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ORIGINAL RESEARCH1

2 Some perspectives on homotopy obstructions

3 Satya Mandal • Bibekananda Mishra

4

5 Received: 6 May 2020 /Accepted: 19 March 2021
6 � The Indian National Science Academy 2021

7 Abstract For a projective A-module P, with n ¼ rankðPÞ� 2, the Homotopy obstruction sets p0 LOðPÞð Þ
8 were defined, in [6], to detect whether P has a free direct summand or not. These sets have a structure of an
9 abelian monoid, under suitable regularity and other conditions. In this article, we provide some further

10 perspective on these sets p0 LOðPÞð Þ. In particular, under similar regularity and other conditions, we prove
11 that if P, Q are two projective A-modules, with rankðPÞ ¼ rankðQÞ ¼ d and detðPÞ ffi detQ, then
12 p0 LOðQÞð Þ ffi p0 LOðPÞð Þ.
13

14 Keywords Projective modules � Chow groups

15 1 Introduction

16 Throughout this article A will denote a commutative noetherian ring, with dimA ¼ d� 2, and A [T] will
17 denote the polynomial ring in one variable T. For an A-moduleM, denoteM½T � :¼ M � A½T�. Likewise, for a
18 homomorphism f : M �! N of A-modules, f ½T� :¼ f � A½T �. Also, P will denote a projective A-module

19 with rankðPÞ ¼ n. By a local P-orientation we mean a pair ðI;xÞ where I is an ideal and x : P� I
I2
is a

20 surjective map. To facilitate discussions we introduce the following notations:

LOðPÞ ¼ ðI;xÞ : ðI;xÞ is a localP-orientationf g

gLOðPÞ ¼ ðI;xÞ 2 LOðPÞ : heightðIÞ ¼ n or I ¼ Af g

(
ð1Þ

2222 Substituting T ¼ 0; 1 we obtain two maps

LO(P ) LO(P [T ])
T=0 T=1

LO(P )

2424
25 This generates a (chain homotopy) equivalence relation LOðPÞ. The (Nori) Homotopy obstruction set
26 p0 LOðPÞð Þ was defined [6] to be the set of all equivalence classes. Recall, an obstruction class eðPÞ 2
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27 p0 LOðPÞð Þ was also defined. All these emanates from the Homotopy Question [6, (1.1)] posed by M.
28 V. Nori, to detect whether P would have a free direct summand or not. For further introductory comments
29 and background on Homotopy obstructions, the readers are directed to [6, 7].
30 For the rest of this introductory section, we assume that A is a regular ring, containing a field k, with
31 1=2 2 k. It was proved in [6] that, p0 LOðPÞð Þ has structure of an abelian monoid, when 2n� d þ 2. Further,
32 if P ffi P0 � A, then p0 LOðPÞð Þ would be a group.
33 It was also proved [6] that, if A is essentially smooth over an infinite perfect field k, and 2n� d þ 3, then

eðPÞ ¼ neutral () P ffi Q� A

3535 In this article, we provide some further perspectives on the additive structure of these obstruction sets
36 p0 LOðPÞð Þ, by proving that some of them are isomorphic and by defining natural set theoretic maps to
37 Chow groups.
38 Assume n ¼ rankðPÞ� 2. Restricting the above equivalence relation to gLOðPÞ, we obtain a set of

39
equivalence classes, to be denoted by p0 gLOðPÞ

� �
. We prove that the natural map

40
p0 gLOðPÞ
� �

�!
	

p0 LOðPÞð Þ is, in deed, an isomorphism. We establish this in section 2.

41 This alternate description of the same set p0 LOðPÞð Þ would be more close to the original statement of
42 the Homotopy question [6, (1.1)], and would be of key importance for technical purposes.
43 The main results in this article are in section 3, that we discuss in this paragraph. Let P, Q be two
44 projective A-modules with rankðPÞ ¼ rankðQÞ ¼ d and let i : KdQ�!

	
K

dP be an isomorphism of the
45 determinants. Under the hypotheses above, we prove (Theorem 3.6) that there is a natural monoid iso-

46 morphism vðiÞ : p0 LOðPÞð Þ�!
	

p0 LOðQÞð Þ. Therefore, when rankðPÞ ¼ d, we have the following:

47 There is a natural monoid isomorphism

p0 LOðPÞð Þ ffi p0 LOðKdP� Ad�1Þ
� �

4949 Since p0 LOðKdP� Ad�1Þ
� �

is an abelian group, so is p0 LOðPÞð Þ.
50 Therefore, we observe that, for p0 LOðPÞð Þ to have a group structure, it is not necessary that P ffi P0 � A.
51 If A is essentially smooth over an infinite perfect field k, with d� 3, it follows that p0 LOðPÞð Þ ffi

52 Ed A;KdP
� �

where Ed A;KdP
� �

denotes the Euler class group, as defined in [1] (also see [2, 6–8]).

