Mandal - Bibekananda Mishra

Received: 6 May 2020/ Accepted: 19 March 2021
© The Indian National Science Academy 2021

Abstract For a projective A-module P, with n = rank(P) > 2, the Homotopy obstruction sets 7o(LO(P))
were defined, in [6], to detect whether P has a free direct summand or not. These sets have a structure of an
abelian monoid, under suitable regularity and other conditions. In this article, we provide some further
perspective on these sets 7o(LO(P)). In particular, under similar regularity and other conditions, we prove
that if P, Q are two projective A-modules, with rank(P) = rank(Q) =d and det(P) = detQ, then

Keywords Projective modules - Chow groups

1 Introduction

Throughout this article A will denote a commutative noetherian ring, with dimA =d >2, and A [T] will
denote the polynomial ring in one variable 7. For an A-module M, denote M[T] := M ® A[T]. Likewise, for a
homomorphism f : M — N of A-modules, f[T] :=f ® A[T]. Also, P will denote a projective A-module
with rank(P) = n. By a local P-orientation we mean a pair (I, ) where I is an ideal and  : P+ is a
surjective map. To facilitate discussions we introduce the following notations:

LO(P) = {(I,w) : (I,®)isalocal P-orientation} .
LO(P) = {(I,w) € LO(P) : height(I) = norl = A} M

Substituting 7 = 0, 1 we obtain two maps

LO(P) <=2 co(P[T)) B> cop)

This generates a (chain homotopy) equivalence relation LO(P). The (Nori) Homotopy obstruction set
no(LO(P)) was defined [6] to be the set of all equivalence classes. Recall, an obstruction class &(P) €

Communicated by Jugal K Verma.

Partially supported by a General Research Grant (no 2301857) from U. of Kansas.

S. Mandal (X)) - B. Mishra
University of Kansas, Lawrence, KS 66045, USA
E-mail: mandal @ku.edu

B. Mishra
E-mail: bibekanandamishra@ku.edu

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13226-021-00005-y&amp;domain=pdf
https://doi.org/10.1007/s13226-021-00005-y

Author Proof

27
28
29
30
31
32
33

35
36
37
38

39

40
41
4
43
44
45

46
47

49
50
51

52

53
54
55
56
57

59

60

61
62
63
64

65
66
67

G Journal : Large 13226 Dispatch :  9-6-2021 Pages: 7
Article No. :  §

O LE O TYPESET
MS Code : _LIPA-D-20-00382R0 & cp ¥ DISK

S. Mandal, B. Mishra

o(LO(P)) was also defined. All these emanates from the Homotopy Question [6, (1.1)] posed by M.
V. Nori, to detect whether P would have a free direct summand or not. For further introductory comments
and background on Homotopy obstructions, the readers are directed to [6, 7].

For the rest of this introductory section, we assume that A is a regular ring, containing a field k, with
1/2 € k. It was proved in [6] that, 7o(LO(P)) has structure of an abelian monoid, when 2n > d + 2. Further,
if P = Py @ A, then mo(LO(P)) would be a group.

It was also proved [6] that, if A is essentially smooth over an infinite perfect field k, and 2n > d + 3, then

¢(P) =neutral <= P = Q® A

In this article, we provide some further perspectives on the additive structure of these obstruction sets
no(LO(P)), by proving that some of them are isomorphic and by defining natural set theoretic maps to
Chow groups. .

Assume n = rank(P) > 2. Restricting the above equivalence relation to LO(P), we obtain a set of

equivalence classes, to be denoted by m (Z@(P)) We prove that the natural map
o (Z@(P)) —mo(LO(P)) is, in deed, an isomorphism. We establish this in section 2.

This alternate description of the same set 7o(L£O(P)) would be more close to the original statement of
the Homotopy question [6, (1.1)], and would be of key importance for technical purposes.

The main results in this article are in section 3, that we discuss in this paragraph. Let P, Q be two
projective A-modules with rank(P) = rank(Q) = d and let 1: A?Q-—5A“P be an isomorphism of the
determinants. Under the hypotheses above, we prove (Theorem 3.6) that there is a natural monoid iso-

morphism (1) : mo(LO(P))—mo(LO(Q)). Therefore, when rank(P) = d, we have the following:
There is a natural monoid isomorphism
mo(LO(P)) 22 no (LO(A’P & AT 1))

Since 7 (LO(A’P & A97")) is an abelian group, so is mo(LO(P)).
Therefore, we observe that, for 7o(LO(P)) to have a group structure, it is not necessary that P = Py @ A.
If A is essentially smooth over an infinite perfect field k, with d >3, it follows that mo(LO(P)) =
EY(A, AdP) where E?(A, AdP) denotes the Euler class group, as defined in [1] (also see [2, 6-8]).

