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Chapter 0

Introduction

In these notes on Projective Modules and Complete Intersections we present an
account of the developments in research on this subject since the proof of the
Conjecture of Serre due to Quillen and Suslin.

After two preliminary chapters, we start with the proof of Serre’s Conjecture
and some associated results of Quillen and Suslin in Chapter 3.

Chapter 4 includes the Basic Element Theory of Eisenbud and Evans and
the proofs of the Eisenbud-Evans Conjectures. Our treatment of the Basic el-
ement theory incorporates the idea of gemeralized dimension functions due to
Plumstead.

In Chapter 5, we discuss the theory of matrices that we need in the later
chapters. We tried to avoid the theory of elementary matrices in these notes.
Instead, we talk about the Isotopy Subgroup of the General Linear Group in this
chapter.

The theory of Complete Intersections is discussed in Chapter 6. Among the
theorems in this chapter are

1. the theorem of Eisenbud and Evans on the number of set theoretic gener-
ators of ideals in polynomial rings,

2. the theorem of Ferrand-Szpiro,

3. the theorem of Boratynski on the number of set theoretic generators of
ideals in polynomial rings over fields,

4. the theorem of Ferrand-Szpiro-Mohan Kumar on the local complete inter-
section curves in affine spaces,

5. the theorem of Cowsik-Nori on curves in affine spaces.

To prove the theorem of Cowsik-Nori, we also give a complete proof of the fact
that a curve in an affine space over a perfect field is integral and birational to
its projection to an affine two subspace, after a change of variables.
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In Chapter 7, we discuss the theory of Projective modules over polynomial
rings in several variables over noetherian commutative rings. The techniques
used in this chapter are almost entirely due to Lindel. Among the theorems in
this chapter are

1. Lindel’s Theorem on Bass-Quillen Conjecture,

2. the theorem of Bhatwadekar-Roy on the existence of Unimodular elements
in projective modules,

3. Lindel’s Theorem on the transitivity of the action of the group of transvec-
tions on the set of unimodular elements of a projective module.

A large portion of these notes evolved out of class notes for a course on this
topic that I taught some years ago at the University of Kansas. The students in
this class did not have any previous serious exposure to commutative algebra.
My approach while conducting this course was to

a) state and explain results and proofs that have a potential to excite the
students;

b) skip those proofs that may become technical;

c) state, explain and use results from commutative algebra as and when
needed.

With this approach, I was able to cover the materials in Chapter 1-6. Among
the theorems that I stated in this course without proof were the theorems of
Eisenbud-Evans (Theorem 4.1.1), Plumstead (Theorem 4.3.1 and 4.3.2) and
Sathaye-Mohan Kumar(Theorem 4.3.3). On the other hand, I proved the theo-
rem of Ferrand-Szpiro (Theorem 6.1.3). I finished the course with the proof of
the theorem of Ferrand-Szpiro-Mohan Kumar(Theorem 6.2.5) that

a locally complete intersection ideal of height n — 1 in a polynomial ring
k[X1,...,X,] over a field k is set theoretically generated by n — 1 polynomials,
and with the statement of the Cowsik-Nori theorem(Theorem 6.3.1) that

any ideal of pure height n—1 in a polynomial ring k[ X1, ..., X,] over a field
k of positive characteristic is set theoretically generated by n — 1 elements.



Chapter 1

Preliminaries

In this chapter we shall put together some notations, some terminologies and
preliminaries from commutative algebra that we will be using throughout these
notes.

1.1 Localization

Suppose R is a commutative ring. For a subset S of R, we say that S is a
multiplicative subset of R if 1 isin S and for s and ¢ in .5, st is also in S.
For a multiplicative subset S of R and an R-module M, we have

Ms ={m/t : me M andte S}.

For m,n in M and ¢,s in S, we have m/t = n/s if u(sm — tn) = 0 for some
u in S. Mg is called the localization of M at the multiplicative set S. The
following are some facts about localization.

Fact 1.1.1 Suppose R is a commutative ring and S is a multiplicative subset
of R. Let M be an R-module. Then the following are easy to see.

(a) Rg is aring and the map R — Rg that sends r to r/1 is a ring homomor-
phism.

(b) Mg becomes an Rg-module under the natural operations
m/s+n/t=(tm+sn)/st and (a/u)(m/t) =am/ut
for m,nin M , ain R and s,t,u in S.
(¢) The natural map i : M — Mg that sends m to m/1 is an R-linear map.

(d) The natural map ¢ : M — Mg has the following universal property :
Given an Rg-module N and an R-linear map f : M — N there is a

3
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unique Rg-linear map F' : Mg — N such that the diagram

M 5 Mg
N\ |F
N

commutes.

(e) For an element f in R, we write Ry for Rg and write My for Mg where
S ={1,f,f%...}. For a prime ideal p of R, R, and M,, respectively,
denote Rg and Mg where S = R — p.

(f) We have Mg~ M ®p Rs as Rg - modules.

(g) Let M, N be two R-modules and let f : M — N be an R-linear map. It
follows from the universal property that there is an Rg-linear map
F : Mg — Ng such that the following diagram

M — N
A \:
MS — NS

commutes.

Definition 1.1.1 A homomorphism 7 : R — A of commutative rings is called
flat if for all short exact sequences

0—M —M-—M —0

of R-modules and R-linear maps, the induced sequence
0—MrA—M®rA— M"'"®rA—0
is exact.

Proposition 1.1.1 For a commutative ring R and a multiplicative subset S of
R, the natural map ¢ : R — Rg is flat.

Definition 1.1.2 Suppose R is a commutative ring and M is an R-module. We
say that M is finitely presented if there is an exact sequence

0—K —R"—M-—0

of R-modules, for some nonnegative integer n and a finitely generated R-module
K. Equivalently, M is finitely presented if there is an exact sequence

R —R'"— M —0

of R-modules, where m and n are nonnegative integers.
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Remark 1.1.1 We leave it as an exercise that for a noetherian commutative
ring R, an R-module M is finitely generated if and only if it is finitely presented.

Notations 1.1.1 Let R be a commutative ring.
1. We denote the set of all prime ideals of R by Spec(R).
2. The set of all maximal ideals of R will be denoted by max(R).

3. For an ideal I of R, V(I) will denote the set of all prime ideals of R that
contain I.

4. For an element f of R, D(f) will denote the set of all the prime ideals of
R that do not contain f.

Exercise 1.1.1 Suppose R is a ring and S C T be two multiplicative subsets
of R. Then the following diagram

R — Rg

N
Ry

of the natural maps commutes. Further if 7" is the image of T’ in Rg then (Rs)#
is naturally isomorphic to Rr. We say that Ry is a further localization of Rg
to explain this phenomenon.

1.2 The Local-Global Principle

Lemma 1.2.1 Suppose R is a commutative ring and M is an R-module. Then
the following are equivalent :

1. M=0,
2. M, =0 for all p in Spec(R),

3. M,, = 0 for all maximal ideals m of R.
Proof. See the book of Kunz ([K1]), Chapter III.

Proposition 1.2.1 Suppose R is a commutative ring and M is an R-module.
For two submodules M’ and M" of M, we have M’ = M" if and only if M/, =
M for all maximal ideals m of R.

Proof. See the book of Kunz ([K1]), Chapter IV.
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Example 1.2.1 Suppose R is a Dedekind domain which is not a Principal ideal
domain (PID). If I is an ideal of R that is not principal, then I is not isomorphic
to R but I,, ~ R,, for all maximal ideals m of R.

Corollary 1.2.1 Suppose I and J are two ideals of R. Then I = J if and only
if I,, = J,,, for all maximal ideals m of R containing I N J.

Proof. The corollary follows from Proposition 1.2.1 .

Corollary 1.2.2 Suppose that R is a commutative ring and M is an R-module.
Let {m;}icr = S be a subset of M. Then the set {m;};cr generates M if and
only if the image {m;/1};cr of S in M, generates M,, for all maximal ideals m
of R.

Proof. Let N be the submodule of M generated by S. Now the proof is an
immediate consequence of Proposition 1.2.1.

Lemma 1.2.2 Suppose R is a commutative ring and let fi, fo,..., fr be ele-
ments of R. Then D(f;)UD(f2)U...UD(f,) = Spec(R) if and only if the ideal
Rfi+Rfs+---+ Rf, = R.

We leave the proof of this Lemma as an exercise.

Corollary 1.2.3 Suppose R is a commutative ring and assume that Spec(R) =
D(f)U D(g) for some f and g in R. Let M be an R-module.

(a) Suppose that My and M, are finitely generated. Then M is finitely gener-
ated.

(b) Let my,...,m, be elements in M such that their respective images generate
both My and M,. Then my,...,m, generate M.

Proof. The corollary follows from Corollary 1.2.2.

Corollary 1.2.4 Suppose R is a commutative ring. Then a sequence

M L L
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of R-modules and R-linear maps is exact if and only if the induced sequence
M! — M,, — M,

is exact for all maximal ideals m of R.
Proof. See the book of Kunz ([K1]), Chapter IV.

Corollary 1.2.5 Let f: M — N be an R-linear map.
1. Then f is injective if and only if f,, is injective for all m in max R.

2. Similarly, f is surjective if and only if f,, is surjective for all m in max R.
Proof. It is immediate from Corollary 1.2.4.

Example 1.2.2 Suppose D is a Dedekind domain that is not a PID. Let I be an
ideal that is not principal. Then I,, is one generated for all m in max R. This is
probably the simplest example to illustrate that the local number of generators
and the global number of generators are not always the same. Deriving the
global number of gemerators from the local number of generators is one of our
main interests in these notes.

Definition 1.2.1 (Zariski Topology) For a noetherian commutative ring R,
the Zariski Topology on Spec(R) is defined by declaring D(f) as the basic open
sets, for f in R. Equivalently, the closed sets in Spec(R) are V(I), where I is
an ideal in R.

Exercise 1.2.1 Let R be a commutative noetherian ring. Then Spec(R) is
connected if and only if R has no idempotent element other than 0 and 1.

1.3 Homomorphisms of Modules and Flatness

The main theorem in this section is about the commutativity of the tensor
product for a flat extension with the module of homomorphisms of modules. Of
particular interest are the cases of polynomial extensions and localizations.

Notations 1.3.1 Suppose R is a commutative ring and M and N are two
R-modules. We shall denote the set of all R-linear maps from M to N by
Homp(M,N) or simply by Hom(M, N). Note that Hom(M, N) is also an R-
module in a natural way.
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Definition 1.3.1 Suppose R, M, N are as in Notations 1.3.1 and let S be a
multiplicative subset of R. We define a natural map

¢ : ST*Homp(M,N) — Homp,(Mg, Ns)
by defining ¢(f/t) : Mg — Ng as

p(f/t)(m)s) = f(m)/st

for f in Hom(M,N), m in M and s,t in S.

Exercise 1.3.1 Let R, M, N,S be as in Definition 1.3.1 and let M be finitely
generated. Prove that the natural map in Definition 1.3.1 is injective. Further,
if M is finitely presented then the natural map is an isomorphism.

In fact, Definition 1.3.1 and Exercise 1.3.1 are, respectively, the particular
cases of Definition 1.3.2 and Theorem 1.3.1 that follow.

Definition 1.3.2 Let i : R — A be a flat homomorphism of rings. Let M and
N be two R-modules. Define the natural map

v : Homp(M,N)® A — Homs(M ® A,N ® A)

by setting p(f @t)(m®@ s) = f(m) @ st for f in Hom(M,N), m in M, and s,t
in A.

Theorem 1.3.1 Leti: R — A be a flat homomorphism of commutative rings
and let M, N be two R-modules with M being finitely presented. Then the natural
map

¢ @ Homp(M,N)® A — Homa(M ® A,N ® A)

s an isomorphism.

Proof. First assume that M ~ R™ is free. In that case we have the commutative
diagram :

Hom(M,N)® A -2 Hom(M ® A,N @ A)

N e

’

N'® A £ (N®A)".

Here N™ denotes the direct sum of n copies of N and ¢’ is the natural identifi-
cation. Since the vertical maps are isomorphisms, ¢ is also an isomorphism.
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In the general case, since M is finitely presented, there is an exact sequence
R —R"— M —0
of R-linear maps. This sequence will induce the following commutative diagram:

0 - Hom(M,N)@ A— Hom(R",N)®@ A— Hom(R™,N)® A

1 \: A
0 — Hom(M',N')— Hom(A",N') -  Hom(A™,N')

where M = M ® A and N’ = N ® A.

Since the operation of taking Hom( ,N) is left exact and R — A is flat
the first row of this diagram is exact. For similar reasons, the last row is also
exact. By the case when M is free, the last two vertical maps are isomorphisms.
Hence the first vertical map is also an isomorphism. This completes the proof
of Theorem 1.3.1 .

Remark 1.3.1 All the rings we consider now onwards will be assumed to be
noetherian and commutative. That is why any finitely generated module will
also be a finitely presented module.

Remark 1.3.2 Let A = R[X] be the polynomial ring over a noetherian com-
mutative ring R. Let M and N be two finitely generated R-modules. It follows
that

Hom(M ® R[X],N ® R[X]) ~ Hom(M,N) ® R[X].

Remark 1.3.3 Let R be a noetherian commutative ring and S be a multiplica-
tive subset of R. For finitely generated R-modules M and N, we have

Homp,(Mg,Ng) =~ Hompr(M,N)®r Rs = (Homg(M,N))s .

1.4 Definition of Projective Modules

Before we define projective modules, we want to discuss the splitting properties
of exact sequences.

Definition 1.4.1 Suppose R is a commutative ring and let

0—M Lm0

be an exact sequence of R-modules and R-linear maps. We say that the sequence
splits if there is an R-linear map ¢ : M"” — M such that go¢ = Idy».
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Lemma 1.4.1 Suppose that R is a commutative ring and let
0—M LML M —0

be an exact sequence of R-modules and R-linear maps. Then the following
conditions are equivalent :

1. The sequence splits.

2. M = M’ & N for some submodule N of M such that the restriction
g|nv : N — M" is an isomorphism.

3. There is a map ¢ : M — M’ such that tof = Id.
4. The natural map
@ : Hom(M" , M) — Hom(M" , M"),

that sends a map h : M — M to goh, is surjective.

Proof. It is easy to see that (1) < (2) & (3).
To see that (1) implies (4) let ¢ : M — M be a split i.e. go¢ = Idp;. We
have the following
Mo L M
¢t /I
M//

commutative diagram. Given a map h : M — M" we have p(Coh) = goCoh =
h. Hence ¢ is surjective. This establishes (4).

To see (4) implies (1), let ¢(¢) = Id. Then ( is a split of g. This completes
the proof of the Lemma.

Corollary 1.4.1 Suppose R is a commutative noetherian ring and let
0—M —M-—M"—0

be an exact sequence of finitely generated R-modules and R-linear maps. Then
the sequence splits if and only if the induced exact sequences

0— M — M,, — M| —0
split for all m in max(R).
Proof. It is immediate from Lemma 1.4.1 and Corollary 1.2.5.

Now we are ready to define projective modules.
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Definition 1.4.2 Suppose R is a commutative ring and let P be an R-module.
We say that P is a projective R-module if one of the following equivalent condi-
tions hold :

1. Given a surjective R-linear map f : M — N and an R-linear map
g : P — N there is an R-linear map h : P — M such that the diagram

P
hgig
M f N — 0

commutes.

2. Every exact sequence 0 — N — M — P — 0 of R-modules and
R-linear maps splits.

3. There is an R-module ) such that P & Q) is free.

4. The functor M — Homp(P, M) from the category of R-modules to itself
is exact.

Proof.
(1) = (2) follows by looking at the diagram

P
h, LId

M — P— 0.

(2) = (3) We can find a surjective map f : F' — P, where F is free. Take @
= kernel (f). Then P ® Q =~ F' is free.

(3) = (4) Let 0 — M’ Lo M % M7 — 0 be an exact sequence of R-
modules and R-linear maps. It is a general fact that
0 — Hom(P,M') — Hom(P, M) — Hom(P, M")
is exact. So, we need only to show that the map
Hom(P, M) — Hom(P,M")

is surjective. Let F' = P& Q be free and let h : P — M" be any R-linear
map. If hg : F — M" is the map such that ho|p = h and hglg = 0
then there is an R-linear map h{, : F — M such that gohj, = hy. Let
h' = ho|p, then goh’ = h.

(4) = (1) is obvious.
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Theorem 1.4.1 Let R be a commutative noetherian ring and let P be a finitely
generated R-module. Then P is projective if and only if Py, is a free Rgy-module
for all p in Spec(R) if and only if Py, is free for all m in max(R).

Proof. Immediate from Corollary 1.4.1 and condition (2) of Definition 1.4.2.



Chapter 2

Patching Modules and
Other Preliminaries

Projective Modules are one of our main interests in these notes. Fiber product is
one of the basic tools that will be used later in these notes to construct Projective
modules. In section 2.1, we shall discuss the techniques of Fiber Product. We
shall use Fiber Product to develop the technique of Patching homomorphisms
of Modules and also to construct Projective modules by patching techniques. In
section 2.5, we discuss the correspondence between vector bundles and Projective
modules. This correspondence is also used to construct a classical example of a
nonfree projective module.

2.1 Fiber Product of Modules

One of the main references for this section is the book ([Mi]) of Milnor.