53 Under the same regularity conditions, as above, in section 4, we establish a natural set theoretic map

54 p0 LOðPÞð Þ �! CHnðAÞ, where n ¼ rankðPÞ� 2 and CHnðAÞ denotes the Chow group of codimension

55 n cycles [4]. With suitable modifications, the regularity hypothesis can be relaxed, for the existence of such a

56 map (Proposition 4.2).

57 Remark In a subsequent article [5], we establish a (set theoretic) map

HP : p0 LOðPÞð Þ �! gCH n
A;KnPð Þ

5959 where gCH n
A;KnPð Þ denotes the Chow Witt groups [3].

60 2 Alternate Description of the Obstructions

61 Let A be a noetherian commutative ring, with dimA ¼ d and P be a projective A-module with rankðPÞ ¼ n.
62 In [6], the Homotopy Obstruction sets p0 LOðPÞð Þ were defined, along with several other description of the
63 same. In this section, we recall the essential elements of the definition of p0 LOðPÞð Þ, and give another
64 description of the same, which is of some key technical importance.

65 Definition 2.1 Let A be a noetherian commutative ring, with dimA ¼ d and P be a projective A-module

66 with rankðPÞ ¼ n. By a local P -orientation, we mean a pair ðI;xÞ where I is an ideal of A and x : P� I
I2
is

67 a surjective homomorphism. We will use the same notation x for the map P
IP
�

I
I2
, induced by x. Denote
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LOðPÞ ¼ ðI;xÞ : ðI;xÞ is a localP orientationf g

gLOðPÞ ¼ ðI;xÞ 2 LOðPÞ : heightðIÞ ¼ n or I ¼ Af g

(
ð2Þ

6969 The obstruction set p0 LOðPÞð Þ was defined [6], by the push forward diagram:

LO(P [T ])
T=0

T=1

LO(P )

LO(P ) π0 (LO(P ))

in Sets. ð3Þ

7171
72 While one would like to define p0 gLOðPÞ

� �
similarly, note that substitutions T ¼ 0; 1 would not yield

73 any map from gLOðP½T�Þ to gLOðPÞ. However, note that the definition of p0 LOðPÞð Þ by push forward
74 diagram (3), is only an alternate way of saying the following:

75 For ðI0;x0Þ; ðI0;x0Þ 2 LOðPÞ, we write ðI0;x0Þ	 ðI0;x0Þ, if

9 ðI;xÞ 2 LOðP½T �Þ 3
ðIð0Þ;xð0ÞÞ ¼ ðI0;x0Þ

ðIð1Þ;xð1ÞÞ ¼ ðI1;x1Þ

�

7777 The homotopy relation 	 generates an equivalence relation on LOðPÞ, which we denote by 
.
78 The above definition (3) means, p0 LOðPÞð Þ is the set of all equivalence classes in LOðPÞ.

79 The restriction of the relation 
 on gLOðPÞ � LOðPÞ, defines an equivalence relation on gLOðPÞ. Define

80
p0 gLOðPÞ
� �

to be the set of all equivalence classes in gLOðPÞ. It follows, that there is natural map

u : p0 gLOðPÞ
� �

�! p0 LOðPÞð Þ

8282 Proposition 2.2 Let A and P be as in (2.1). Then,

83 The map u is surjective.
84 If A is a regular ring containing is field k, with 1=2 2 k, then u is a bijection.
85 Let A be as in (2). Then 	 is an equivalence relation on gLOðPÞ.

86 Proof Let x ¼ ½ðI;xÞ� 2 p0 LOðPÞð Þ. By application of the Involution operation [6, Section 5] (or moving
87 lemma argument) twice, we can assume heightðIÞ� n. This establishes that u is surjective. Now, assume A

88
is as in (2). Suppose x0; x1 2 p0 gLOðPÞ

� �
, and uðx0Þ ¼ uðx1Þ. Then, for i ¼ 0; 1, we have xi ¼ ½ðIi;xiÞ�, for

89 some ðIi;xiÞ 2 gLOðPÞ. By [6, Corollary 3.2], there is a homotopy HðTÞ ¼ ðJ;XÞ 2 LOðP½T�Þ such that
90 Hð0Þ ¼ ðI0;x0Þ and Hð1Þ ¼ ðI1;x1Þ. Therefore, x0 ¼ x1. This establishes (2) and (3) follows by the same
91 argument. The proof is complete. h