Under the same regularity conditions, as above, in section 4, we establish a natural set theoretic map
no(LO(P)) — CH"(A), where n = rank(P)>2 and CH"(A) denotes the Chow group of codimension
n cycles [4]. With suitable modifications, the regularity hypothesis can be relaxed, for the existence of such a
map (Proposition 4.2).

Remark In a subsequent article [5], we establish a (set theoretic) map

©p : 1o(LO(P)) — CH' (A, A"P)

where CH' (A, A"P) denotes the Chow Witt groups [3].

2 Alternate Description of the Obstructions

Let A be a noetherian commutative ring, with dimA = d and P be a projective A-module with rank(P) = n.
In [6], the Homotopy Obstruction sets 7o(LO(P)) were defined, along with several other description of the
same. In this section, we recall the essential elements of the definition of 7o(LO(P)), and give another
description of the same, which is of some key technical importance.

Definition 2.1 Let A be a noetherian commutative ring, with dimA = d and P be a projective A-module
with rank(P) = n. By a local P -orientation, we mean a pair (I, ) where I is an ideal of A and @ : P— £ is

a surjective homomorphism. We will use the same notation @ for the map %H» I%, induced by w. Denote
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{ A/EO(P) = {(I,») : (I,)isalocal P orientation} 2
LO(P) = {(I,w) € LO(P) : height(I) = norl = A}
The obstruction set mo(LO(P)) was defined [6], by the push forward diagram:
LO(P[T)) =~ £O(P)

Tll l in  Sets. 3)
LO(P) ——mo (LO(P))

While one would like to define 7y Z@(P) similarly, note that substitutions 7 = 0, 1 would not yield

any map from Z?)(P[T]) to LO(P). However, note that the definition of 7o(LO(P)) by push forward
diagram (3), is only an alternate way of saying the following:

For (Iy, wo), (Ip, wo) € LO(P), we write (Iy, wo) ~ (lp, @p), if
(1(0), (0)) = ({o, o)
(1), (1)) = (I, 01)

The homotopy relation ~ generates an equivalence relation on LO(P), which we denote by ~=.
The above definition (3) means, 7o(LO(P)) is the set of all equivalence classes in LO(P).

The restriction of the relation ~ on ZE(P) C LO(P), defines an equivalence relation on ZE(P) Define
o (ZE(P)) to be the set of all equivalence classes in ZE(P) It follows, that there is natural map

3 (o) € LOP[T]) > {

0 m0(LO(P)) — m(LO(P))

Proposition 2.2 Let A and P be as in (2.1). Then,

The map ¢ is surjective.
If A is a regular ring containing is field k, with 1/2 € k, then ¢ is a bijection.
Let A be as in (2). Then ~ is an equivalence relation on LO(P).

Proof Letx = [(I,w)] € mo(LO(P)). By application of the Involution operation [6, Section 5] (or moving
lemma argument) twice, we can assume height(I) > n. This establishes that ¢ is surjective. Now, assume A

is as in (2). Suppose xo, x| € 7o (E@(P)), and ¢(xo) = ¢@(x1). Then, for i = 0, 1, we have x; = [([;, w;)], for

some (I;, w;) € Z@(P) By [6, Corollary 3.2], there is a homotopy H(T) = (J,Q) € LO(P[T]) such that
H(0) = (I, wp) and H(1) = (I}, w). Therefore, xo = x;. This establishes (2) and (3) follows by the same
argument. The proof is complete. O

Remark 2.3 We record the following, with notations as in (2.1):

Suppose (ly, o), (I1,w1) € E@(P) and (lp, wo) =~ (I, wy). By definition there is homotopy H(T) =
(I, w) € LO(P[T]) such that H(0) = (Iy, wo) and H(1) = (1, w;). By moving Lemma argument, similar
to [6, Lemma 4.5], we can assume that H(T) € LO(P[T)).
Assume A is a Cohen Macaulay ring. Then, LO(P) is in bijection with the set

P ~ 1
{(1, ) € LO(P) : height(I) =n, w : —— —

PR is an isomorphism} U{(4,0)}

3 Isomorphisms of 7o(LO(P)): the top rank case

Under usual regularity hypotheses, in this section we prove that, the obstruction sets mo(LO(P)) are
naturally isomorphic, when rank(P) = d