Definition 2.1.1 Let R be a commutative ring and let f; : M; — N and
fo : My — N be homomorphisms of R-modules. The fiber product of M; and
Ms over N is a triple (M, g1,g92) where M is an R-module, g1 : M — M,
and gy : M —> M> are R-linear maps such that fio91 = foogs and the triple
is universal in the sense that given any other triple (M’, g7, g5) of this kind
with fiog] = foog) there is a unique homomorphism h : M’ — M such that
gioh = g} and g20h = gj.

Remark 2.1.1 We say that

M 2 M
ig2 J/fl
M, 2y N

13
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is a fiber product diagram to mean M is the fiber product of M; and My over N
as defined in Definition 2.1.1. Later in these notes, by a fiber product diagram we
shall mean a combination of more than one such fiber product diagrams connected
by maps between them.

Remark 2.1.2 The definition of fiber product makes sense in any category,
although existence is not guaranteed. We will mainly be interested in

1. the category of commutative rings and ring homomorphisms;

2. the category of R-modules and R-linear maps, where R is a commutative
ring.

Proposition 2.1.1 Let R be a commutative ring and let f; : M; — N and
f2 : Ms — N be two homomorphisms of R-modules. Then the fiber product
of My and M; over N exists and is unique up to an isomorphism.

Proof. Let M = {(m1,mq) € My & Ms : fi(m1) = fa(ma)} and let
gliM—>M1 and gg:M—)Mg

be the natural projections. It is easy to check that

M 2 M
1 g0 1 fi
M, 2 N

is a fiber product of M7 and M, over N. For the uniqueness part one can see
the book of Kunz ([K1]), Chapter III.

Definition 2.1.2 As mentioned in Remark 2.1.2, the fiber product of commu-
tative rings

R — Ry

\: A

Ry — Ry

is defined as in Definition 2.1.1. So, in this diagram R is the fiber product of R
and Ry over Ry in the category of commutative rings.



2.1. FIBER PRODUCT OF MODULES 15

Remark 2.1.3 In these notes we shall be concerned with fiber product of mod-
ules, only in the context of a given fiber product of rings as above. We shall
be considering fiber product of an R;-module M7, an Ro-module M, over an
Rp-module N. Here follow some examples of fiber products.

Example 2.1.1 Let R be a commutative ring and let I, J be ideals of R. Then

R/INJ —  RJI

4 \
R/J — R/I+J

is a fiber product diagram.
Further, if M is an R-module then

M/(IMNJM) —s  M/IM
{ \
M/JM — M/(I+J)M

is a fiber product diagram of R-modules.

Example 2.1.2 Let R be a commutative ring and s,¢ be elements in R such
that Rs + Rt = R. Then
R — R;

| 1

Rt — Rst

is a fiber product diagram of commutative rings.
Further, if M is an R-module, then

M — M,
\: 1
Mt — Mst

is a fiber product diagram of R-modules.

It is important to understand the proofs of Examples (2.1.1) and (2.1.2),
which we leave as exercise.

Proposition 2.1.2 Let R be a commutative ring and

M 2 M
1 g0 1 fi
M, &% N

be a commutative diagram of R-modules. This diagram is a fiber product di-
agram if and only if for each pair of elements m; in M; and my in Ms with
fi(m1) = fa(mg) there is a unique element m in M with g;(m) = m; and
g2(m) = ma.
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The proof of this Proposition 2.1.2 is obvious from the construction in Propo-
sition 2.1.1.

Exercise 2.1.1 Suppose R is a commutative ring and

M — M;
2 \
M2 — MO

is a fiber product diagram of R-modules. Let ¢ be a nonzero element in R. Then

M, — My

{ {
My — Mo

is also a fiber product diagram of R;-modules.

2.2 Patching Homorphisms of Modules

In this section, we shall be patching homomorphisms of modules in the context
of fiber product diagrams of rings as follows.

Proposition 2.2.1 Let R be a commutative ring and let s and ¢ be elements
in R such that Rs + Rt = R. Suppose M and M’ are two R-modules. Let
fi: My — M/ be a R,-linear map and fo : My — M| be a R;-linear map such

that (f1): = (f2)s-

1. Then there is an R-linear map f : M — M’ such that (f)s = f1 and
(i = fo

2. Further, if f; and fy are injective (respectively, surjective, isomorphism)
then so is f.

Proof. The proof follows from the following fiber product diagram :

M%Ms

oY

Mt Mst

N

My Mg,
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Here fo = (f1): = (f2)s and f : M — M’ is obtained by the properties of fiber
product diagrams. Now the theorem follows from the properties of fiber product
diagrams.

Remark 2.2.1 The Proposition 2.2.1 could as well be proved directly. We gave
this proof because we shall be using such fiber product diagrams in our later
discussions.

Further, the Proposition 2.2.1 also holds in the following situation: whenever
we are given two fiber product diagrams of R-modules

M — M and M — M
\ S 1 1
My, — My Mé — Mé

and R-linear maps maps f; : M; — M/ for ¢ = 0,1,2 so that the diagrams

M, L
1 {
My %

commute for 4 = 1,2 then there is an R-linear map f : M — M’ with respective
properties as in Proposition 2.2.1.

We conclude this Chapter with the following exercise.

Exercise 2.2.1 Let R be a commutative ring and let S be a multiplicative
subset of R. Let M and N be finitely generated R-modules and f : Mg — Ng
be an Rg-linear map. Then there is an element ¢ in S and an R;-linear map
g : My — N, such that (g)s = f.

Further, if f is injective (respectively, surjective, isomorphism) then we can
pick ¢ in S, so that g is also injective (respectively, surjective, isomorphism).

2.3 Elementary facts about Projective Modules

We start with some easy remarks.

Remark 2.3.1 If P is a finitely generated projective R-module, then P & @ is
a free R-module of finite rank for some R-module Q.
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Proposition 2.3.1 Let R be a commutative ring.

1. If P is a projective R-module and S is a multiplicative subset of R then
Ps is a projective Rg-module.

2. If P is a projective R-module and I is an ideal of R then P/IP is a
projective R/I-module.

3. More generally, if R — A is a ring homomorphism and if P is a projective
R-module then P ®p A is a projective A-module.

4. Direct summand of a projective module is projective.

Proposition 2.3.2 Let R be a noetherian commutative local ring and let P be
a finitely generated R-module. Then P is projective if and only if P is free.

Proof of Proposition 2.3.2 follows form Nakayama’s Lemma, which we state
here for the sake of completeness.

Lemma 2.3.1 (Nakayama) Let R-be a commutative ring and M be a finitely
generated R-module. Suppose [ is an ideal and IM = M. Then there is an x
in I such that (1 4+ z)M = 0. In particular, if R is a local ring and I is a proper
ideal then M = 0.

Proof. See the book of Matsumura ([Mt]), Chapter 1.

Proof of Proposition 2.3.2. The proof follows from Lemma 2.3.1. One can
see the book of Kunz ([K1]), Chapter IV.

Proposition 2.3.3 Let R be a commutative noetherian ring and let P be a
finitely generated R-module. Then P is projective if and only if P, is free for
all maximal ideals m of R.

Proof. Suppose P is projective. Then P, is projective and hence free by
Proposition 2.3.2. The converse follows from Corollary 1.4.1. One can see the
book of Kunz ([K1]), Chapter IV.

Before we conclude this section we define the rank of a projective module.
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Definition 2.3.1 Let R be a commutative noetherian ring and let P be a
finitely generated projective R-module. We define the rank function as

rank(P, p) = rank(P,)

for prime ideals p in Spec(R). If rank(P, p) = r is constant for all p in Spec(R),
then we say that P has rank r.

Exercise 2.3.1 For a finitely generated projective R-module P, rank(P,p) is
a continuous function from Spec(R) to {0,1,2,...} = M. Hence if R has no
nontrivial idempotent, then rank(P, ) = r is constant (see Exercise 1.2.1).

2.4 Modules over Principal Ideal Domains

Before we state our main theorem in this section, we define torsion free modules.

Definition 2.4.1 Let R be a commutative ring and let M be an R-module. We
say that M is torsion free if rm # 0 for all nonzero divisors 7 in R and m # 0
in M.

The following is the main theorem in this section.

Theorem 2.4.1 Let R be a principal ideal domain (PID) and M be a finitely
generated torsion free R-module. Then M is free. In particular, finitely gener-
ated projective modules over R are free.

Proof. Let S be the set of all nonzero elements in R. Then S~!'M is a finite
dimensional vector space over Rg. Therefore, there is an isomorphism,
f:87'M — STIR" for some n. Let mq,...,m; be generators of M and let
f(m;/1) = x;/s for some z; in R” and some s in S. Define an R-linear map
g: M — R"™ by g(m) =z if f(m) = x/s. This map is well defined and since
M is torsion free the map is also injective. So, we can assume that M is a
submodule of R"™.

Now we shall prove that any submodule M of R" is free, by induction on n.

If n =1, then M is an ideal of R and hence free of rank one.

Assume n > 1 and let p, : R™ — R be the projection to the last coordinate.
Let I = p,(M). If I = 0, then M is a submodule of R"~! and M is free by
induction. If I # 0, then [ is free of rank one and

0— M —M-—I—0
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is exact where M’ = kernel p, N M. Again by induction M’ is free. Since this
sequence is split exact, M ~ M’ @ I is free.

The following is a more explicit version of Theorem 2.4.1 that we need for
our future use.

Proposition 2.4.1 Let R be a principal ideal domain and M # 0 be a submod-
ule of a free module R™ and ey, ..., e, be a basis of R™. Then, after relabeling the
basis, there are nonzero elements fi, fa,..., fr in R such that M = ®]_, Rf;e;,
where r = rank M.

Proof. We use induction on n. If n = 1 then M is an ideal of R = Rey. So,
M = Rfie; for some nonzero f; in R.

Now assume that n > 1 and let p,, : R — R be the projection to R =~ Re,,.
Let I = p,(M). If I = 0 then M is a submodule of EB?:_llRei and hence by
induction M = &]_,Rf;e;. If I # 0 then I = Rf, for some nonzero f, in R. If
M’ = kernel p, N M, then

0—M —M-—1=Rf, —0

is a split exact sequence. Since M’ is a submodule of @;’;fRei, the proposition
follows by induction.

2.5 Vector Bundles and Projective Modules

The purpose of this section is to give some of the obvious and the classical
examples of projective modules that are not free. This is also an opportunity to
talk about the correspondence between the topological vector bundles and the
projective modules over the ring of continuous functions.

Example 2.5.1 Let A be a commutative ring and let R = A x A. Then P =
0 x A is a projective R-module that is not free.

The following is the classical example of a nonfree projective module that is
not so obvious.

Example 2.5.2 (Sw4) Let

R=RIX,Y,Z)/(X>+Y?+ 2>~ 1) = Rlz,y,]
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be the algebraic coordinate ring of the sphere S2. Define a map f : R — R
by sending e; = (1,0,0) to z, ea = (0,1,0) to y and e3 = (0,0,1) to z. Since
22 +y? +22 =1, we have f is surjective. Let P = kernel (f). Then P® R ~ R?
and hence P is a projective R-module. It is well known that P is not free. This
follows from the fact that the Tangent Bundle of the sphere S? is not trivial.

The rest of this section is devoted to justify the validity of Example 2.5.2.
This will also be an opportunity to mention the correspondence between vector
bundles and projective modules. We shall only be able to sketch this theory.
One can see the papers of Swan ([Swl], [Sw4]) for more details on this theory.

Definition 2.5.1 Suppose S is a connected compact real manifold. A (real)
vector bundle V over S of rank n is a topological space V' with a continuous map
m:V — S such that

1. For z in S, the fiber 7'z is a vector space over R of dimension n;

2. For z in S, there is an open neighborhood U of z and a homeomorphism
¢ : U xR" — 771U such that mop = p, where p: U x R* — U is the
projection map. Also, for all y in U, the restriction of ¢ to y x R® — 71y
is an R-linear homomorphism.

The maps between vector bundles over S are defined in the obvious way. A
vector bundle V over S is said to be trivial if it is isomorphic to the vector bundle
S x R™ for some nonnegative integer n, in the category of vector bundles over

S.

Definition 2.5.2 Let S be as above and let 7 : V' — S be a vector bundle over
S. A section of V' is a continuous map s : S — V such that wos = id.

Given a connected compact manifold S, the ring of all continuous functions
from S to R will be denoted by C(S).

Definition 2.5.3 Let S be as above and let V be a vector bundle over S. Let
P(V) be the set of all sections of V. Then P(V) has a C(S)-module structure
under the operations :

1. for s and ¢ in P(V) define (s +t)(x) = s(x) + t(z),
2. for s in P(V) and f in C(S) define (fs)(z) = f(z)s(x).
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Proposition 2.5.1 (Sw4) Let S be as above and V' be a vector bundle of rank
n over S. Then P(V) is a projective C'(S)-module of rank n.

Proof. See the paper of Swan ([Sw4]).

Theorem 2.5.1 (Swan) Let S be a connected compact Hausdorff space. Then
V — P(V) gives an equivalence of categories between the category of vector
bundles on S and the category of projective C(S)-modules of finite rank. In
particular, V is trivial if and only if P(V) is free.

Proof. See the paper of Swan ([Sw4]).

Example 2.5.3 Let S? = {(z,y,2) € R3 : 22 + y? + 22 = 1} be the sphere.
Then T = {(z,y, z,u,v,w) € S x R® : 2u+ yv + 2w = 0} is the tangent bundle
on S2. Tt is also known that T is not trivial. Then P(T') = set of all continuous
functions s = (u,v,w) : S — R? such that zu(z) + yv(y) + 2w(z) = 0 for all x
in S2. So, it follows from Theorem 2.5.1 that P(T) is not a free C'(S?)-module.

Now we are ready to give a proof of Example 2.5.2.

Proof of Example 2.5.2. Our notations here are as in Example 2.5.2 and
Example 2.5.3. Clearly, P=kernel f = {(u,v,w) in R® : ux + vy + wz = 0}.
Note that R is a subring of C(S?) and P(T) ~ P ®r C(S?). Since P(T) is not
free, P cannot be free.

2.6 Some Constructions of Projective Modules

In this section we shall give some of the standard constructions of projective
modules. We start with some definitions.

Definition 2.6.1 Let R be a commutative ring and let (x1,zs2,...,2,) be in
R"™. We say that (z1,x2,...,z,) is a unimodular row if

T1Y1 + ToYy2 + -+ XYy =1

for some y1, ¥, . .., Yy, in R. The set of all unimodular rows in R™ will be denoted
by U,(R).
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Definition 2.6.2 Let R be a commutative ring and let M be a finitely generated
R-module. We say that M is stably free if M @& R* ~ R™** for some nonnegative
integers n and k. Obviously, a stably free module is projective. Therefore,
Example 2.5.2 is also stably free.

Construction 2.6.1 Let R be a commutative ring and let (x1,x9,...,2,) be
a unimodular row in R™. Define a map f : R — R by sending the standard
basis e, es, ..., e, to x1,x2,..., %y, respectively. Let P = kernel of f. Then
P® R~ R™ So, P is stably free.

Exercise 2.6.1 Let R be a commutative ring.

1) Let P be as in Construction 2.6.1. Then P is free if and only if the unimodular
row (x1,...,Ty) is the first row of an invertible n X n - matrix.

2) More generally, let F' and F’ be two finitely generated free modules over a
commutative ring A. Let
a:F— F'

be a surjective A-linear map and P be the kernel of o . Then P is free if
and only if the matrix of o can be completed into an invertible matrix.

The following is the construction of projective modules by the method of
patching that will be of great use for us in the later sections.

Construction 2.6.2 Let R be a commutative ring and let s1,ss be in R be
such that Rs; + Rsa = R. Let P; be a finitely generated projective R, - module
fori=1,2. Let f: (P1)s, — (P2)s, be an isomorphism and let

P — Py
\J \J

P =Pyl (P,

be a fiber product diagram. Then since Ps, ~ P; and P,, =~ P, are projective,
P is also projective by Proposition 2.3.3.

For similar constructions of projective modules see the book of Milnor ([Mi]).
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Chapter 3

Extended Modules over
Polynomial Rings

In this chapter we prove various theorems of Quillen and Suslin that lead to
the proof of Serre’s Conjecture that finitely generated projective modules over
polynomial rings over fields are free. Serre’s conjecture was proved, indepen-
dently, by Quillen and Suslin using two different methods. We will, essentially,
be following Quillen’s methods.

3.1 Quillens Theorem

In this section we shall prove Theorem 3.1.1 of Quillen that a module over a
polynomial ring is extended if it is locally extended. We start with the definition
of extended modules.

Definition 3.1.1 Let A — B be an extension of commutative noetherian rings.
A B-module M is said to be extended from A (or simply an extended module)
if M ~ N ®4 B for some A-module N. We will mainly be concerned with the
situations where B will be a polynomial ring over A.

Proposition 3.1.1 Let R = A[X] be a polynomial ring over a commutative
noetherian ring A and let M be a finitely generated R-module that is extended
from A. Then M ~ M ®4 R[X] where M = M/X M.

Proof. Since M is extended, M ~ N ®4 A[X] for some A-module N. Then
M =

M/XM ~ (N ®4 AlX])@r R/ XR~ N ®s (A[X]®r R/XR)~ N ®4 A~ N.

25
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So, M = M ®4 R.

The main theorem in this section is the theorem of Quillen ([Q]) as follows.

Theorem 3.1.1 (Quillen) Let R = A[X] be a polynomial ring over a noethe-
rian commutative ring A and let M be a finitely generated R-module. If M,, =
(A\m)~tM is extended from A,,, for all m in max(A), then M is extended from
A.

We shall use the following two lemmas to prove Theorem 3.1.1.