92 Remark 2.3 We record the following, with notations as in (2.1):

93 Suppose ðI0;x0Þ; ðI1;x1Þ 2 gLOðPÞ and ðI0;x0Þ 
 ðI1;x1Þ. By definition there is homotopy HðTÞ ¼
94 ðI;xÞ 2 LOðP½T �Þ such that Hð0Þ ¼ ðI0;x0Þ and Hð1Þ ¼ ðI1;x1Þ. By moving Lemma argument, similar

95 to [6, Lemma 4.5], we can assume that HðTÞ 2 gLOðP½T�Þ.
96 Assume A is a Cohen Macaulay ring. Then, gLOðPÞ is in bijection with the set

ðI;xÞ 2 LOðPÞ : heightðIÞ ¼ n; x :
P

IP
�!
	 I

I2
is an isomorphism

� �
[ ðA; 0Þf g

9898 3 Isomorphisms of p0 LOðPÞð Þ: the top rank case

99 Under usual regularity hypotheses, in this section we prove that, the obstruction sets p0 LOðPÞð Þ are
100 naturally isomorphic, when rankðPÞ ¼ d
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101 Definition 3.1 Let A be a regular ring, containing a field k, 1=2 2 k, and dimA ¼ d� 2. Let P, Q be

102 projective A-modules with rankðPÞ ¼ rankðQÞ ¼ d. Assume they have isomorphic determinant and i :

103 K
dQ�!

	
K

dP is an isomorphism. We define a natural map

vðiÞ : p0 LOðPÞð Þ �! p0 LOðQÞð Þ as follows:

105105

106 By Proposition 2.2, it would be enough to establish a natural map

vðiÞ : p0 LO� nðPÞ
� �

�! p0 LO� nðQÞ
� �

108108 Let ðI;xÞ 2 gLOðPÞ with heightðIÞ ¼ d. We use the same notation x :
P
IP
�!
	 I

I2
for the isomorphism,

109 induced by x : P� I
I2
. Let

a :
Q

IQ
�!
	 P

IP
be an isomorphism; 3 detðaÞ ¼ i�

A

I
: ð3Þ

111111 Let ~xðaÞ be defined by the commutative diagram

Q

ω̃(α)

Q

IQ

α P
IP

ω

I
I2

and define
χ0(ι)(I, ω) = (I, ω̃(α)) ∈ LO(Q)

χ1(ι)(I, ω) = [(I, ω̃(α))] ∈ π0 (LO(Q)) .

113113
114 For x 2 p0 LOðPÞð Þ, we can write x ¼ ½ðI;xÞ�, for some ðI;xÞ 2 LOðPÞ, with heightðIÞ� d. We define,

vðiÞðxÞ ¼
v1ðiÞðI;xÞ 2 p0 LOðQÞð Þ if heightðIÞ ¼ d

ðA; 0Þ½ � 2 p0 LOðQÞð Þ if I ¼ A

�
ð4Þ

116116 Subsequently, we prove that v1ðiÞðI;xÞ is independent of the choice of a, and that vðiÞ : p0 LOðPÞð Þ �!

117 p0 LOðQÞð Þ is well defined.

118 Lemma 3.2 With notations as in (3.1), let ðI;xÞ 2 LOðPÞ, with heightðIÞ ¼ d. Then, v1ðiÞðI;xÞ is
119 independent of the choice of a.

120 Proof Let a be as in (3), and

b :
Q

IQ
�!
	 P

IP
be another isomorphism; 3 detðbÞ ¼ i�

A

I
:

122122 Then, detða�1bÞ ¼ 1. Since dim A
I

� �
¼ 0, the map a�1b is an elementary matrix, with respect to any choice

123
of basis of Q

IQ
. Therefore, there is an elementary automorphism cðTÞ 2 EL

Q½T �
IQ½T �

� �
, such that cð0Þ ¼ Id and

124 cð1Þ ¼ a�1b. Consider ðI½T�;HðTÞÞ 2 LOðQ½T �Þ, where H(T) is defined by the commutative diagram:

Q[T ]

H(T ))

Q[T ]
IQ[T ]

γ(T ) Q[T ]
IQ[T ]

α[T ] P [T ]
IP [T ]

ω[T ]

I[T ]
I[T ]2

126126
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127 Then with T ¼ 0; 1, we have commutative diagrams

Q

H(0)

Q

IQ

1 Q

IQ

ωα

I
I2

and

Q

H(1)

Q

IQ

α−1β Q

IQ

ωα

I
I2

129129
130 This completes the proof. h

131 Lemma 3.3 With notations as in (3.1), the map vðiÞ : p0 LOðPÞð Þ �! p0 LOðQÞð Þ, as defined by (4), is
132 well defined.