@ Springer
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Definition 3.1 Let A be a regular ring, containing a field k, 1/2 € k, and dimA =d >2. Let P, Q be
projective A-modules with rank(P) = rank(Q) = d. Assume they have isomorphic determinant and 1 :
AYQ-"5AP s an isomorphism. We define a natural map

%2(1) : m(LO(P)) — mo(LO(Q)) as follows:

By Proposition 2.2, it would be enough to establish a natural map
1(1) : o (LO="(P)) — mo(LO="(Q))

Let (I,w) € LO(P) with height(I) = d. We use the same notation o : £ =1L for the isomorphism,
induced by w : P— . Let

~ P A
o %—>E be an isomorphism, > det(a) =1® T (3)

Let () be defined by the commutative diagram
Q o _ P
Q—7—"1r

~
~

PN Jw and define { Xo()(I,w) = (I,ci(a)) € LOQ)
RS a(0)(,w) = [(1.3(a)] € 7 (LO(Q)).

For x € my(LO(P)), we can write x = [(I,®)], for some (I, w) € LO(P), with height(I) > d. We define,

: (), w) € 1o(LO(Q))  if height(I) = d
06 ={ "\ o) e wicotay - Fimt @

Subsequently, we prove that y,(1)(I,®) is independent of the choice of «, and that (1) : mo(LO(P)) —
no(LO(Q)) is well defined.

Lemma 3.2 With notations as in (3.1), let (I,w) € LO(P), with height(I) = d. Then, y,(1)(I,w) is
independent of the choice of o.

Proof Let o be as in (3), and

~ P A
ILE %—>E be another isomorphism, > det(f) =:1® 7

Then, det(«~'f) = 1. Since dim (i,‘) = 0, the map o' f is an elementary matrix, with respect to any choice

of basis of % Therefore, there is an elementary automorphism y(7) € EL <%), such that y(0) = Id and
7(1) = o' B. Consider (I[T],H(T)) € LO(Q[T]), where H(T) is defined by the commutative diagram:
Qr) 1) Q[r] elT]l Pl
QU —— Tom — 7om — 17
HIT)™ < _ /{T]
> 1)
1[T]?
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Then with T = 0, 1, we have commutative diagrams

—1

Q 1 _Q o
Q=1 Qe 55— 15
o ~ wa and N - wa
H(0) ~ H(1) ~
N7 > N7
7 7
This completes the proof. O

Lemma 3.3 With notations as in (3.1), the map x(1) : mo(LO(P)) — mo(LO(Q)), as defined by (4), is
well defined.

Proof Letx =[(I,w)] = [(I1,w1)] € no(LO(P)), with height(I) > d and height(I,) > d. Since the homo-
topy is an equivalence relation [6, Corollary 3.2 ], there is a homotopy H(T) = (J, w;) € LO(P[T]) such
that

H(0) = (J(0),ws(0)) = (I, ), and  H(1) = (J(1), (1)) = (I, @1)

By Moving Lemma [6, Lemma 4.5], we can assume that height(J) > d. Since dlm( [JT]) =1, it follows,
there is an isomorphism

_o[1] ~ P[T]

o

Jo[r]  JP[T]

Now define Ho(T) = (J,Qp), where Q is defined as follows:

5> det(a) =1 ®@

QI _a P[]
QU —— 7w — = 77m
T~ ~ lUJJ
Qo ~ ~ -
7

It follows { xa(1)(L,w

The proof is complete. O
Proposition 3.4 With notations as in (3.1), the map (1) is a monoid homomorphism.

Proof Recall, in this case, ny(LO(P)) has an additive (monoid) structure [6, Theorem 6.5]. Let
x=[(I;,m)],y = [(I2, w2) € 1o(LO(P)). We can assume [, + I, = A and height(I;) >d for i =1,2. If
Iy =A or I, =A, then by definition (4), we have y(1)(x+y)=x(1)(x)+ x(1)(y). So, assume
height(I,) = height(I,) = d. For i = 1,2 let
~ P A
o %%ﬁ be isomorphisms >  det(o;) = l®7i.
Let o : ”Q A 71p be the isomorphism obtained by combining o and op. Now, it follows that (1)(x) +
7(1)(y) is obtained by combining (I}, ;) and (I, 02,)), which is same as y(1)(x + y). The proof is
complete. O

Proposition 3.5 Use the notations as in Definition 3.1. Then, Let Q' be another another projective A
module with rank(Q) = d and let { : A°Q'—>AQ be an isomorphism. Then, we have y(1) = y(O)x(1).