Lemma 3.1.1 (Quillen) Let A be a commutative ring and R be an A-algebra
(that is not necessarily commutative). Let f be in A and X be a variable. Let
6 be a unit in 1 + XR;[X]. Then there is an integer £ > 0 such that for any
g1,92 in A with g; — go in f¥A, there exists a unit 1 in 1 + X R[X] such that
Uy (X) = 0(91.X)0(g2X) .

Proof. Let 6(X) =>" ja; X" and (X))~ = Y b;X* with a;,b; in Ry and
ap = bg = 1. Let r be a nonnegative integer and let Y, Z be indeterminates.
Then

O(Y + frF2)X)0(YX) L =1+ [0((Y + f72)X) —0(Y X)]O(Y X)~!

p i—1

=1+7ZX zp: Z Z f”aibj(y + frZ)i—l—nYn+in_1+j .

i=1 j=0 n=0

If r is large enough then there are C;; in R such that (Cj;)y = f"a;b;. So,
there is ¢ in 1+ ZXR[Y, Z, X] such that ¢;(Y, Z, X) = 0((Y + f7Z)X)0(Y X)~*.
Replacing Y, Z by Y + f"Z, —Z we see that there is ¢’ in 1+ ZXR[Y, Z, X| such
that ¢ (Y, Z, X) = OYX)0((Y+f"Z)X)~ . Then we have (¢¢') s = (¢/¢) ¢ = 1.
So, if we write ¢¢’ = 1+ ZXhy and ¢'¢p = 1+ Z X ho, then there is a nonnegative
integer s such that f*h; = f*hy = 0. It follows that ¢(Y, f*Z,T) is a unit. The
lemma now follows with k = r+s and ¢¥(X) = ¢(gs, f*z, X) where g; = go+ f*2.

Lemma 3.1.2 (Quillen) Let R = A[X] be a polynomial ring over a commu-
tative noetherian ring A and let s,¢ in A be such that As+ At = A. Let My be
an A-module and M = My ®4 A[X] = My[X] and N be an R-module. Suppose
fi: My — Ng and fo : My — N, are two isomorphisms such that (f1): = (f2)s
(modulo X). Then there is an isomorphism f : M — N such that (f)s = f1
(modulo X) and (f): = f2 (modulo X).
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Proof. Let 0 = (f1); "o(f2)s : My — My;. Tt follows that § = Id (modulo X).
We look at 0 as an element in End(My;) = End(Myst)[X] and apply Quillen’s
Lemma 3.1.1. So,

0=qpo+ @1 X+ X+ -+ X"

for some ; in End(Mos:) and o = Idpy,.,. Apply Lemma 3.1.1 for the extension
As — End(Mps). We see that there is an integer k1 > 0 such that whenever
g1 — g2 is in tF1 A, for some gy, go in Ay, there is a unit ¢, in 1+X End (M, )[X]
such that (¢1); = 0(g1X)0(g2X)~!. Similarly, there is an integer ko > 0, such
that whenever g; — go is in s¥2 4;, there is a unit 15 in 1+ X End(Mq,)[X] such
that 19, = 0(g1X)0(92X) L. Fix k > max{ky,ka}. Since at® +bs* = 1 for some
a,bin A, we have
0(X)0(bs"X) ™! = (¢1)s

for some unit ¢; in 1 4+ X End(Mjs)[X] and
B(bs* X) = 0(bs*X)0(0) "1 = (v2)s

for some unit ¢ in 1 + X End (Mq,)[X].
So,

(f1)7 Mol f2)s = 0(X) = [0(X)0(bs* X)~1[0(bs* X)0(0) 1] = (v1)e(¥2)s-

Hence (f1¢1): = (fot3 ')s-

So, there is an isomorphism f : M — N such that f, = fi1; and f; = fohy '
Since 11 = Id (modulo X), we have (f)s = f1 (modulo X). Similarly, (f); = f2
(modulo X). This completes the proof of Lemma 3.1.2.

Now we are ready to give a proof of Theorem 3.1.1 of Quillen.

Proof of Theorem 3.1.1 of Quillen. Let N = M/X M. Because of Proposi-
tion 3.1.1, we need to prove that M ~ N ® A[X]. Let

J={tin A: My =~ N; ® A[X]|} = {t in A: M, is extended from A;}.

We shall first prove that J is an ideal of A. Clearly, 0 is in J and also for a
in A and ¢ in J we have at is in J.

Now let s and ¢ be in J. We want to show that s+t is in J. By replacing A
by Asyt, we can assume that As + At = A. We have two isomorphisms

fi:(N®AX]))s — My, and  fo: (N®A[X]); — M,.

We can assume that f; = Id (modulo X) and f; = Id (modulo X). Hence
by Lemma 3.1.2 N ® A[X] ~ M.

So, we have proved that the set J defined above is an ideal of A.

Now we prove that J = A. Otherwise, J is contained in a maximal ideal m
of A. Since M,, = N,, ® A[X], it follows that M; ~ N; ® A[X] for some t in
A\m. This means ¢ is in J. This contradicts that J is contained in m.
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So, J = A. Hence 1 isin J and M = N ® A[X]. Therefore the proof is
complete.

Remark 3.1.1 It follows from the proof of Theorem 3.1.1 that for a finitely
generated A[X]-module M, we have J = {t in A : M, is extended from A} is
an ideal. Tt is also clear that v/J = J.

3.2 Projective Modules over Polynomial Rings

In this section we prove various important theorems of Quillen and Suslin, in-
cluding the Conjecture of Serre. Recall that a polynomial f in a polynomial ring
R = A[X] is called a monic polynomial if the coefficient of the leading term of
f is a unit in A. The following theorem of Horrocks plays an important role in
this theory.

Theorem 3.2.1 (Horrocks) Let (A, m) be a commutative noetherian local ring
and let R = A[X] be the polynomial ring. Suppose P is a finitely generated pro-
Jjective R-module such that Py is free for some monic polynomial f in R. Then
P is free.

Before we prove Theorem 3.2.1 of Horrocks, we derive the following Theorems
3.2.2 and 3.2.3, both proved, independently, by Quillen and Suslin from Theorem
3.2.1.

Theorem 3.2.2 (Quillen, Suslin) Let A be a noetherian commutative ring
and let R = A[X] be the polynomial ring. Suppose that P is a finitely generated
projective R-module such that Py is free for some monic polynomial f in R.
Then P is free.

Proof. Here we give the proof of Quillen. For any maximal ideal m of A, P,, =
(A — m)~1P is free by Horrocks’ Theorem 3.2.1. So, P, is extended for all
maximal ideals m of A. By Theorem 3.1.1 of Quillen, we have P is extended
from A. So, P ~ N ® A[X] for some A-module N. It remains to show that N
is free.

Now look at Rx = A[X,X ! and let Y = X! and ¢g(Y) = X ¢f(X)
where d = degree of f. Since f is monic, the constant term of g is a unit. Hence
gY)A(Y)+YA[Y] = A[Y].
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The diagram

AlY] — AV, Y = AX, XY
4 4
AlY], — AlY]ly, = AX X7

is a fiber product diagram.

Let r = rank Py and let F be a free A[Y], - module of rank r. Since Px
is free there is an A[Y], -linear map ¢ : F' — Pxj so that the induced map
Fy, — Pxy is an isomorphism. Let P’ be the projective A[Y] -module given by
the fiber product diagram

r — Px

1 1

F % Px,.

Since Py, ~ Px is extended from A, by the argument of the first paragraph,
P’ is also extended from A. Therefore P’ ~ N'® A[Y] for some finitely generated
A-module N'.

The natural map P’ — Pg’ ~ F will induce an isomorphism

P'/YP' ~ P,/YP,~ F/YF

(this is possible because g(0) = 1). Since F' is free, P'/Y P’ is also free. Hence
N’ =~ P'/Y P’ is free.
Now it follows that

N~P/(X-1)P~Px/(X-1)Px =P, /(Y -1)P},, =~ P'/(Y —1)P' =~ N’

is free. So, P~ N ® A[X] is free. So, the proof of Theorem 3.2.2 is complete.

Exercise 3.2.1 Let P be a finitely generated R = A[X|-module and let N be
a finitely generated projective A-module. Suppose that Py ~ N[X]; for some
monic polynomial f. Then P ~ N[X].

The following theorem, proved independently by Quillen and Suslin, settles
the conjecture of Serre about projective modules over polynomial rings over
fields.

Theorem 3.2.3 (Quliien,Suslin) Let R = A[X, ..., X,] be a polynomial ring
over a principal ideal domain A. Then any finitely generated projective R-module
1s free.
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Proof. We prove this theorem by induction on n. If n = 0, then any finitely
generated projective R-module is free by Theorem 2.4.1.

Now assume that n > 0. Let S be the set of all monic polynomials in A[X;]
and let A = S71A[X;]. Since dim(A4’) = 1 and A’ is a unique factorization
domain, A’ is a principal ideal domain. By induction it follows that S~!P is
a free ST'R = A'[X,,..., X,]-module. So, there is a monic polynomial f in
A[X;], such that Py is free. Hence P is free by Theorem 3.2.2 and the proof is
complete.

The rest of this section is devoted to proving Theorem 3.2.1 of Horrocks.

3.2.1 The Proof of the Theorem of Horrocks

The proof of Theorem 3.2.1 that we give here evolves out of some techniques
that was developed by Amit Roy ([R]) and is due to Budh Nashier and Warren
Nichols([NN]). We follow the notations as in Theorem 3.2.1.

First note that since A is local, R = A[X] has no idempotent element other
than 0 and 1. So, P has a constant rank. First we shall establish Theorem 3.2.1
for the rank one case. We shall split the proof of this part into several lemmas.

Lemma 3.2.1 Let R be any noetherian commutative ring and let P be a pro-
jective R-module of rank one. Then P is isomorphic to a projective ideal (also
called an invertible ideal) of R.

Proof. Let S be the set of all nonzero divisors of R. Then since S™!R is a
semilocal ring and since P has constant rank one, S~!P is isomorphic to S~!R.
Hence Ps ~ R, for some s in S. By removing the denominators (as in Theorem
2.4.1) we can assume that there is an injective map f: P — R. So P = f(P),
which is an ideal.

Lemma 3.2.2 Let R = A[X] be as in Theorem 3.2.1 and I be an ideal of R.
Assume that I contains a monic polynomial. Then each nonzero element f in
I+ mR/mR is the image of a monic polynomial in I.

Proof. The proof is done by careful use of the division algorithm. Let k = A/m
and let f be a nonzero element in I + mR/mR. Then there is an element ¢; in
I such that g, = f. (“ =7 bar denotes the image in R/mR =~ k[X]). Let
degree(f) = r and hence degree (g1) =n > r. Let g1(X) = a, X" +a, 1 X" '+
-+« +ag with a; in A. Now, if n = r, then ¢; is monic and the proof is complete
in this case. Now assume that n > r. So, a, is in m.
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We claim that I contains a monic polynomial of degree r 4+ 1. To see this,
let F1(X) be a monic polynomial in I of degree d > r + 1. We can assume that
the leading coefficient of Fy is one. Now degree(X9~1="f(X)) = d — 1. We also
have Xd-1-7g;(X) = X4 177 f(X).

Write k = d+n —7r —1 and let go(X) = X9 177g;(X) — a, X 4F (X).
Then degree(g2) < k — 1 and go = X9 17" f(X) has degree d — 1. Repeating
this process, we can find a polynomial ¢’(X) in I of degree d — 1, so that g’ =
XAa=1=r f(X). Since X917 f(X) also has degree d — 1, we have ¢’ is monic.

So, we found a monic polynomial ¢’ in I of degree d — 1. Again repeating
this process, we see that there is a monic F(X) in I of degree r 4+ 1. We can also
assume that the leading coefficient of F is one.

Now G(X) = g1(X) —a, X" ""1F(X) has degree n — 1 and G = g1 = f(X).
Repeating this process we get a polynomial G in I of degree r so that G| = f.
Hence G is also monic. This completes the proof of Lemma 3.2.2.

Lemma 3.2.3 Suppose R is a noetherian commutative ring . Let I be an
invertible ideal of R and let J be an ideal of R contained in I. Then there is an
ideal L of R such that LI = J.

Proof. Let L = {f(X) in R : f(X)I C J}. We check that for every maximal
ideal m of R, we have (LI),, = Jpn,. Note that LI is contained in J. If LT is not
contained in m then (LI),, = Ry, = Jp-

Assume that LI is contained in m. So, either L or [ is contained in m. Since
J is contained in L, it follows that J is also contained in m.

Now L., ={fin Ry : fI, C I}

If T is not contained in m, then (LI),, = L., = Jy,. If I is contained in m,
then I,,, = gR,, for some nonzero divisor g and L,, = {f in R, : fg is in J,, }.
Hence (LI).,, = Ly(g9Ry) = Jm. So, the proof of Lemma 3.2.3 is complete.

Lemma 3.2.4 Let R = A[X] be a polynomial ring over a noetherian commu-
tative ring A and let I be an invertible ideal that contains a monic polynomial.
Then I is a principal ideal.

Proof. Let J = I+mR and let J/mR = fk[X] for some f(X)in k[X] = R/mR.
By Lemma 3.2.2, there is a monic polynomial F(X) in I, so that F' = f (here
“ — 7 bar means the images in k[X]). So, it follows that J = RF + mR. By
Lemma 3.2.3, let I " mR = IL for some ideal L of R. Now mI C I N mR.
Since IL C mR and since [ is not contained in mR, we have L C mR. Hence
INmR=1IL C ml. So, it follows that I " mR = ml.

We have [+ mR =J = RF+mR. So,I = RF+INmR = RF+ ml, where
F is a monic polynomial. Now I/FR = M is a finitely generated
R/FR -module and M = mM. Since m is contained in the radical of R/FR, it
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follows from Nakayama’s Lemma that M = 0. Hence I = RF. So, the proof of
Lemma 3.2.4 is complete.

As Lemma 3.2.1 and Lemma 3.2.4 settle the proof of the rank one case of
Theorem 3.2.1 of Horrocks, we proceed to prove the higher rank case of the
theorem. We need the following lemma.

Lemma 3.2.5 Let R be a principal ideal domain and let M be a finitely gen-
erated free R-module. Let p be a nonzero element of M. Then M has a basis
P1,P2, ..., pr such that p = ap; for some a in R.

Proof. Let ¢1,...,q, be a basis of M and p = a1q1 + --- + a,q, for ay,...a,
in R. We can assume that a; # 0. Let aR = a1 R+ --- + a,.R. Then a; = ab;
for by,...,b, in R. So, if a = cya; + -+ + cra, then c1by +--- + ¢,.b. = 1. Let
p1 =b1q1 +b2g2 + - - - + b-q,. Define an R-linear map ¢ : M — Rp; by sending
@i to ¢;p1 for i =1 to r. Then ¢(p1) = p1. So ¢ splits and M = kery @ Rp;.

Now let ps,...,p, be a basis of ker . Hence pi,ps,...,p, is a basis of M
and ap; = p. So the proof of Lemma 3.2.5 is done.

Now we are ready to prove Theorem 3.2.1 of Horrocks.

Proof of Theorem 3.2.1. Let n = rankP. We give a proof by induction on n.

If n = 1, then by Lemma 3.2.1 P is isomorphic to an ideal I of R. Since Py ~
Ry, we can also assume that Iy = Ry. Hence I contains a monic polynomial.
Hence I is a principal ideal by Lemma 3.2.4. Therefore P is free.

Now assume that n > 2. Let p1,...,p, be a basis of Py. Let “~" bar denote
“(modulo mR)” and let k = A/m. Since p; is not in mP, we have p; is nonzero.
By Lemma 3.2.5, we can find ¢1,¢2,...,q, in P, so that ¢i,...,q, is a basis of
P and p; = ag for some a in k[X].

Now f¥q1 = aip1 + -+ + anp, for some k > 1 and ay,...,a, in R. Let
p = q1 + X'p; for some t > 0, so that a; + f*X* = f; is a monic polynomial.
Hence f*p = ffqu + f*X'py = (a1 + fEXY)p1 + asps + -+ + anDn-

Let T =1+ mR. Since p =G + X'p1 = 1 + X'ago, we see that p, ga, ..., qn

generates P. Hence by Nakayama’s Lemma we have p, qa, ..., q, generate Pr.
Since Pr is a projective Rp-module of rank n, it follows that p,qs,...,q, is a
basis of Py.

Let P’ = P/Rp. Then Pj is free of rank n — 1, with basis ga,...,¢,. Also
Psy has a basis p, pa, ..., pn. Hence P}fl is also free of rank n — 1.

Since f f1 is monic, for any given maximal ideal M, either M does not contain
f /1 or it does not intersect with T. Hence P’ is a projective R-module. Since
P"c £ s free, by induction P’ is also free. Hence P is free. This completes the
proof of Theorem 3.2.1 of Horrocks.
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The following exercise is the Laurent polynomial version of Theorem 3.2.2 of
Quillen and Suslin.

Exercise 3.2.2 Let R = A[X, X !] be the Laurent polynomial ring over a
noetherian commutative ring A and let P be a finitely generated projective R-
module. If Py is free for some Laurent polynomial f so that the coefficients
of the highest and the lowest degree terms of f are units (we say f is doubly
monic), then P is free. (see [Ma5]).
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Chapter 4

Modules over Commutative
Rings

In this Chapter we shall talk about the theory of basic elements over noetherian
commutative rings. Unless otherwise specified all our rings are commutative
noetherian and modules are finitely generated.