133 Proof Let x ¼ ½ðI;xÞ� ¼ ½ðI1;x1Þ� 2 p0 LOðPÞð Þ, with heightðIÞ� d and heightðI1Þ� d. Since the homo-
134 topy is an equivalence relation [6, Corollary 3.2 ], there is a homotopy HðTÞ ¼ ðJ;xJÞ 2 LOðP½T �Þ such
135 that

Hð0Þ ¼ ðJð0Þ;xJð0ÞÞ ¼ ðI;xÞ; and Hð1Þ ¼ ðJð1Þ;xJð1ÞÞ ¼ ðI1;x1Þ

137137 By Moving Lemma [6, Lemma 4.5], we can assume that heightðJÞ� d. Since dim
A½T�
J

� �
¼ 1, it follows,

138 there is an isomorphism

a :
Q½T�

JQ½T �
�!
	 P½T �

JP½T �
3 detðaÞ ¼ i�

A½T�

J

140140 Now define HQðTÞ ¼ ðJ;XQÞ, where XQ is defined as follows:

Q[T ]

ΩQ

Q[T ]
JQ[T ]

α P [T ]
JP [T ]

ωJ

J
J2

It follows
χ1(ι)(I, ω) = [(I, ω̃(α(0)))] = [(J(0), ΩQ(0))]
χ1(ι)(I1, ω1) = [(I1, ω̃1(α(1)))] = [(J(1), ΩQ(1))]

142142
143 The proof is complete. h

144 Proposition 3.4 With notations as in (3.1), the map vðiÞ is a monoid homomorphism.

145 Proof Recall, in this case, p0 LOðPÞð Þ has an additive (monoid) structure [6, Theorem 6.5]. Let
146 x ¼ ½ðI1;x1Þ�; y ¼ ½ðI2;x2Þ 2 p0 LOðPÞð Þ. We can assume I1 þ I2 ¼ A and heightðIiÞ� d for i ¼ 1; 2. If
147 I1 ¼ A or I2 ¼ A, then by definition (4), we have vðiÞðxþ yÞ ¼ vðiÞðxÞ þ vðiÞðyÞ. So, assume
148 heightðI1Þ ¼ heightðI2Þ ¼ d. For i ¼ 1; 2 let

ai :
Q

IiQ
�!
	 P

IiP
be isomorphisms 3 detðaiÞ ¼ i�

A

Ii
:

150150 Let a :
Q

I1I2Q
�!
	 P

I1I2P
be the isomorphism obtained by combining a1 and a2. Now, it follows that vðiÞðxÞ þ

151 vðiÞðyÞ is obtained by combining ðI1; a1x1ÞÞ and ðI2; a2x2ÞÞ, which is same as vðiÞðxþ yÞ. The proof is
152 complete. h

153 Proposition 3.5 Use the notations as in Definition 3.1. Then, Let Q0 be another another projective A

154 module with rankðQÞ ¼ d and let f : KdQ0�!
	

K
dQ be an isomorphism. Then, we have vðifÞ ¼ vðfÞvðiÞ.

155 Proof Follows from Definition 3.1. h

156 Theorem 3.6 Use the notations as in Definition 3.1. Then, the map vðiÞ : p0 LOðPÞð Þ �! p0 LOðQÞð Þ is a
157 monoid isomorphism.
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158 In particular, taking Q ¼ K
dQ� Ad�1, it follows p0 LOðPÞð Þ is a group.

159 Proof It follows from Proposition 3.5, that vðiÞvði�1Þ ¼ Id and vði�1ÞvðiÞ ¼ Id, Therefore, vðiÞ is an

160 isomorphism. Recall p0 LOðKdQ� Ad�1Þ
� �

is a group [6, Theorem 6.11], which settles the latter part. h

161 Remark 3.7 Use the notations as in Definition 3.1. Theorem 3.6 asserts that p0 LOðPÞð Þ has a group
162 structure, even when P does not have a free direct summand. However, it remains open, whether p0 LOðPÞð Þ
163 would fail to be a group, for some projective A-module P, with 2rankðPÞ� d þ 2.