Proof Follows from Definition 3.1. l

Theorem 3.6  Use the notations as in Definition 3.1. Thenyithermap %(1) : mo(LO(P)) — m(LO(Q)) is a
monoid isomorphism.
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In particular, taking Q = A*Q @ A4~", it follows no(LO(P)) is a group.

Proof It follows from Proposition 3.5, that y(1)y(1™!) = Id and %(:1"!)y(1) = Id, Therefore, y(1) is an
isomorphism. Recall mo(LO(AQ & A?1)) is a group [6, Theorem 6.11], which settles the latter part. [J

Remark 3.7 Use the notations as in Definition 3.1. Theorem 3.6 asserts that 7o(LO(P)) has a group
structure, even when P does not have a free direct summand. However, it remains open, whether 7o(LO(P))
would fail to be a group, for some projective A-module P, with 2rank(P) >d + 2.

Corollary 3.8 Ler A be an essentially smooth ring over an infinite perfect field k, with 1/2 € k, and
dimA = d > 3. Let Q be a projective A-module, with rank(Q) = n. Let P = AQ @ A4~'. Recall the defi-
nition of the Euler class groups E(P)'= E4(A, AQ); as in [1, 6]. The Euler class ¢(Q) € E*(A, A?Q), was
also defined in [1]. We have a commutative diagram of isomorphisms

70 (LO(Q)) % 7 (LO(A'Q @ A%1))
\ zlw
Ed(A, AdQ)

where the horizontal map x(1) is as in (3.1), and the vertical isomorphism was defined in [6, §7]. We also

have
Y(e(Q)) = e(Q)
where ¢(Q) := [(0,0)] € no(L£LO(Q)) denotes the homotopy obstruction class of Q, as defined in [6].

Proof Let f: Q—I be a surjective homomorphism, where I is an ideal of height d. Let w : Q—I/I? is
induced by f. Then, by definition &(Q) = [(I, w)]. Rest of the proof follows from definition of Euler class
e(Q). This completes the proof. ]

4 Natural maps to Chow groups
The Chow groups of codimension 7 cycles will be denoted by CH"(A) (see [4, §1.3]). For an ideal J C A,
cycle(J) would denote the cycle of the closed set V(J) (see [4, §1.5]).

Definition 4.1 Assume A is a Cohen Macaulay ring, with dimA = d. Also assume dimA,, = d for all
m € max(2A). As before, P is a projective A-module with rank(P) = n. Define a map

O : LO(P) — CH'(A) by &I, w) = cycle(I) € CH"(A)
Now define the map

Op - no(fé(P)) L CH'(A) by  £p[(I,w)] = cycle(I) € CH"(A).

We prove next that /p is a well defined set theoretic map.

Proposition 4.2 Use the notations, as in (4.1). Then, the map
lp : no(fé(P)) . CH'(A)

is a well defined set theoretic map.

Proof Fort €A, let 7, : CH"(A[T]) — CH"(A) denote the map induced by substitution T = r. Let 7* :
CH"(A) — CH"(A[T]) denote the pull back map. Then, for any ¢ € A, we have 7, = (z*) "' [4, Cor 6.5,
pp- 111]. .

Let (Io, o), (I, 1) € LO(P) and assume (ly, wo) ~ (I1, ). We prove
cycle(ly) = cycle(I}) € CH"(A). There is a homotopy H(T) = (J,w) € LO(P[T]) such that H(0) =
(Io,wo) and H(1) = (I;,w;). By Moving Lemma Argument (see Remark 2.3), we can assume
height(J) > n. Now, we have
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{EOP(IO,(J)O) = cycle(J(0)) = 1o(cycle(J)) = (n*) " (cycle(J)) (5)
O, 1) = cycle(J(1)) = 7 (cycle(J)) = (n*) ' (cycle(]))
This completes the proof. O

Theorem 4.3 Suppose A is a regular ring, containing a filed k, with 1/2 € k, and dimA = d. Let P be a
projective A-module with rank(P) = n. Then,

By Proposition 2.2, ng(LO="(P))——m(LO(P)) is a bijection. Therefore, p defined in (4.1), defines a
set theoretic map

Lp : my(LO(P)) — CH"(A)
Further,
p(s(P)) = C"(P*) € CH"(A)

where ¢(P) = [(0,0)] € no(LO(P)) denotes the homotopy obstruction class of P, and C"(P*) denotes the
top Chern class of the dual P*.
Assume 2n >d + 2. Then, ¢p is an additive map.

Proof For the last statement, recall under the hypotheses 7o(LO(P)), has structure of an abelian monoid.
Rest of the proofs are obvious. O
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