4.1 The Basic Element Theory

In some sense, the concept of basic element is the best possible generalization
of the concept of basis of vector spaces. This concept was thoroughly studied
by Eisenbud and Evans ([EE1]). This theory was also successful in giving an
unified treatment to prove almost all the important results in this area at that
time.

Before we give the definitions, we introduce the following notations.

Notations 4.1.1 For a finitely generated A-module M, the minimal number
of generators of M will be denoted by p(M). For a prime ideal g, u(M,) will
denote the minimal number of generators of M, as an A -module.

Definition 4.1.1 Let A be a noetherian commutative ring and let M be a
finitely generated A-module.

1. An element m of M is said to be a basic element of M at a prime ideal p
if m is not in pM,,.

2. An element m of M is said to be a basic element of M if m is basic in
M at all the prime ideals p of A. We also say that m is basic in M on a
subset X of Spec(A) if m is basic in M at all prime ideals in X.

35
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3. For a nonnegative integer w, a submodule M’ of M is said to be w —
fold basic in M at a prime ideal g, if p((M/M'),) < p(M,) — w.

4. For a set of elements {my,...,m;} of M, we say that {mq,...,m;} is
w — fold basic in M at o if M/ = Zle Am; is w-fold basic in M at g.
We also say that mq,...,m; are w — fold basic in M at p to mean that

the set {my,...,m:} is w — fold basic in M at g.

Remark 4.1.1 Suppose A is a commutative noetherian ring and M is a finitely
generated A-module.

1. Clearly, an element m of M is basic in M at a prime ideal @ if and only if
m is 1-fold basic in M at p. It also follows from Nakayama’s Lemma that
m is a basic element of M at a prime ideal p if and only if m extends to
a minimal set of generators of M.

2. Suppose that a subset {my,...,m:} of M is w-fold basic in M at a prime
ideal p and let x4, ..., z; be elements in M. Then {my +x1,...,m:+:}
is also w-fold basic in M at g.

The idea of generalized dimension function was formally introduced by Plum-
stead ([P]). It will be best to introduce this notion at this point.

Definition 4.1.2 Suppose A is a commutative noetherian ring. Let X be a
subset of Spec(A) and let N' = {0,1,2,...} be the set of all the nonnegative
integers. Let d : X — N be a function.

1. We define a partial ordering on X by defining p; < po if either p; = po
or if p1 C po and d(p1) > d(p2) for p1,p2 in X.

2. A function d : X — N is said to be a generalized dimension function if for
any ideal I of A, V(I)N X has only a finitely many minimal elements with
respect to the partial ordering <.

The idea of generalized dimension is useful mainly in the natural situations.
Some examples are as follows.

Example 4.1.1 Let A be a commutative ring.
1. Let d; : Spec(A) — N be defined as d;(p) = dim(A/p).

2. For an ideal I of A let dy : V(I) — N be the restriction of d;.



4.1. THE BASIC ELEMENT THEORY 37

3. For an integer ¢ let X; = {p in Spec(A) : height(p) < t}. Let
ds : X; — N be defined as

d3(p) = max{n : thereis a chain p =1 C @2 C ... C o, with p; € X;}.

Then dy, do, d3 are generalized dimension functions. See ([P]) for more examples.

The following is the theorem of Eisenbud and Evans ([EE1]). We give the
generalized dimension version of the theorem which is due to Plumstead ([P]).

Theorem 4.1.1 (Eisenbud-Evans) Let A be a noetherian commutative ring
and letd : X — N be a generalized dimension function on a subset X of Spec(A).
Let M be a finitely generated A-module.

(i) Suppose u(Mg) > d(p) for all p in X, then M has a basic element on X.

(iia) Let M’ be a submodule of M, such that M’ is (d(p) + 1)-fold basic in M
at p, for all p in X. Then M’ contains an element that is basic in M on
X.

(iib) Let my,ma,...,m, be elements in M that are (d(p) + 1)-fold basic in M
at @, for all p in X. If (a,my) is basic in A® M on X, then there is an
element

m' = agmsa + agmg + - - + a,m,

for some as, ..., a, in A such that mi + am’ is basic in M on X.

Remark 4.1.2 We want to emphasize that Theorem 4.1.1 applies mainly in the
natural situations as in Example 4.1.1. With d = d;, as in Example 4.1.1, it
follows from (1) that if u(M,) > dim A for all prime ideals p, then M has a
basic element.

Proof of Eisenbud-Evans Theorem 4.1.1. Since (i) follows from (iia) and
(iia) follows from (iib), we need to prove (iib) only. We shall need a few lemmas
that follow.

Lemma 4.1.1 Let X be a subset of Spec(A) and let (X,d) be a generalized
dimension function. Let M be a finitely generated A-module and N be a sub-
module. Suppose X' is a subset of X and w is a nonnegative integer. Assume
that for all p in X for which there is a prime p’ in X’ with o' # p and p < ¢/,
N is w-fold basic in M at p. Then N is w-fold basic in M at all but finitely
many primes in X'
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We need the following notations that was introduced by Eisenbud and Evans.

Notations 4.1.2 For a finitely generated module M over a noetherian commu-
tative ring A and a positive integer ¢, define

IL(M,A) = Z{ann(M/N) : N is a submodule of M generated by t elements}.

We also define Iy(M, A) = ann(M) and I_1(M, A) = {0}.
The following are obvious:

1. I;(M, A) is contained in Iy (M, A) for t = —1,0,1,....

2. For a prime ideal p of A;we have I;(M, A) is contained in g if and only if
p(Mg) > t.

3. If w(M) =t then I;(M, A) = R for all integers ¢t > tg.

4. Since A is assumed to be noetherian, there are only finitely many ideals
I,(M,A).

Proof of Lemma 4.1.1. We prove that for g’ in X', if N is not w-fold basic in
M at ', then ' is minimal over I;(M /N, A) N X with respect to <, for some
t and that will complete the proof by (4) of the Notations 4.1.2.

Now suppose that ' is in X’ and is not minimal over I;(M /N, A)N X for all
t. Now let pu((M/N)y) =r+ 1 for some r = —1,0,1,.... So, I,(M/N,A) C ¢
and I;(M/N, A) is not contained in ¢’ for all ¢ > r, by Notations 4.1.2. By
assumption there is a prime ideal p in X such that I.(M/N,A) C p C ¢’ and
d(p) > d(p'). So, N is w-fold basic at p. Now u((M/N)p) > r + 1. Since

r+1= U(M/N)K/) > U((M/N)so)v
we have p((M/N),) = p((M/N)y ) =r+ 1. Hence
p((M/N)er) = p((M/N)g) < (M) —w < (M) = w.

Therefore N is w-fold basic in M at p’. This completes the proof.

Lemma 4.1.2 Suppose M is a finitely generated module over a commutative
noetherian ring A. Let {mq,...,m,} be a set of elements in M. Fori =1 to k
let w; be integers with w; < r and let p1,..., pr be prime ideals in A. Suppose
{mq,...,m;} is w;-fold basic at g; for « = 1 to k and suppose that (a,m;) is
basic in A@® M at g; for i = 1 to k. Then there are elements a1, as,...,a,_1 in
A such that

1. (a,mq 4+ aaym,.) is basic in A® M at p; for i =1 to k and
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2. {my 4+ aaym,,ms + agmy,...,m,_1 + a,_1m;} is w;-fold basic at p;, for
i=1to k.

Proof. Since for an element m’ in M, the map A& M — A & M that sends
(z,m) to (x,m + xm') is an isomorphism, (1) of the lemma is valid for any
choice of ay,...,a,—1. So, we have to prove (2) only. Now we shall proceed by
induction on k.
If £ = 0, then there is nothing to prove. So, we assume that k£ > 0. We can
L k=1
also assume they g is minimal among {@1,..., px} and hence (,_; ©i € -
Now suppose that

/ ! / ! / !/
my =my +aa;my, My = Mo + AGoMyy oo, My = Myp_1 + Q1M
are w;-fold basic in M at p; for some ay,da5,...,a._; in A. We will show that
we can choose af,...,a_; in A such that

for any ¢ in A\px,
[/ — !/ " /A !/ "
(+) my = my +aajcmg, My = My + AgCMypy ...,
" — / "
My_1 =My + Ay 1 CMy-

are wy, — fold basic at .

If we choose ¢ in ﬂf;ll ©i\px then we will be done by Remark 4.1.1.

By changing notations, to prove (), we need to prove the following : Suppose
{m1, ma,...,m,}Hs w-fold basic in M at a prime ideal p of A, with w < r. And
suppose (a,mq) is basic in A@® M at p. Then we can find aq,a2,...,a,-1 such
that for any ¢ in A\p, we have {m; +aaicm,,ma+asem,,...,m—1+a,_1cm,}
is w-fold basic in M at g.

If {my,...,m,_1} is already w-fold basic in M at p, then we choose a; = 0
for i =1 to r — 1. So, we assume that {m1,...,m,_1} is not w-fold basic at gp.

If mq,...,my—1 are the images of my,...,m,_1, respectively, in M /pM,,
then we claim that m, ..., m,_; are linearly dependent in M, /oM. Otherwise
let n = pu((M/(mq,...,my_1)),). Let xq,...,x, be elements in M, so that
their images in (M/ Z:;ll Am; + M), form a basis. Then it follows that the
images Z1,...,ZTpn,M1,...,My—1 are linearly independent in M, /pM,. Hence
n+r—1=p(M,). We also have u((M/(m1,...,my_1))p) > p(My) —w. So
n>n+r—1—w,ie w > r, which is a contradiction that w < r. Hence the
claim above is established.

So, we assume that /mq,...,m,_1 are linearly dependent in M /oM. Let

t = max{l : my is a linear combination of m,...,Mme_1 in My,/pMy}.

Let ay =1and a; =0 for i =1 to r — 1 with i # ¢. We let

" " "
my = mq + aai1CMy, Mg = Mo + A2CMypy .., My = Myp_1 + Qpr_1CMye.

We check that {mf,...,m/_;} is w-fold basic in M at p for all ¢ in A\p. To see
this let W be the subspace of M, /oM, generated by the images of mq,...,m,.
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Then it follows that W is also generated by the images of mY,...,m!_,. Hence
we have,

r r—1
pl(M] Y Ami)g) = p(Mg) — dim(W) = p((M/ Y Am{),,.
i=1

i=1

The proof of Lemma 4.1.2 is complete.

The following is an obvious consequence of Lemma 4.1.2 that will be conve-
nient to use for the proof of Theorem 4.1.1.

Lemma 4.1.3 Suppose M is a finitely generated module over a commutative
noetherian ring A. Let {mq,...,m,} be a set of elements in M. For i =1 to k,
let w; be integers and let @1, ..., @ be prime ideals in A. Suppose {mq,...,m,}
is w;-fold basic at p; for i = 1 to k and suppose that (a,m;) is basic in A & M
at g; for i = 1 to k. Then there are elements ay,as,...,a,_1 in A such that

1. (a,mq1 4+ aaym,.) is basic in A® M at p; for i = 1 to k and

2. {my +aarm,,ma+asMy,...,Mp_1 + ar_1m,}+ is min{r — 1, w; }-fold basic
at g;, fori =1 to k.

Proof. Let us assume that w; < r for i = 1 to k¥’ and that w; > r fori =k +1
to k. By Lemma 4.1.2 we can find

m’l’ = mq + aa1m,, m’2' =mg + asMm,, ..., m;.’_l =Myp_1 + QGr_1My
such that {mY,...,m!’_;} is w;-fold basic at p; for i =1 to k'
Since min{r — 1,w;} = w;, for ¢ = 1 to k/, we see that {mfy,...,m/_;} is
min{r — 1, w; }-fold basic at g;.
For i = k' +1 to k we have min{r —1,w;} = r—1 and that {mq,...,...,m,}

is w;-fold basic at g;. It follows that, for : = ¥ + 1 to k,

r—1 T
N((M/ZAmgl)pi) < /’L((M/ZAmi)@i)—’_]‘ < pu(Mp,)—wi+1 < p(Mg,)—r+1.

Hence {m/,...,m"”_,} is min{r — 1, p; }-fold basic at these prime ideals as well.
So, the proof of Lemma 4.1.3 is complete.

Now we are ready to prove Theorem 4.1.1 of Eisenbud and Evans. As we
mentioned before, we prove only (iib) of Theorem 4.1.1.

Proof of (iib) of Theorem 4.1.1. We use the notations as in Theorem 4.1.1.
We define that a set of elements {ni,ng,...,n,} in M is d-basic if {ny,...,n,}
is min{u, d(p) 4+ 1}-fold basic in M at all p in X.
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It follows that an element m in M is basic in M on X if and only if {m} is

d-basic. Tt also follows from the hypothesis that {mq,ma,...,m,} is d-basic.
If » > 1, we will show that there are elements aq,...,a,_1 in A such that
{m1 + aaym,, ma + agmy,...,m,_1 + a,_1m,} is d-basic.

Let N = >0, Am,;. We claim that there are only finitely many primes
p in X such that N is not min{r,d(p) + 2}-fold basic at . To see this let
Xs={pin X :d(p) = s} for a nonnegative integer s. If p’ is in X and p' < p
for some p in X, with p # g/, then d(p’) > d(p) = s. So, min{r,d(¢p’) + 1} >
min{r, s + 2} and hence N is min{r, s + 2}-fold basic at p’. By Lemma 4.1.1,
there are only finitely many primes p in X, such that N is not min{r, s+ 2}-fold
basic at p. Hence the claim is established.

Let E = {p in X : N is not min{r, d(p) + 2}-fold basic in M at p}. Since E
is finite, by Lemma 4.1.3, there are elements a1, aso, ...,a,_1 in A such that

N’ = A(my + aaym,) + A(ma + agmz) + - + A(my—1 + ar_1m,.)

is min(r — 1, d(p) + 1)-fold basic at g, for all p in E.
Now, if p is in X\ E, then u((M/N),) < u(M,,) - min(r, d(p) +2) and hence

p(M/N")p) < p((M/N)g) + 1 < p(My,) — min{r — 1, d(p) + 1}.

So, N’ is min{r — 1, d(p) + 1}-fold basic at .
Hence {mj+aa;m;, mo+asm,,...,mq_1+ar_1m,} is d-basic. By induction,
the proof of (iib) of Theorem 4.1.1 of Eisenbud and Evans is complete.

4.2 Applications of Eisenbud-Evans Theorem

In this section, we derive most of the main theorems about modules over noethe-
rian commutative rings, in this theory, as applications of the Eisenbud-Evans
Theorem.

First we derive the theorem of Serre about splitting projective modules.

Theorem 4.2.1 (Serre) Let A be a noetherian commutative ring of dimension
d and let P be a finitely generated projective A-module such that

rank (P,) > d for all p in Spec(A). Then P ~ Q @ A for some projective
A-module Q.

To prove this theorem, we need the following definition and the lemma.

Definition 4.2.1 Let M be a module over a noetherian commutative ring A
and let m be an element of M. We define the order ideal of m as

O(m,M)=0(m)={f(m): f: M — Aisan A — linear map}.
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We say that m is unimodular in M if O(m, M) = A, i.e. there is an A-linear

map f: M — A such that f(m) = 1. Equivalently we have, m is a unimodular

element in M if and only if M = N @ Am ~ N & A for a submodule N of M. It

is also easy to see that a unimodular elment of M is also a basic element in M.
The set of all unimodular elements in M will be denoted by Um/(M).

Exercise 4.2.1 Suppose A is a noetherian commutative ring.

1. Then an element (z1,zs,...,2,) in the free module A™ is a unimodular
element if and only if (21, 22,...,2,) is a unimodular row.

2. For a finitely generated A-module M and m in M, we have
O(m/1,S™*M) = S7'O(m, M)

for any multiplicative subset S of A.

Lemma 4.2.1 Let P be a finitely generated projective module over a noetherian
commutative ring A and let p be in P. Then p is unimodular in P if and only
if p is basic in P.

Proof. Since P, is free A,-module for all p in Spec(A) the lemma follows
immediately from (1) and (2) of Exercise 4.2.1.

Proof of Serre’s Theorem 4.2.1. Let 0 : Spec(A) — {0,1,2,...} be the usual
dimension function (see Example 4.1.1). Since rank (P,) > dim A > §(p) for all
p in Spec(A), by Eisenbud-Evans Theorem 4.1.1, P has a basic element p. By
Lemma 4.2.1, there is an A-linear map f : P — A so that f(p) = 1. Let Q be
the kernel of f. Then the exact sequence

0—>Q—>PL>A—>O

splits. Hence P = Q & A. In fact, P = Q ® Ap. So, the proof is complete.

Next we state and prove the cancellation theorem of Bass.

Theorem 4.2.2 (Bass) Let P be a finitely generated projective module over a
noetherian commutative ring A, with rank (P,) > dim A, for all p in Spec(A).
Suppose that P ® Q ~ P’ ® Q for some finitely generated projective A-modules
P’ and Q. Then P = P'. (We say that P has the cancellation property).
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Proof. Since Q @ Q' is free, for some finitely generated A-module Q’, we can
assume, by downward induction, that @ = A. Hence we have an isomorphism
f:P®A— PdA Let f(0,1) = (p,a). Since (p,a) is unimodular, it is also
basic in P & A. By (iib) of Theorem 4.1.1, we can find an element p’ in P such
that p+ ap’ is basic and hence unimodular in P. Let pg = p+ ap’, then there is
an A-linear map g : P — A such that g(pp) = 1. Now, we define isomorphisms
fi:PPA—P®»A fori=1,2,3 as follows :

1. film,z) = (m + xp’, x),
2. fo(m,z) = (m,z+ (1 —a)g(m)),
3. fs(m,x) = (m — xpo, x)

for m in P and z in A.