164 Corollary 3.8 Let A be an essentially smooth ring over an infinite perfect field k, with 1=2 2 k, and

165 dimA ¼ d� 3. Let Q be a projective A-module, with rankðQÞ ¼ n. Let P ¼ K
dQ� Ad�1. Recall the defi-

166 nition of the Euler class groups EðPÞ ffi EdðA;KdQÞ, as in [1, 6]. The Euler class eðQÞ 2 EdðA;KdQÞ, was
167 also defined in [1]. We have a commutative diagram of isomorphisms

π0 (LO(Q))
χ(ι)

π0 LO(ΛdQ ⊕ Ad−1)

ψ

Ed(A, ΛdQ)

169169 where the horizontal map vðiÞ is as in (3.1), and the vertical isomorphism was defined in [6, §7]. We also
170 have

wvðeðQÞÞ ¼ eðQÞ

172172 where eðQÞ :¼ ½ð0; 0Þ� 2 p0 LOðQÞð Þ denotes the homotopy obstruction class of Q, as defined in [6].

173 Proof Let f : Q�I be a surjective homomorphism, where I is an ideal of height d. Let x : Q�I=I2 is
174 induced by f. Then, by definition eðQÞ ¼ ½ðI;xÞ�. Rest of the proof follows from definition of Euler class
175 e(Q). This completes the proof. h

176 4 Natural maps to Chow groups

177 The Chow groups of codimension n cycles will be denoted by CHnðAÞ (see [4, §1.3]). For an ideal J � A,
178 cycle Jð Þ would denote the cycle of the closed set V(J) (see [4, §1.5]).

179 Definition 4.1 Assume A is a Cohen Macaulay ring, with dimA ¼ d. Also assume dimAm ¼ d for all
180 m 2 maxðAÞ. As before, P is a projective A-module with rankðPÞ ¼ n. Define a map

‘0P : gLOðPÞ �! CHnðAÞ by ‘0PðI;xÞ ¼ cycleðIÞ 2 CHnðAÞ

182182 Now define the map

‘P : p0 gLOðPÞ
� �

�! CHnðAÞ by ‘P½ðI;xÞ� ¼ cycleðIÞ 2 CHnðAÞ:

184184 We prove next that ‘P is a well defined set theoretic map.

185 Proposition 4.2 Use the notations, as in (4.1). Then, the map

‘P : p0 gLOðPÞ
� �

�! CHnðAÞ

187187 is a well defined set theoretic map.

188 Proof For t 2 A, let st : CH
nðA½T �Þ �! CHnðAÞ denote the map induced by substitution T ¼ t. Let p� :

189 CHnðAÞ �! CHnðA½T �Þ denote the pull back map. Then, for any t 2 A, we have st ¼ ðp�Þ�1
[4, Cor 6.5,

190 pp. 111].
191 Let ðI0;x0Þ; ðI1;x1Þ 2 gLOðPÞ and assume ðI0;x0Þ	 ðI1;x1Þ. We prove
192 cycleðI0Þ ¼ cycleðI1Þ 2 CHnðAÞ. There is a homotopy HðTÞ ¼ ðJ;xÞ 2 LOðP½T �Þ such that Hð0Þ ¼
193 ðI0;x0Þ and Hð1Þ ¼ ðI1;x1Þ. By Moving Lemma Argument (see Remark 2.3), we can assume
194 heightðJÞ� n. Now, we have
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‘0PðI0;x0Þ ¼ cycleðJð0ÞÞ ¼ s0ðcycleðJÞÞ ¼ ðp�Þ�1ðcycleðJÞÞ

‘0PðI1;x1Þ ¼ cycleðJð1ÞÞ ¼ s1ðcycleðJÞÞ ¼ ðp�Þ�1ðcycleðJÞÞ

(
ð5Þ

196196 This completes the proof. h

197 Theorem 4.3 Suppose A is a regular ring, containing a filed k, with 1=2 2 k, and dimA ¼ d. Let P be a
198 projective A-module with rankðPÞ ¼ n. Then,

199 By Proposition 2.2, p0 LO� nðPÞ
� �

�!
	

p0 LOðPÞð Þ is a bijection. Therefore, ‘P defined in (4.1), defines a
200 set theoretic map

‘P : p0 LOðPÞð Þ �! CHnðAÞ

202202 Further,

‘PðeðPÞÞ ¼ CnðP�Þ 2 CHnðAÞ

204204 where eðPÞ ¼ ½ð0; 0Þ� 2 p0 LOðPÞð Þ denotes the homotopy obstruction class of P, and CnðP�Þ denotes the
205 top Chern class of the dual P�.
206 Assume 2n� d þ 2. Then, ‘P is an additive map.

207 Proof For the last statement, recall under the hypotheses p0 LOðPÞð Þ, has structure of an abelian monoid.
208 Rest of the proofs are obvious. h

209
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