It is easy to check that if F' = fsofeofi0f, then F(0,1) = (0,1). Hence
FO®A) =0®A. So, F will induce an isomorphism from P’ = (P'®A)/(0® A)
to P~ (P® A)/(0& A). Hence the proof is complete.

Remark 4.2.1 Because of Example 2.5.2, Theorem 4.2.2 of Bass is the best
possible in this generality.

The following is the theorem of Forster and Swan about the number of gen-
erators of modules.

Theorem 4.2.3 (Forster, Swan) Let M be a finitely generated module over a
noetherian commutative ring A. Let

n = max{u(M,) + dim(A/p) : p is a prime ideal with M, # 0}.

Then M is generated by n-elements.

Proof. By replacing A by A/ann(M), we can assume that M, # 0 for all p in
Spec(A).

Let p(M) = u > n. Then there is an exact sequence
0 —K-—F-—M-—0

where F' = A" is a free A-module of rank u. Now u((F/K),) = u(M,,) for all p
in Spec(A). Since u > n, we have u > u(M,) 4+ dim(A/p) for all p in Spec(A).
Hence by (iia) of Theorem 4.1.1, K contains a basic element m of F. By Lemma
4.2.1, Am is a free direct summand of F. Hence F' = F' & Am ~ F' & A for
some projective A-module F’ of rank u — 1. Since u — 1 > dim A, by Theorem
4.2.2 of Bass, F' is free of rank u — 1. Since m is in K ,we see that F' maps onto
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M and hence pu(M) < uw — 1. This contradicts the fact that u(M) = u. Hence
the theorem is proved.

The following theorem on the set theoretic generation of ideals was proved,
independently, by Eisenbud-Evans and Storch. For polynomial rings over fields
the theorem is due to Kronecker.

Theorem 4.2.4 (Kronecker, Eisenbud-Evans, Storch) Let A be a noethe-
rian commutative ring of dimension d and let I be an ideal of A. Then there are

elements fi,..., fay1 such that \/(f1, fo, .-, fat1) = VI. (We say that I is set
theoretically generated by f1,..., fat+1)-

Proof. Let A = A/ann(I) and let M = [9+1. Then M is an A-module and
w(My) > d+1 > dimA for all p in Spec(A). Hence there is (fi,..., fit1)
in 79! = M that is basic in M (as an A-module). It is easy to see that
for p in Spec(A), the ideal (f1,...,fat1) € p if and only if I C p. Hence

V(f1,. .., far1) = VI and the proof is complete.

Remark. There is an alternative proof of Theorem 4.2.4 by usual ” prime avoid-
ance argument”. We shall be using the ”prime avoidance argument” quite ex-
tensively in our later chapters.

The following is the stable range theorem of Bass.

Theorem 4.2.5 (Bass) Let A be a commutative noetherian ring of dimension
d. Let (f1,..., fn) be a unimodular row in A™. Ifn—1> dim A = d, then there

exist 91,925+ -,9n-1 mn A such that (fl +glfnv f2 +92fna vy fnfl +gn71fn) 18
a unimodular row.

Proof. Let FF = A" ! and let m = (f1,...,fa_1) be in F. Since (m, f,) is
unimodular in F'& A and since pu(F,) = n—1 > d, by Eisenbud-Evans Theorem
4.1.1, there is m' = (g1,-..,9n—1) in F such that m + f,m’ is basic in F. That
means that (f1 + fng1,-.-, fne1 + fagn—1) is a unimodular row. So, the proof
of Theorem 4.2.5 is complete.

The following is the Plumstead’s ([P]) version of Theorem 4.2.7 of Eisenbud
and Evans ([EE1]) on generators of modules.

Theorem 4.2.6 (Eisenbud-Evans) Let A be a noetherian commutative ring
and let d : X — N be a generalized dimension function on a subset X of
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Spec(A). Let M be a finitely generated A-module and let N be a submodule of
M. Suppose my1,ma, ..., my be elements of M such that

(Amy + Ama +-- -+ Amy, + N), = M,
for all p in X. Assume that
k> max{u(M,) +d(p):p in X with N, € pM,}.

Then there exist elements m}, = m; + n; where n; is in N,for i =1 to k, such
that
(Am} + Amy + - - -+ Amy,), = M,

for all g in X. (We say that m’,m5, ..., m}, generate M on X ).

Proof of Theorem 4.2.6. Let
N = Amk+1 + Amk+2 + -+ Amt

for some myq1, mp42,...,my in N. We will show that if t > (M) + d(p’) for
some g’ in X with m; not in p’Mpf, then there are aq,as,...,a;_1 in A such
that

(A(m1 + army) + A(ma + aomy) + -+ -+ A(me—1 + am1my) ) = M,

for all p in X.
Let X' = {p in X : my is not in pM} and let

to = max{u(M,) +d(p) : p in X'}

If to = 0, then X’ is empty, i.e. my is in pM, for all p in X. If we take
a1 =ag = --- = as;—1 = 0, then the assertion holds by Nakayama’s Lemma. So,
we assume that ¢ > tg > 0 and use induction on tg.

First we show that if tg = p(My,) +d(p) for some p in X', then p is minimal
in V(I,(M,A)) (X with respect to < for some r. Let u(M,) = v+ 1. Then
it follows that I,(M,A) C p and I,+1(M,A) € p. If p is not minimal over
I,(M,A)N X for <, then there is p in X such that I,(M,A) C o’ C p and
d(¢') > d(p). Hence p(My) = u+1 = p(M,). So,

M(M@’) + d(p/) = M(Mp) + d(p/) > ,U(Mg)) +d(p) = to.

Since u(My) = u+ 1, and my is not in pM,,, we see that M, is generated
by my,z1,...,2, for some z1,...,2, in M. Hence M is also generated by
My, &1, ... Ty. Since pu(My) = u + 1, we have my,x1,...,2, is , in fact, a
minimal set of generators of M, . So, m; is not in ©'M, and hence ¢ is
in X’. This is a contradiction because p(My) + d(p') > to. Hence we have
established that if tg = p(M,,) + d(p) for some p in X', then p is minimal over
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I.(M,A)( X for some r. Hence there are only finitely many primes p in X’
such that to = u(M,) + d(p).

Let E = {p in X' : u(My) + d(p) = to}. Now E is a finite set, and
my,ma,...,my is 1-fold basic in M on E. Since (mq,1) is basic in M & A,
by repeated application of Lemma 4.1.2, there are by, b3, ...,b; in A such that
m’ =my + bama + - -+ 4+ bymy is basic in M on E.

Now let M' = M/Am/. Then for p in X', with u(M,) + d(p) = to, we have
(M) < p(M,,). Let 7 —” bar denote the images in M’. Then

(Amg + Ams + - - + Ay, = Mé
for all p in X. Also m; is not in M|, implies that g is in X'. Hence
to = max{u(M]) +d(p) : ¢ in X and m; is not in pM]} < tg.
Hence by induction, there are as,...,a;_1 in A such that
(Ammg F agmy + -+« + Amy 1 F ag_vmy)y = M),

for all p in X. Therefore

(Am/ + A(ma 4+ agmy) + - + Almy—1 + ap—ymy)) = M,
for all p in X. Write a; = by, — Zf;% b;a;. Then m' = mq +bomo + -+ +bymy =

(m1 + aymy) + ba(ma + agmy) + ba(ma + azmy) + -+ + b1 (M1 + az_1my).
Hence
((A(my + army) + A(ma + agmy) + - + A(my—1 + ap—1my—1)p = M,

for all p in X. So, the proof of Theorem 4.2.6 is complete.

The following is the original version of the theorem of Eisenbud and Evans
on generators of modules.

Theorem 4.2.7 (Eisenbud-Evans, [EE1]) Let A be a noetherian commuta-
tive ring and let M be a finitely generated A-module . Suppose N is a submodule
of M and my, ma,...,my are elements of M such that

Am1 —|—Am2—|—-~-—|—Amk—|—N:M.
Assume that
k > max{p(My)+ dim(A/p) : p in Spec(A) with N, € pMy}.

Then there exist elements m}, = m; + n; where n; is in N, for i =1 to k, such
that {m/,m5,...,m} generates M.
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Proof. Let d : Spec(A) — N be the usual dimension function (see Example
4.1.1). Now the theorem follows by a direct application of Theorem 4.2.6.

Although it is not an application of Eisenbud-Evans Theorem, this may be
the best place to give a proof of the theorem on cancellation of rank one projective
modules as follows.

Theorem 4.2.8 Let A be a noetherian commutative ring and let L be a pro-
jective A-module of constant rank one. Then L has the cancellative property,
ie. L&Q ~ L & Q for some finitely generated projective A-modules L' and Q
implies that L ~ L.

Proof. Let L& Q ~ L' ® Q. By tensoring with L'~! = Hom (L, A), we get
L' Q ~ A® Q' where Q' = Q ® L'~'. Since it is enough to prove that
LL'~!' ~ A, we can assume that L' = A.

So, we have L& Q ~ A® Q. Since Q & Q1 =~ A™ is free for some ()1, we have
L ® A" ~ A"t for some integer n > 0.

Let f: L @& A™ — A™! be an isomorphism. Let

e =(0,1,0,...,0),e5 = (0,0,1,0,...,0),...,ens1 = (0,0,...,1)

be the standard basis of A" in L & A™ and let €}, €5,..., €], be the standard
basis of A"t!. For z in L, let

f(z) o

f(ez2) 6,1

f(es) = u 37) .2
f (67;+1) €t

where u(z) is an (n+1) x (n+1)- matrix in M,,+1(A). Defineamap F: L — A
as F(z) = detu(z). Note that F' is an A-linear map. Since L, =~ A, for all p
in Spec(A), and f, : ATt — AZT! is an isomorphism, Fi,(e) is a unit in A,
if e is a generator of L. Hence F, is an isomorphism for all p in Spec(A). So,
F: L — A is an isomorphism. So, the proof of Theorem 4.2.8 is complete.

This proof of Theorem 4.2.8 is an improvization of the usual proof given by
taking exterior power.

4.3 The Modules over Polynomial Rings

In this section we shall discuss some of the main results, in this theory, about
modules over polynomial rings. We shall split this section under several sub-
headings.
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4.3.1 Eisenbud-Evans Conjectures

In [EE2], Eisenbud and Evans proposed three conjectures, about modules over
polynomial rings as follows.

Conjecture 4.3.1 Let R = A[X] be a polynomial ring in a single variable X
over a noetherian commutative ring A of dimension d.

Conjecture I. Let M be a finitely generated R-module with (M) > d+1
for all p in Spec(R). Then M has a basic element. In particular, if P is a
finitely generated projective R-module with rank (P,) > d+ 1 for all p in
Spec(R), then P has a free direct summand.

Conjecture II. Let P be a finitely generated projective R-module with
rank(P,,) > d+1 for all p in Spec(R). Then P has the cancellative property
ie. P®Q =~ P @ Q for some finitely generated projective R-modules @
and P’ implies that P ~ P’.

Conjecture III. Let M be a finitely generated projective R-module and
let

e(M) = max{u(M,) +dim R/p : g is in Spec(R) with dimnR/p < d+ 1}

then M is generated by e(M) elements.

The Conjecture III was proved first, by Sathaye ([Sa]) for affine domains A over
infinite fields and then was proved completely by Mohan Kumar ([MK1]). Later
Plumstead ([P]) proved the conjectures I and II. Plumstead also gave a proof of
the conjecture III. In these notes we shall give the proofs of Plumstead ([P]) for
all the three conjectures above.

4.3.2 Some Preliminaries from Plumstead’s Work

The following is a version of the Quillen’s Lemma 3.1.1.

Lemma 4.3.1 (Quillen,[P],[Ma2]) Let A be a commutative ring and R be
an A-algebra (that is not necessarily commutative). Let f be an element in A
and X be a variable. Let 6 be a unit in 1 + X R;[X]. Then there is an integer
k > 0, such that for any g¢i,g2 in A with g; — go in f*A, there is a unit v in
1 + X R[X] such that ¢¢(X) = 01(g1X)0(g2X) .

Further, if h : R — R’ is a ring homomorphism and the image of ¢ in R’;[X]
is one, then % can be chosen with the property that the image of ¢ in R'[X] is
also one.
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Proof. The first part of Lemma 4.3.1 is in fact the statement of Lemma 3.1.1.
The proof of the last part is exactly similar to the proof of Lemma 3.1.1, where
we also have h(a;) = 0 = h(b;) for all i > 0. (Here a;,b; are as in the proof of
Lemma 3.1.1.

For an A-module M we write M[X] for M ®4 A[X]. We define isotopy of
module isomorphisms as follows. This definition of isotopy of isomorphisms is
an important idea for us.

Definition 4.3.1 Let A be a noetherian commutative ring and let M, M’ be
A-modules. Suppose f,g : M — M’ be two isomorphisms. We say that f
is isotopic to g if there is an isomorphism ¢ : M[X] — M’'[X], where X is a
variable, such that ¢(0) = f and ¢(1) = g.

Further, if h : A — A’ is a homomorphism of commutative rings then
we say that f is isotopic to g relative to h, if we can also chose ¢ such that
p®a A= f®4 A[X]is a constant map.

Remark 4.3.1 Most often we will consider isotopies of isomorphisms relative
to a map A — A/I, for an ideal I of A.

Remark 4.3.2 It is also easy to see that the isotopy of automorphisms of a
module is an equivalence relation.

The following is the Plumstead’s version of the Quillen’s Lemma 3.1.2 about
patching via isotopic isomorphisms.

Lemma 4.3.2 (Plumstead) Let A be a commutative noetherian ring and let
$1,52 in A be such that As; + Asy = A. Let M and M’ be finitely generated
A-modules and let f; : My, — M], be isomorphisms for i = 1,2. If (f1)s,
is isotopic to (f2)s,, then there is an isomorphism f : M — M’. Further, if
h:A— A" is a homomorphism of commutative rings and (f1)s, is isotopic to
(f2)s, relative to h, then the isomorphism f : M — M’ can be chosen such
that fs, ® A’ = (fi) @ A’ for i = 1,2.

Proof. Let g = (f2)5, 0(f1)ss : Msysy —> My,s,. If g = (92)s,0(g1)s, for some
isomorphisms g; : M, — M, for i = 1,2 then (fi097)s, = (f2092)s,. In that
case, by Proposition 2.2.1, there will be an isomorphism f : M — M’ with

(f)s1 = floyfl and (f)82 = fr0g2.
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Now since g is isotopic to Idys there is an isomorphism

s1s2”

F(X) : My, 5,[X] — My, 5,[X]

such that F(0) = Id and F(1) = g. Hence g = F(1)F(a)"'F(a) for any a in A.

We consider F' as an element of End(M)s,s,[X] and apply Quillen’s Lemma
4.3.1, for Ay, — End(M,,s,) with " f = s{ and then for A,, — End(Mjy,s,)
with ”f = s4. So, there is an integer k > 0 such that F(X)F(aX)~! is in the
image of Aut(M,,[X])if 1 —aisin s¥A and F(aX) = F(aX)F(0X)~! is in the
image of Aut(Mj, [X])if a is in s5A. Since As; + Asy = A, we have 1 = cs¥ +dsh
for some ¢,d in A. Taking a = ds} and X = 1, we have F(1)F(a)™! = (g2)s,
and F(a) = (g1)s,, for some isomorphisms g; : My, — My, for i = 1,2. So, we
have g — (F(1)F(a) )P (a) = (92)5,0(01)s, as desired.

For the relative case, we apply Lemma 4.3.1 relative to the maps

End(M),, — End(M @ A'),,

for i = 1,2. In that case we can assume that F'(X) ® A" is Idygarx]. Hence
we can assume g; @ A’ = Id. Therefore

(£)si @A = (frogr @A = 1A and (f)s, ®A = (o®g)RA = fo0 A

as desired. So, the proof of Lemma 4.3.2 is complete.

The following patching lemma is a consequence of Lemma 4.3.2.

Lemma 4.3.3 (Plumstead) Let A be a commutative noetherian ring and let
R = A[X] be the polynomial ring. Let s1,s5 in A be such that As; + Asy = A.
For two R-modules M and M’, let

fi: Mg, — M, and fy: M, — M,

be two isomorphisms such that (f1)s, = (f2)s, (modulo X). Also assume that
M, s, is extended from Ay, s,. Then there is an isomorphism f : M — M’ such
that (f)s, = fi (modulo X).

Proof. Since M,,,, is extended, M, ,, ~ M, ,,[X], where M = M/XM.
Consider w = (f51)s,0(f1)s, as an element of End(M,,,,)[X]. Clearly, w(0) =
Idy, ., . Therefore F(T) = w(XT) will define an isotopy from Idy, ., to w,
relative to the map Rs 5, — Rs,s,/X Rs,s,. Hence the lemma follows from
Lemma 4.3.2.

The following is a lemma of Plumstead ([P]) on patching basic elements.
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Lemma 4.3.4 (Plumstead) Let R = A[X] be a polynomial ring over a re-
duced noetherian commutative ring A and let M be a finitely generated R-
module. Let s; and sy in A be such that As; + Asy = A. (Barring “ -7 will
denote “(modulo X)” in this lemma). Let m; be a basic element in M, on
Spec(Rs,) for i = 1,2 such that m; = (2)s, and My = (z)s, for some z in M.
Let Ny = M, /Rs,my and Na = My, /Rs,mo and assume that (N;)s, and (Na)s,
are extended projective Ry, s, - modulus. Then there is a basic element m in M
such that m = z.

Proof. Since m; = (2)s, and mg = (2)s,, we have
(Nl)sz ~ _8182/A8182Z ~ (N2)81'

We identify both (N1)s, and (Na)s, with N = (M /Az)q,s, in the natural way.
Since (N1)s, and (N2)s, are extended projective modules, there is an isomor-
phism fq : (N1)s, — (Na2)s, such that fo = Idy. The sequences

0 — R8182 ﬂ> MS1S2 — (NI)SQ — O

and
0 — Ry sy 2 My, s, — (No)s, — 0
are split exact sequences.
We can find splittings

)\1 : (N1)32 — MQISQ of M3132 — (N1)32 and

Ayt (No)s, — My,s, of M, — (Na)s, suchthat X\ = \o.

Using A1 and A2, we can define an isomorphism f : My, s, — Mg, s, such that
the diagram

ma

0 — Rss, Mss, — (N1)s, — O
I Lf 1 fo

0 — Rslsg ﬂ) MS152 — (N2)51 — 0

commutes. After tensoring with Ry, s, /X Ry, s,, the above diagram reduces to
0 — Rys, — My, — N — 0
i Lf L1d

z

0 — Rys, — My,, — N — 0.

Since A\; = Ay we have f = Id.

Now let M’ (respectively N') be the R-module found by patching M, and
My, via f (respectively N, and Ng, via fp). We get the following two fiber
product diagrams.
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R RS2
X\ Y
M’ l M,
R81 L RS1SQ
M81 £ Mslsz
M’ M s
N N
N’ l Ny
F
Msl M8182
N = Nas,

Here F': My, — Mj, 5, is the composition map

I
M31 — M31$2 — MS1$2

and Fj : Ny — Nag, is the composition map

Fy: Ny — N182 & N251-

In these diagrams, ¢’ and g are found by the properties of fiber product and
all rectangles commute. Let h; : M; — M, for ¢ = 1,2 be the natural
isomorphisms. Since (ha)s,0(h;')s, = f = Id (modulo X), by Lemma 4.3.3
there is an isomorphism h : M’ — M such that hg, = h; (modulo X). Let
g'(1) = m/ and h(m’) = m. Then, it follows that m’ is basic in M’ and hence
m is basic in M. Since (m)s, = h(m’), = hi(m]) = (2)s,, it follows that m = z.
This completes the proof of Lemma 4.3.4.

The following Lemma of Plumstead is about patching generators of modules
over polynomial rings.

Lemma 4.3.5 (Plumstead) Suppose R = A[X] is a polynomial ring over a
noetherian commutative ring A and let M be a finitely generated R-module.
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Let s1,s2 in A be such that As; + Ass = A and let z1,29,...,2; generate
M = M/XM. (Barring “ — " will denote “(modulo X)” in this lemma).

Let mj,...,m}, generate My, and let m{,m4,...,m} generate M,,, such
that m/ = (2;)s, and m! = (2;)s, fori = 1to k. Fori = 1,2 let g; : RE — M,
be the maps defined by the corresponding generators and let L; = kernel (g;).
Assume that My, s, is projective and (Ly)s,, (L2)s, are extended. Then there
exist mq,ma,...,mg in M that generate M and m; = z; for i = 1 to k.

Proof. The sequences

k
5182

0— (Ly)s, — RF . 2% M, ,, —0

and

0 — (Ly)s, — RF . B3 M, ,, —0

§182

are split exact sequences (here we continue to denote (g1)s, by g1 and (g2)s, by
g2). Since (L1)s, and (Lg)s, are extended and since

(I_’l)sz = ker(gl) = ker(g2) = (I’2)517
we have L1 and Lo are isomorphic. Also since g3 = g2, we can find splittings

Ait Mg, s, — RE of ¢g; suchthat A = \o.

S152

Using the splittings Ay and A2, and an isomorphism fo : (L1)s, — (L2)s,, We

can define an isomorphism f : Rfls , — Rfls , such that the diagram
g
0 — (L)s, — RE, T My, — 0
1 fo Lf I
92
0 — (L2)s, — RE, = My, — 0

commutes and f = Id.
Let @ be the R-module found by patching R’S"1 and R'S“2 via f. We get the
following fiber product diagram.

Q Ry,

\\\\\f:\‘ \\\\\gi\\
]
Rk

S182

NN

S1 5152
M M

M,

2
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Here F': R§1 — RF _is the composition map

5182
k k I pk
R31 - R3182 - R8182'
The map g is found by the properties of fiber product diagrams. Since g; and
g2 are surjective, so is g. Let f; : Qs, — R’; be the natural isomorphisms for

i = 1,2. Since fgo(ff1)7: f = Id, by Lemma 4.3.3 there is an isomorphism
h:Q — RE suchthat (h), = fiand (h),, = fo. If €], ..., e} are elements of Q
that correspond to the natural basis of R¥ and if g(e}) = m;, then my, ma, ..., my
generate M and m; = z; for i = 1 to k. This completes the proof of Lemma

4.3.5.

Before we give the proofs of the conjectures of Eisenbud and Evans, we give
two examples of generalized dimension functions constructed by Plumstead ([P]).

Example 4.3.1 (Plumstead) Let R be a commutative ring and let
d; - V; — N,

for i = 1 to k, be generalized dimension functions on subsets V; of Spec(R).
Define

k
d:UVi—H\/ by d(p) = max{d;(p):p €V; fori=1"to k}.
i=1

Then d is a generalized dimension function.

The proof of Example 4.3.1 is easy and is left to the reader.

Example 4.3.2 (Plumstead) Let A be a commutative noetherian ring and let
the radical of A contain an element s with dim(A/sA) < dim A. Then there is
a generalized dimension function d : Spec(A[X]) — N such that d(p) < dim A
for all p in Spec(A[X]).

Proof. Let V; = V(s) be the set of all prime ideals p of Spec(A[X]) that contain
s and dy : V| — N be defined as

di(p) = dim(A[X]/p)

for p in V4. Let V2 be the set of all prime ideals in Spec(A[X]) of height less
than or equal to dim A. Define dy : Vo — N as da(p) =

max{k : thereis a chain py=p C p1 C P2 C ... C pr with p; in Va}.

Since d; and ds are generalized dimension functions and Spec(A[X]) = V1 | Va,
the example follows from Example 4.3.1.
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4.3.3 The Proofs of Eisenbud-Evans Conjectures

Under this subheading we shall give the proofs of the conjectures stated in the
above subsection 4.3.1. We shall give the proofs of Plumstead ([P]). First we
prove conjecture II.

Theorem 4.3.1 (Plumstead) Let R = A[X] be a polynomial ring over a
noetherian commutative ring A and let P be a finitely generated projective R-
module with rank (P,) > dim R/ for all minimal primes o of R. Then P
has the cancellative property, i.e. P® Q =~ P' & Q for some finitely generated
projective R-modules P’ and Q implies that P ~ P’.

Proof. First since Q ® Q' = RF is free for some projective R-module Q, we can
assume that Q = R. Hence we have RGP~ R® P'.

If A has any nontrivial idempotent then A ~ A; X Ay x ... x Ay and R =
A[X] = A1[X] x Ag[X] x ... x Ag[X] for some rings Aj, Ag,..., A with no
nontrivial idempotent element. Since it is enough to prove the theorem for each
A;[X], we can assume that A has no nontrivial idempotent element. Hence we
can assume that rank (P,) = r is constant for all p in Spec(R). So, we have
rank (P,) =r > dim R for all p in Spec(R).

Also note that we can assume that A is a reduced ring.

Let ¢ : R®& P’ — R & P be an isomorphism and let ¢(1,0) = (f,p).

Let “ —” barring denote “(modulo X)”. Since (f,p) is unimodular in R & P,
(f,p) is also unimodular in A @ P. Since rank (P) > dim A, by Theorem 4.1.1,
there is an element pg in P such that p + fpg is unimodular in P. We can use
this to define an automorphism ¢’ : R& P — R@® P such that ¢'(f,p) = (1,0)
(see the proof of Theorem 4.2.2).

By replacing ¢ by ¢, we can assume that ¢(1,0) = (f,p) and (f,p) = (1,0).
So, the map g : P/ — P defined by g(%) = g, where ¢©(0,x) = (a,y) for x in P’
and y in P and a in R, is an isomorphism.

Now let S = {sin A : s is not in any minimal prime ideal of A } be the set
of all nonzero divisors of A. Since

RS ~ As[X] ~ (k] X ]{52 X ... X k@)[XL

where ki,...,ky are fields, Pé and Ps are extended. Hence P! and P; are
extended from A; for some s in S. So, there is an isomorphism h; : P, — P
such that h; = Js-

Let 8" = 1+ sA. Then s is in the radical of Ag:. So, by Example 4.3.2, there

is a generalized dimension function d : Spec(Ag:[X]) — N such that
d(p) < dim Ag: < rank(Ps)

for all p in Spec(Ag/[X]). We can write f =1+ X fo and p = Xpg for some py
in P and fy in R. Now, (f,po) is basic in (R ® P)s: and
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rank (Pg/) > d(p) for all p in Spec(Ag/[X]). By Theorem 4.1.1, there is a p’ in
Pg: such that pg + fp’ is unimodular in Ps/. Hence there is an Rg/-linear map
X : Ps; — Rg such that A(py + fp') = 1.

Now we construct Rg/-linear automorphisms

@i Rsr & Ps» — Rg/ @ Pg:
for ¢ =1 to 3 as follows :
¢1(a,q) = (a,q + aXp'),
pa(a,q) = (a = foA(9), 9);
es(a,q) = (a,q —alp+ fXp'))
for (a,q) in Rg» @ Pg. It follows that

303902901(f7p) = (170) and 903()02901(@ Cj) = (a - fO)‘(q)?q)

Since p3p2¢019(1,0) = (1,0), it will induce an isomorphism h) : P{, — Ps
such that (h's) = gs/. Hence there is an element ¢ in S’ = 1 + sA and an
isomorphism hy : P/ — P; such that hy = (g);.

Since (h1); = (hg)s (modulo X), we have P’ ~ P by Lemma 4.3.3. This

completes the proof of Theorem 4.3.1.

Now we shall prove the conjecture I.

Theorem 4.3.2 (Plumstead) Let R = A[X] be a polynomial ring over a
noetherian commutative ring A and let M be a finitely generated R-module with
w(Mg) > dim(R/p) for all minimal prime ideals o in Spec(R). Suppose z is
a basic element in M = M/XM. (Again, “ — 7 barring will denote “(modulo
X)?”). Then M has a basic element m such that m = z.

Proof. Note that it is enough to establish the theorem when A is a reduced
ring. Also note that M has a basic element by Theorem 4.1.1.
First we shall assume that M is torsion free. Let

S ={sin A:sis notin any minimal prime ideal of A}

be the set of all nonzero divisors of A. We have Rg ~ k1[X] X ... x k.[X], for
some fields k1, ...,k . Since Mg is torsion free it follows that Mg is a projective
Rgs = Ag[X]-module and is extended from Ag. So, we can find a basic element
m) in Mg such that m}| = (2)s. Also, since m/ is unimodular, Mg/Rgm/ is an
extended projective module (see Theorem 2.4.1). Hence, we can find a nonzero
divisor s; in S and a basic element m; in M, such that
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1. T?Ll = (Z)Sl,
2. M, is an extended projective R,, -module and
3. Ny = M,, /Rs,my is also an extended projective R,,-module.

So, the sequence
0 — Rs, ™% Mg, — N; — 0

is a split exact sequence .
Write S = 1 4+ s1A. Then s; is in the radical of Ag:. By Example 4.3.2,
there is a generalized dimension function

d: Spec(As/[X]) — N such that d(p) < dim Ag
for all p in Spec(Ag/[X]). Let w be an element in Mg such that @ = (z)g/. Then
(w,X) is basic in Mg @ Rg. Since p((Ms),) > d(p) for all p in Spec(Ag [X])
there is a wo in Mg/ such that m} = w + Xwy is basic in Mg,. Further, since
Mg, is projective, the sequence
00— RS/sl g ]\45'/31 — MS’sl/RS’slmIQ —0
is a split exact sequence. Hence

Rgrs, ® N1y, = Mgis, = Rgrs;, @ (MSISI/RSISImIQ).

Since rank ((N1g,),) > dim(Rgs, /) for all minimal primes o in Spec(Rsrs, )
by the cancellation Theorem 4.3.1, we have N1, ~ (Mg, /Rs/s,m5).
Hence we can find an element so in S’ and an element my in My, such that

1. (mg)s = mh and Mo = (2)s,;
2. if No = M,,/Rs,m2 then

mao

0— Rs;, — M;, — No — 0
is an exact sequence. Also, if we invert sy the sequence splits.
3. Further, (N1)s, &~ (N3)s, are extended projective Ag, s,[X]-modules.

It follows from (1) and (2) that mq is basic in My,. So, by Lemma 4.3.4, there
is a basic element m in M such that m = z. So, the proof of the theorem is
complete in the case when M is torsion free.

The general case requires a little more adjustment (see ([Ma2])). Again, we
shall assume that A is reduced and let

T={min M: fm=0 for some nonzero divisor f in R}
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be the torsion submodule of M. By replacing M by M/XT, we can assume that
XT = 0. We write N = M/T. Then the following diagram

O — T — M — N — 0

| 4 I

O — 717 — M — N — 0

commutes and the rows are exact.

Let w be a lift of z in M. Since (w, X) is basic in M, by Theorem 4.1.1,
w + Xwy is basic in M at all the minimal primes of R, for some wy in M. By
replacing w by w + Xwg, we assume that w is basic in M at all the minimal
primes of R.

If  is a minimal prime of A, then it follows that the image of w in N, x) ~
(M/T)(,x) is nonzero. Hence, by Artin-Rees lemma, w does not belong to
Tio.x)+ XkM(p,X) for large enough k, for all minimal primes p in Spec(A).

Write L = T + Rw + X¥M, for some large enough integer k. Let z; be the
image of w in L. It follows that

1. 2 is basic in L and L, ~ M, for all minimal primes @ of R;

2. T is the torsion submodule of L and, since k is large enough, the image of
z1 in L/T 4+ XL is basic at all the minimal primes in Spec(A);

3. if W’ is a basic element in L, with @' = 21, then w’ is also a lift of z. Hence
w’ will also be a basic element of M with @' = z.

Therefore, by replacing M by L, we can assume that the image of z in
T ~ M/T + X M is basic at all the minimal primes of Spec(A) and also XT = 0.

Let S be the set of all nonzero divisors of A and z be the image of z in N
where N = M/T. Since Ng is torsion free, Ng is an extended projective Ag[X]-
module. Hence there is a basic element y{ in Ng such that y_i = (20)s. Also note
that ¢ is unimodular in Ng. We can pick an element m} in Mg that is a lift of
y; and m/, = (2)s. Then m} is also unimodular in Mg and Mg ~ Ng @ Ts. We
can assume that mf is in Ng. So, Mg/Rgm} =~ Ng/Rsy; & Ts. So, Ng/Rsy]
is an extended projective module.

So, we can find an s; in .S, a unimodular element y; in Ny, and a unimodular
element m; in M;, such that

1. Ng, is an extended projective A, [X]-module and My, ~ N, & Ts,;
2. my is in Ng,,m1 = (2)s,, image of my in Ny, is y1;
3. Ns,/Rs,y1 = K is an extended projective Ay, [X]-module and

K= Msl/Rslml ~ Kl @Tsl.
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Hence the sequence
0— R, ™ M,, - K~K ®Ts,, — 0
is a split exact sequence.
Therefore
My, ~R,, K ~R,, @K, ®T,, and M, ~A, &K &T,,.

Under this identification we have z = (1,0,0).
Now write S’ = 1 + s1A. As in the “torsion free case”, we can find a basic
element m} in Mg with mf = (2)s/. Again since

T=T and m)=(2)s = (1,0,0)
in Mgy = (As, ® K1 ®Ts,)s, we have mj is in
Rgrs;m1 @ Kisr = Ngrs; © Norg, @ Tgrs, = Mgrs, -
Hence m), is also unimodular in Rgrs,m1 @ (K1)s = Ngrs,. Therefore
K} = Ngis, [Rgrs, m =~ Kig/

by the cancellation Theorem 4.3.1.
So, as before, we can pick sg in S’ and a basic element mg in My, such that

1. ma = (2)s, and myo is in Ry, s,m1 @ K152 &= Ny, s,

2. Ky = (Rs,5,m1 D Kis,)/Rsysoms =~ (K1)s, are extended projective mod-
ules.

Let a : (K;)s, — Ko be a fixed isomorphism and let fy : (K1), — K2 be
the extension of a. As in Lemma 4.3.4, we can find an isomorphism

f : R8152m1 @ KlSQ — R5152m1 @ KlSQ

such that f = I'd and the diagram

mi

0 — Rslsz — R5132m1 @Klsg — K152 — 0

I Lf 1 fo

ma

0 — Rslsz — R5132m1 @KQ — K2 — 0

commutes.

Since f = Id and Rs,s,m1® K1, is extended, f is isotopic to identify relative
to the map Ry, s, — Ag s, As My s, &= Rg, 5,m1 ® K15, ®Ts,s,, we can extend
f to an isomorphism F' : M, s, — Ms,s, by defining F(t) =t for t € Ty, 5,.
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Hence F is also isotopic to identity relative to the map R s, — As,s,. Also
the diagram
my

0 — Rss, — Mg,

commutes and F = Id.

Rest of the proof is similar to Lemma 4.3.4 (in this case, we have to use
Lemma 4.3.2 instead of Lemma 4.3.3). This completes the proof of Theorem
4.3.2.

Now we shall prove the conjecture III. This conjecture was first proved by
Sathaye ([Sa]) for affine domains over infinite fields and then Mohan Kumar
([MK1]) proved the conjecture completely.

Theorem 4.3.3 (Sathaye-Mohan Kumar, [Sa,MK2|) Suppose R = A[X]
18 a polynomial ring over a noetherian commutative ring A and M is a finitely
generated R-module. Let k be an integer with k> e(M) =

max{pu(My) + dim(R/p) : p is in Spec(R) and dim(R/p) < dim R}.

Then M is generated by k elements. Further (Plumstead ([P])), if z1,22,..., 2k
generate M /XM, then there exist my,ma,...,my that generate M and such
that m; = z; fori =1 to k (barring “— " means “(modulo X)” in this theorem).

Proof. First note that M/XM = M is generated by k elements by Theorem
4.2.3. Here we shall give the proof of Plumstead ([P]).

If N is the nil radical of A, then replacing A by A/N and M by M/NM, we
can assume that A is reduced.

Now we shall use induction on dim A. Assume dim A = 0. Since A is reduced,
we have A~ ky X ko X ... x k, and A[X] = k1[X] X ko[X] x ... X k.[X] where
ki,ko,..., k. are fields. Since it is enough to establish the theorem for each
k;[X], we can assume that A is a field and hence R = A[X] is a principal ideal
domain. Let T'= {m in M : fm = 0 for some nonzero f in R } be the torsion
submodule of M and let F' = M/T. Since F is torsion free, F is a free R-module
(see Theorem 2.4.1). Hence M =T & F.

If T = 0, then since M =~ F is free, M is extended from A. Hence the
theorem holds in this case. If T' # 0, then there is a maximal ideal gy of R such
that T, # 0 and hence p(My,) > rank F. So,

w(My) +dim(R) = rank (F)+1 < u(Mg,) < e(M) < k.
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Therefore,
k> max{p(My)+dimR/p : p in Spec(R)}.

If mi,mb,...,m} in M are such that m} = z1,m5 = 29,...,Mm), = 2z, then
M = Rm) + Rmb + --- + Rm), + X M. By Theorem 4.2.7, there are elements

my=mj+ny, ..., mp=mj+ng
for ni,no,...,n, in XM, such that
M = Rm{+ Rmso +--- + Rmy.

Since mi = z1,..., M, = 2, the theorem is established when dim A = 0.
Now we shall assume that A is reduced and dim A > 0. Again let

T={m in M:fm=0 for some nonzero divisor [ in A}

be the torsion submodule of M and let M’ = M/T. Suppose that we can

establish the theorem for M’, then there are elements mj,...,m}) in M’ such
that
M'=Rm) + Rmbs+---+ Rm)  and m} = z],my =25, ....,m) =z,

in M ~ M/(T + XM), where z},...,z2 are, respectively, the images of the

elements 21, 22, ..., 2 in M’. Let ui,us,...,u; in M be such that the images of
U1,...,u, in M" are, respectively, m/,m5, ..., mj,. In fact, we can also assume
that @, = 21, Us = 29,...,ur = z;. Hence

k k k k
M= Ruj+XM=> Ruj+X(>_ Rui+T)=> Ru;+XT.

=1 i=1 i=1 i=1

Let J = ann (T) be the annihilator of T and V(J) = {p in Spec(R) : J C p}.
Since T,, = 0 for all minimal primes p of R, V(J) will not contain any of the
minimal prime ideals of R. So, for p in V(J), we have k > pu(M,) + dim R/p.
By Theorem 4.2.6, there will be elements ny,n9,...,ng in X7 such that

mp=uy+n;, Mmg=uz+n2, ..., Mg=ug+ng

will generate M on V(J). If p is in Spec(R)\V(J), then M, ~ M/, and hence
my,ma, ..., my will generate M. Hence M, = (Rmy + --- + Rmy,),, for all p
in Spec(R). Since my = z1,...,M = 2k, the theorem is also established for M,
assuming that the theorem holds for M’. So, by replacing M by M’, we assume
that M is torsion free, i.e. T = 0.

Let S = {sin A: s is not in any minimal prime ideal of A} be the set of all
nonzero divisors of A. Since Ag is a finite product of fields, Rg ~ Ag[X] is a finite
product of principal ideal domains. Since Mg is torsion free, Mg is a projective
Rs-module. Since dim Ag = 0, it follows that there are elements uq,us, ... ug
in Mg that generate Mg and @; = (z1)s,...,4r = (2r)s. If L is the kernel
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of the natural map for Rgv — Mg that sends the standard basis ej, es, ..., e,
respectively, to uy, us, ..., uk, then L is also an extended projective Ag-module.
It follows that we can find an s in S and wq, . ..,w; in M that generate M, and
w1 = (21)s,---,0k = (2x)s and the kernel L, of the natural map f; : R¥ — M,
that sends the standard basis ey, ..., e; of R¥, respectively, to wy,...,wy, is an
extended projective Ag-module.

Let S’ =1+ sA. Then dim(A/sA) < dim A. Hence, by induction, there are
elements mY,m4,...,m} in M so that the images of these elements in M/sM
generate M/sM and the images of m/ in M/(s, X)M are same as that of z; for
i =1 to k. By modifying m/, we can assume that m; = z; for i = 1 to k. So, it
follows that

k k
M = ZRm;’ +sXM and hence Mg = ZRS/m;’ +sXMg.
i=1 i=1
Let D(s) = {p in Spec(Rs/) : s is not in p}. Then d(p) = dim(Rg//p)s will
define a generalized dimension function d : D(s) — N. For all p in D(s), we

have d(p) < dim R. So, k > u(M,) + d(p) for all p in D(s). By Theorem 4.2.6,
there are elements m} = m/ + n; for n; in sX Mg/, for i = 1 to k such that

(Rsimj + - + Rgrmy ), = M,
for all p in D(s). Also, since

k

k
Mg = Z Rgem; +sX Mg we have (Z Rsfm2> = M,
i=1 i—1 o

for all p in Spec(Rg/) that contain s. Hence mj,mj, ..., m), generate Mg and
mll = (Zl)sl, e ,m;c = (Zk)S’-

Now, let L’ be the kernel of the map RY%, — Mg that sends the stan-
dard basis e, ea,...,ex of RE,, respectively, to m), mh,...,m}. Since Mg is
projective,

Mg, ® L, ~ Rt~ Mg, ® Ligr.
Also for any minimal prime g of Rg/g,we have k > p(M,) + dim(Rg/s/p). So,
rank (Lis,) = k - rank (Mgs,) > dim(Rg/g/,). Hence by Theorem 4.3.1,
Lig =~ L. So, L’ is an extended projective Ag:s-module.

It follows that we can find an element ¢ in S’ and elements m/,m5, ..., m}
in M; such that

1. mY,my,...,mj generate M,
=/ =/
2. mf = (z1)s,..., M} = (z,) and

3. if Ly is the kernel of the natural map fo : RF — M, that sends the
standard basis ey, ea,...,ex of RF, respectively, to m/,mY4,...,m}, then
Log, Ly are extended Agi-projective modules and Log ~ L1;.

Now the proof of Theorem 4.3.3 is complete by Lemma 4.3.5.



Chapter 5

The Theory of Matrices

In this Chapter we shall discuss some of the basic notations and facts about
matrices and also prove two theorems of Suslin that we shall need in our later
Chapters. Although part of this theory is available in other sources (for example,
Murthy’s Notes(|[GM])), our approach is widely different, especially in section
5.2 and 5.3. In section 5.2, we avoid the theory of elementary matrices and
instead we talk about the subgroup of automorphisms that are isotopic to the
identity. In section 5.3, our proof of Suslin’s theorem is not what one would
find in other sources. In both these sections, the reader will once again find our
biases toward the techniques of patching isotopic isomorphisms due to Quillen
over the techniques of elementary matrices due to Suslin.

5.1 Preliminaries about Matrices

In this section A will always denote a noetherian commutative ring.

Notations 5.1.1 Let A be a commutative ring.
1. M,,(A) will denote the set of all n X n-matrices with entries in A,
2. GL,(A) will denote the group of all invertible matrices in M,,(A),

3. SL,(A) will denote the subgroup of all n x n-matrices in GL,,(A) with
determinant one,

4. I, or I will denote the n x n identity matrix.

Definition 5.1.1 For an element A in A, and for 4,57 = 1,2,...,n with i # 7,
ei;(A) will denote the matrix whose diagonal entries are one, the (4, j)th entry
is A and rest of the entries are zero. E,(A) will denote the subgroup of SL, (A)
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generated by {e;;(A) : Ain A, 1 <i,j < n,i # j}. The elements of E,(A) are
called elementary matrices.

Remark 5.1.1 The following is a list of standard facts :

1.
2.

En(A) = {I11 1 €irj (M) : A € A1 <lig, g < myig # i}

Any triangular matrix whose diagonal entries are one is an elementary
matrix.

If o = []}%, € (Ak) is an elementary matrix, then « is isotopic to the
identity map if we consider o as an isomorphism « : A™ — A"™. The
isotopy is given by a(X) = [T, €. (X k).

If ¢ : A— B is a surjective ring homomorphism then the induced homo-
morphism E, A — E, B is surjective.

Given a n X m-matrix o and A in A, then if § is got from « by adding
A-times the ith row of a to the jth row of a, then 8 = ea for some € in
E,(A). A similar statement holds for columns.

If A is a local ring or a Euclidean ring, then SL,(A4) = E,(A) for all
integers n > 1. More generally, if « is in M,,(A), there are €1, €2 in E,(A)
such that e;aey is a diagonal matrix.

The following are some standard results.

Lemma 5.1.1 (Whitehead) Let o and 8 be in GL,,(A). Then there are ele-
mentary matrices €1, €3 in Fa,(A) such that

and

(5 5)o=(V 5)
(6 5)==( 2)

Proof. Take

R [ (R (G

It also follows that

-1
0 — <aoﬁ <a10/3)1> isin o (A)
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(6 5)e=(2)

This completes the proof of Lemma 5.1.1.

and

Theorem 5.1.1 (Suslin) E,(A) is a normal subgroup of GL,(A) for any in-
teger n > 3.

We need the following lemmas to prove Theorem 5.1.1.

Lemma 5.1.2 (Vaserstein) Let a be an rx s -matrix and /5 be an s x r-matrix.
Suppose I + a3 is in GL,(A). Then I + fa is in GLs(A) and

(I +0a5 I+ ga)—l)

is in E,y4(A).

Proof. Note that (I +3a) ™t =1 - (1+aB) " ta and

(I +0a5 (I+ ga)‘l)
ke D6 TG )
is in Eypq(A).

Corollary 5.1.1 Let v = (v1,v2,...,v,.) and w = (w1, ws, ..., w,), with v;, w;
in A, be two row matrices such that vywy + - -+ + v,w, = 0. Then

1+vtw 0
0 1

is in Eyyq(A).

Proof. Immediate from Lemma 5.1.2.
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Corollary 5.1.2 Let v = (v1,v9,...,v,) and w = (wy, ... w,), with v;,w; in A,
be two row matrices such that 22:1 w;v; = 0. If w; = 0 for some i = 1 to r,
then I + vtw is in E,.(A).

Proof. If w, = 0, then Zr_ll vyw; = 0. Taking v = (vy,...,v,_1) and

1=

w' = (wq,...,wr_1), it follows from Corollary 5.1.1 that
1 Ot
(”gw ?) isin  E,(A), where O = (0, ...,0).

But

1,/ t
1+v'w = (1+U w0 >
U 1
where v = (uy ..., ur_1) = v.(w1,...,w,_1). Hence 1 + v'w is in E.(A), by (2)
of Remark 5.1.1.
If w, # 0 and w; = 0 for some ¢ < r, then by (5) of Remark 5.1.1, there is

an elementary matrix € in F,.(A) such that
wWe = (W1, W, -+« , Wi—1, — Wy, Wit 1, - -+, Wr—1,0).

Now 1+ vtw = €(I + v'w’)e~ !, where v’ = e~ 1v! and w’ = we and the proof of
Corollary 5.1.2 is complete.

Proposition 5.1.1 Let v = (v1,...v,) in A" be a unimodular element. Let
¢ : A" — A be the map such that ¢(e;) = v;, where ey, ..., e, is the standard
basis of A". Then the kernel of ¢ = K is generated by the set

{vje; —vigj|l <i<j<r}

Proof. Let u = (uq,...,u,) be in A” be such that uv® = 1. If w = (wy,...,w;)
is in the kernel of ¢ then w = >"_, w;e; = >\, wi(e; — v;u).
So, e; —vu, ..., e, — v.u generate the kernel of .

Now we have e; — vju = 22:1,1@7&1‘ ug (vie; — vieg). This completes the proof
of Proposition 5.1.1.

Corollary 5.1.3 Let v = (v1,...,v,) be a unimodular row in A" and w =
(wi,...,w,) be in A” such that wivy + -+ +w,v, = 0. If r > 3, then I +vtw is
in E,.(A).

Proof. By Proposition 5.1.1

w = Zaij(viej — vjez-) = Zwij,

i<j i<j
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where w;; = a;j(vie; — vje;). It follows from Corollary 5.1.2 that I 4 v'w;; is in
E.(A). But

I+v'w=1+ thwij = H(I—I— v'w; ;).

i<j i<j

Hence the proof of Corollary 5.1.3 is complete.
Now we are ready to give the proof of Suslin’s Theorem 5.1.1.

Proof of Suslin’s Theorem 5.1.1. Since E,(A) is generated by

{eij(A) :1<i,j <nwithi#jand X € A},
it is enough to show that for any a in GL,(A) we have ae;;(\)a™! is in E,(A).
One can check that ae;;(N\)a™ = I + Aa; 3, where «; is the ith column of «

and B; is the jth row of ™. Since 8;a; = 0 for i # j, we have I + Ao, 3; is in
E,(A) by Corollary 5.1.3. So, the proof of Theorem 5.1.1 is complete.

Remark 5.1.2 With A = k[X,Y] where k is a field, E;(A) is not a normal
subgroup of GLy(A). For a proof one can see Murthy’s Notes ([GM]).

5.2 The Isotopy Subgroup QL,(A) of GL,(A)

In this section we shall prove the “Isotopy analogue” of the following theorem

of Suslin ([9]).

Theorem 5.2.1 (Suslin) Let R = k[X1,..., X;n] be a polynomial ring over k,
where k = 7 or a field. Then SL,(R) = E,(R) for n > 3.

For our purpose an “isotopy analogue” of this Theorem 5.2.1 will suffice. So,
we omit the proof of Theorem 5.2.1. For a proof of Theorem 5.2.1 one can see
Murthy’s note ([GM]).

The following proposition gives some elementary facts about isotopy.

Proposition 5.2.1 Suppose A is a commutative ring.

(i) Suppose a; : M — M’ and B; : M’ — M" are isomorphisms of A-
modules, for ¢ = 0,1. If oy is isotopic to oy and Sy is isotopic to (1 then
Booay is isotopic to Broa;.
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(ii) If M is an A-module then
QL(M)={ae Aut(M):« is isotopic to Idy}
is a normal subgroup of Aut(M).

(iii) Let M be an A-module and «, 8, be in Aut(M). If « is isotopic to 5 and
B is isotopic to -y then « is isotopic to 7.

Proof. If a(T) : M[T] — M’[T] is an isotopy from «g to a; and if
B(T) : M'[T] — M"[T]

is an isotopy from [y to B then S(T)oa(T) is an isotopy from Spoag to Sroa;.
This establishes (i). Now it follows from (i) that QL(M) is closed under com-
position. Again, if « is in QL(M) and «(T) is an isotopy from Idp; to « then
a(T)~1t is an isotopy from Idys to a~t. Hence QL(M) is a subgroup of Aut(M).
If 3is in Aut(M) and 1 = B ® Id ) and if o(T) is an isotopy from Idy; to
a1, then By 'oa(T)opB; is an isotopy from Idys to B~ aB. Hence QL(M) is a
normal subgroup of Aut(M). So, the proof of (ii) is complete. To see (iii), let
I,(T) be an isotopy from « to § and I>(T") be an isotopy from /3 to v and let
B1(T) = B~ @ A[T]. Then v(X) = I1(T)oB1(T)ol2(T) is an isotopy from « to
~. This establishes (iii).

Definition 5.2.1 Let A be a commutative ring and let
QL,(A) ={a in GL,(A):«a is isotopic to identity}.

It follows from Proposition 5.2.1 that QL,,(A) is a normal subgroup of GL, (A).
This subgroup QL,,(A) will be called the isotopy subgroup of GL,,(A). Note that
if A is a reduced ring then QQL,(A) is in fact a subgroup of SL,(A).

More generally, for an A-module M we let

QL(M) = {a: ais an automorphism of M that is isotopic to Idp}.

It follows from Proposition 5.2.1 that QL(M) is a normal subgroup of the group
of automorphisms of M.

The following is the isotopy analogue of Theorem 5.2.1 of Suslin

Theorem 5.2.2 Let R = k[X4,...,X,] be a polynomial ring over k, where
k=7 or a field. Then SL,(R) = QL,(R).
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Proof. Let a = a(Xy,...,X,) be in SL,(R), then a(X 1T, XoT, ..., X, T) is
in SL,(R[T]) and is an isotopy from ag = «(0,...,0) to a. Since g is in
SL,(k) = E,(k), we have o is isotopic to identity, by (3) of Remark 5.1.1.
Hence « is isotopic to identity by Proposition 5.2.1. This completes the proof of
Theorem 5.2.2.

We shall need the following proposition in the latter sections.

Proposition 5.2.2 Let R = Z[X;, X[ ', X5,..., X,,] be a Laurent polynomial
ring with one Laurent polynomial variable X; and n — 1 polynomial variables
Xo,...,X,. Then SL,(R) = QL,(R).

Proof. Let
=a(X, X7 Xo, ., X))

be in SL,(R). Since (X1, X7 ', XoT,..., X, T) = B(T) gives an isotopy from
(X1, X7 10,...,0) to o, we can assume n = 1 and R = Z[X, X ']

Now suppose that « is in SL,(Z[X, X ~1]). Then 8 = XPa is in M,,(Z[X])
for some integer p > 0. Let det 8 = X*. We claim that § = €d for some € in
QL,(Z[X,X~1]) and a diagonal matrix ¢ in GL,(Z[X, X ~!]). We shall prove
the claim by induction on k. If k = 0, then 3 is in SL,(Z[X]) = QL,(Z[X]) by
Theorem 5.2.2 and hence in QL,(Z[X, X 1]).

Now suppose k > 0 and let “bar” denote “(modulo X)”. So, det(5) = 0. By
(6) of Remark 5.1.1, there are €1, €5 in E,,(Z) such that €; Be; = diag(ds, ..., d,).
Since dids .. .d, = det(e;Bez) = 0, we can assume that d,, = 0. Hence ¢;Bey =
diagonal(dy, . ..,d,—1,0). For i = 1,2 let E; be in E,(Z[X]) such that E; =
€;. Since EyBE, = diagonal(dy,...,d,_1,0) the last column of F;BE, is a
multiple of X. Write 81 = FEi8FEz(digonal(1,1,...,1,X1)). Then 3 is in
M,,(Z[X]) and det §; = X*~!. Therefore, by induction, 8; = € for some e
in QL,(Z[X, X~ ]) and 0 1s a diagonal matrix in GL,(Z(X,X™1]). So, 8 =

E{'8DE,' = E;'eSDE; !, where D = diagonal(1,1,...,1,X). Let

¢ =E'e(6DE;'D7'671Y) and ¢ =4D.
Then 3 = €'§'. Since E,(Z[X, X)) C QL,(Z[X,X1]) and QL,(Z]X, X 1))

is a normal subgroup of SL, (Z[X,X 1), € is in QL,(Z[X,X~']) and also §’
is a diagonal matrix in GL, (Z[X, X ~']). Hence the claim is established

Therefore o = X P8 = X Ped = (X P6), where € is in QL,(Z[X, X 1))
and § is a diagonal matrix in GL,(Z[X, X ~!]). Since det(XP§) = det a =1,
it follows from Lemma 5.1.1 that X?§ is in B, (Z[X, X)) C QL.(Z]X, X71)).

Hence the proof of Proposition 5.2.2 is complete.



70 CHAPTER 5. THE THEORY OF MATRICES

5.3 The Theorem of Suslin

In this section we prove the following theorem of Suslin on completion of uni-
modular rows to an invertible matrix.

Theorem 5.3.1 (Suslin) Let A be a commutative ring and (xo,x1,...,%,) be
a unimodular row in U,y1(A). Let ro,r1,...,m, be positive integers such that
the product rory - - -1y, s divisible by nl. Then (x(°,x1',...,x0") is completable
to an invertible matriz.

To prove Theorem 5.3.1, first we prove the following proposition.

Proposition 5.3.1 Let (vg,21,...,%,) be a unimodular row in Uy11(A). Let
A = A/(z,) and let “~” bar denote the images in A. If (Zo,...,Z,—1) is com-

pletable to an invertible matrix in M, (A), then (xo, ..., z,—1,2}) is completable
to an invertible matrix in M,, 11 (4).

Proof. Let ¢ be a matrix in M, (A) such that the first column of ¢ is

(o,...,2n-1)" and ¢ is in GLn(A). Let ¢ be in M, (A) be such that ¢ is
the inverse of ¢. Hence ¢9p = I, + zp« and ¢ = I, + z, 5 for a, 8 in M, (A).

Since
xnIn ¢ _xnIn ¢ 0 In '

_( ¢ «
is in G Ly, (A).

Note that A(det(¢)) + Az, = A . Hence, by Lemma 5.1.1, there is an € in
E, (A) such that

we have

Hence wy = xpe + (detg)p for some p in M, (A). If v = p(adjg), then v¢ =

(detd)p.
o I, O 10} « . ¢ «
W = (7 e) (xnln 1/)) B <w1 a7+6¢>

Now
is in GLgp(A). It follows that
Wy = <¢2 a2> where

w2 ¢2
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1. ¢9 is in GL,y1(A), with its first column (zg,z1,...,2Tn_1,27),

2. ag,y are in M,,_1(A) and

3. wy = (0%, 1,_1,)) is an (n — 1) X (n + 1)-matrix, where 0° = (0,0,...,0)
and A = (A1, A, ..., Ap_1)! for some Ay,..., \,_1 in A.

By repeated use of (5) of Remark 5.1.1, it follows that there are €; and e in

Es,(A) such that
0
o (312

in GLy,(A), where ¢3 is in GL,41(A), with (zo,...,T,_1,2")" as its first col-
umn. This completes the proof of Proposition 5.3.1.

The following is an immediate Corollary to Proposition 5.3.1.

Corollary 5.3.1 Let (zg,z1,...,2,) be a unimodular row in U,41(A). Then

(o, x1,23,...,27) is completable to an invertible matrix.

Now the proof of Theorem 5.3.1 will follow from Corollary 5.3.1, by “shifting”
the exponents as follows.

Lemma 5.3.1 Let (zg,21,...,2,) be a unimodular row in U,11(A) and let r
be a nonnegative integer. Then there is an invertible matrix « such that

(X6 @1, T2, oy ) = (To, T, T2, .oy Tpy).

To prove Lemma 5.3.1, we need the following lemma.

Lemma 5.3.2 Suppose (g, Z1,...,Ty,) is a unimodular row in U,,41(A). Let T
be an indeterminate and r be a nonnegative integer. Then the kernel P of the
map

A[T)™ — AT,

defined by the unimodular row
(g1 + 20T, 22, ..y Ty)

is an extended projective module.
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Proof. By Quillen’s theorem, we can assume that A is local. Let m be the
maximal ideal of A. If one of xg, x3,...,x, does not belong to m then P is free
by Exercise 2.6.1. So, we assume that xg,xs,...,x, are in m and hence x; is a
unit in A. Since z; is a unit, it follows that (z(, z1 + 2¢T) is a unimodular row
in A[T]?. Since unimodular rows of length two are completable to an invertible
matrix, there is an invertible matrix ag in SLy(A[T]) € GLy41(A[T)) such that
(zh, x1+x0T, 29, ...,2n)a0 = (1,0,22,...,z,). Hence there is an a in GL,11(A)
such that (zo,21 + x0T, xa,...,2,)a = (1,0,...,0). So, P is free by Exercise
2.6.1. and the proof of Lemma 5.3.2 is complete.

Proof of Lemma 5.3.1. By Lemma 5.3.2, there is an exact sequence

0 — Py[T] — A[T]" 25 A[T] — 0

of A[T]-modules, where T is an indeterminate, ¢ : A[T|"*1 — A[T] is the map
defined by the unimodular row (x}, 21 + x0T, 22, ..., 2z,) and Py is a projective
A-module. Specializing, respectively, at T = 0,—1 we get the following two
exact sequences

00— Py —s A™ 2% A4 40
0— Py —s A" 25 4 50

where ¢g : A"t — A is the map defined by (2§, z1,22,...,7,) and
¢_1: A"t — A is the map defined by (25, 21 — o, T2, ..., Tp).
It follows that there is an ay in GL,41(A) such that

(20,1, T2y - oy Tp)1 = (T(, X1 — T, T2y .-+, Tp)-

By adding 2!+ 2} 2z +- - -+ '-times the second column to the first column
we get that there is an @ in GL,11(A) such that

(xGy 1 — Xoy -y Tp)2 = (T, 21 — Toy .-, Tp)-
Hence we have
(x4 @1, Ty ooy Tp)a1an = (27,21 — To, Ta, ..., Tp).
Similarly, working with the unimodular row (z1, 21 — g, Z2,. .., %), We get an

ag in GLy41(A) such that
A — Q — T
)
(z],21 — X0y ...y Tn)as = (2], =0, ..., Tp).
It is also easy to see that there is an ay in GLy41(A) such that
(2], =20y .-y Tp)g = (o, 27, ..., Ty).

Hence we have (xf,21,%2,...,Tn)a1020304 = (20,27, T2,...,2y). This com-
pletes the proof of Lemma 5.3.1.



Chapter 6

Complete Intersections

In this Chapter we shall be concerned with the set theoretic and ideal theoretic
number of generators of ideals in polynomial rings over commutative noetherian
rings. As before, for a module M over a noetherian commutative ring A, u(M)
will denote the minimal number of generators of M.

6.1 The Foundations of Complete Intersections

Definition 6.1.1 Suppose [ is an ideal in a noetherian commutative ring A.
We say that I is set theoretically generated by r elements f1,...,fr in A if

\/(fla”'af’r'):\/j-

Remark 6.1.1 It follows from Theorem 4.2.4 that any ideal I in a noetherian
commutative ring A of dimension d is set theoretically generated by d + 1 ele-
ments.

The following is a theorem of Eisenbud and Evans ([EE3]).

Theorem 6.1.1 (Eisenbud-Evans) Suppose R = A[X] is a polynomial ring
over a commutative noetherian ring A with dim A = d. Then any ideal I of R
1s set theoretically generated by d + 1 elements.

Proof. Although the theorem can be derived from Theorem 4.3.2, we give the
original proof of Eisenbud-Evans. We use induction on d. We can also assume
that A is reduced.

If d =0 then A[X] = k1[X] x ... x k.[X], where kq,...,k, are fields. Hence
A[X] is a principal ideal ring. So, I is generated by one element.

73
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Now assume d > 0. Let S be the set of all nonzero divisors of A. Then
STIR = (S7'A)[X] =~ k1[X] x ... x k.[X], where ki, ..., k, are fields. So, S™1T
is one generated. So, there is fy in I and s in S such that Iy, = (fy)As[X].
Let A = A/(s) and J be the image of I in A[X]. Since dim A < d, there are
fi,...,fa in I such that /fiA+---4 fqA = V/J. Tt is easy to check that

(fo, fi,---, fa) = VI. So, I is set theoretically generated by d + 1 elements.
This completes the proof of Theorem 6.1.1.

Definition 6.1.2 Let A be a noetherian commutative ring.

(1) A sequence of elements aq,...,a, is called a regular sequence if a; is a
nonzero divisor on A/(a1,...,a;—1), for i =0,...,r — 1.

(2) Anideal I is called a complete intersection ideal of height r if I is generated
by a regular sequence aq,...,a, of length r.

(3) Anideal I of A is said to be a locally complete intersection ideal of height r
if I, is a complete intersection ideal of height r for all p in V(I) = {p in
Spec(A) : I C p}.

Exercise 6.1.1 Suppose [ is an ideal in a ring A.

(1) If I is a complete intersection ideal of height 7, then I/I? is a free A/I-
module of rank 7.

(2) If I is a locally complete intersection ideal of height r, then I/I? is a pro-
jective A/I-module of rank r.

Proof. To prove (1) let T be generated by a regular sequence ay, as, . . ., a,. Then
it is easy to check that the images of a1,...,a, form a basis of I/I%. And (2)
follows from (1).

Remark 6.1.2 Let A be a commutative noetherian ring.

(1) It follows from Forster-Swan Theorem 4.2.3 that a locally complete inter-
section ideal I of height r in A is generated by dim A + 1 elements.

(2) It also follows from Theorem 4.3.3 that a locally complete intersection ideal
I of height r in a polynomial ring R = A[X] is generated by dim A + 1
elements.

The following is a consequence of Nakayama’s lemma.



6.1. THE FOUNDATIONS OF COMPLETE INTERSECTIONS (0]

Theorem 6.1.2 (see[MK1]) Let I be an ideal in a noetherian commutative
ring A. Then p(I/1?) < u(I) < u(I/1?) + 1. Further, if x is an element in A,
then u((I,x)) < u(I/1?) + 1.

Also , if A is a local ring then u(I) = u(I/1?).

Proof. Let u(I/I?) = r and I = (fi,...,f-) + I2. By Nakayama’s lemma,
there is an s in I such that (1 4+ s)I C (fy,..., fr). It is easy to check that
(I,z) = (f1,---, fr,s + (1 + s)x). The local case is easy. This completes the
proof of Theorem 6.1.2.

Exercise 6.1.2 Let R = k[X1, ..., X,,] be a polynomial ring in n variables over
a field k. Then any maximal ideal of R is generated by n elements.

Proof. One way to prove Exercise 6.1.2 will be to use the change of variables
Theorem 6.1.5 below and induction.

The following is a theorem of Ferrand and Szpiro that is very central in this
theory of set theoretic complete intersections.

Theorem 6.1.3 (Ferrand-Szpiro) Let A be a noetherian commutative ring
and let I be a locally complete intersection ideal of height r > 2 and dim A/I < 1.
Then there is a locally complete intersection ideal J of height n such that

1. VI =+J and
2. J/J? is free AJJ-module of rank r.

Proof. Sincerank I/I? = r and dim(A/I) < 1, by Theorem 4.2.1, [ /1> = F®L
where L is a projective A/I-module of rank one and F is a free A/I-module of
rank r — 1. Since I/I? ® L has a free direct summand (Theorem 4.2.1), there is
a surjective map ¢ : I/I? — L~! where L=! = Hom(L, A/I). Let J be the
ideal of A such that J/I? = kernel (¢).

Since 12 C J C I we have VI = v/J. We will see that J is a locally complete
intersection ideal of height . To see this let p be a prime ideal in V(I) = V(J).

Let f, be an element in I, be such that image of f, in L;l, via ¢, generates
L;l and let fi,..., fr—1 be in J, be such that their images generate (.J/I?),,.
So, I, = (fi, fas--+s fu—1, fr) + I3 and hence I, = (f1, fo,..., fr1, fr). By
induction, we shall prove that for 1 < ¢ < r there are gi,...,¢; in I, such that

L IP = (glv‘“vgivfi+1a~“:fr)»

2. g1,...,9; is a regular sequence and
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3. gj—fjisinJ;forjzltoi.

To do this we assume that the assertions holds for i < r and prove the assertions
for i + 1. We write A’ = A, I' = I,,, J' = J,. Let p1,..., ok be the associated
primes of A'/(g1,...,9;)A" and let Py,..., P, be maximal elements in the set
{p1..., 91} For k=1 tot, since depth A, =4 < r and since I’ is generated
by a regular sequence of length r, it follows that I’ is not contained in P;. Hence
J' is not contained in Py for k = 1 to t. Assume that f;y; isin Py,..., P, and
not in Pt0+1,...,Pt and let A be in JIQHPtO-‘rlﬂ-”ﬂpt\PlU--'UPtU and
let giv1 = fix1 + X So, I' = (g1,.--, i, gitr1, firas-- -, fr) + I” and hence
I'=(g1,..-,9i+1, fit2, .-, fr). This establishes the assertion.

Hence there are g1, ..., g, such that

L I"=(g1,--,9r);

2. g1,.--,9r 1S a regular sequence,

3. the1 images of g1,...,g,_1 generate J'/I'* and the image of g, generates
L; .

Note that g2 is in J’. Now if g is in J' then g—(A\1g1+- -+ X\_1gr_1) isin I'? =
(g1,--.,9)% for some Ay,...,\._1 in A’. Hence g is in (g1,...,9-—1,92). So,
J = (g1,--,9r—1,9°) is generated by a regular sequence of length r. Therefore
J is a locally complete intersection ideal of height r.

Now we shall prove that J/J? is a free A/J-module of rank r. Note that I/.J
is nilpotent in A/J and hence it is enough to prove that J/J? @ A/I ~ J/IJ is
a free A/I-module.

We have the following two exact sequences

0— J/I*? —1/I* —L'—0
and
0— I?/IJ — J/IJ — J/I? — 0
of projective A/I-modules. Also note that
L'~1/J and L =I/J®I/J~TI?/1].

Again by Theorem 4.2.1 J/IJ ~ F & Lg for some projective A/I-module Lg of
rank one. It is enough to prove that Ly ~ A/I. We have J/I? & L' ~ I/I* ~
FoLand L@ J/I? ~ J/IJ ~ F & Ly. So,

L?2s(FoL)~L e (J/PoL Y ~FaLi®L "

By Theorem 4.2.2 of Bass, L2 @® L ~ Ly ® L~!. Now Theorem 6.1.3 follows
from the cancellation property of rank one projective modules (Theorem 4.2.8)
and the following Lemma 6.1.1. This completes the proof of Theorem 6.1.3.
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Lemma 6.1.1 Let A be a noetherian commutative ring with dim A < 1. Let
L, and Lo be two rank one projective A-modules. Then L1 & Lo =~ A® L1Ls.

Proof. Without loss of generality, we can assume that A is reduced. Let S be
the set of all nonzero divisors of A. Since S™'L; ~ S™!A, we can assume that
L; = I is an ideal of A. By Theorem 4.1.1, there is an f is Hom(Ls, A) that
is basic on V(I;) and also at all the minimal primes of A. Let f(Ls) = I3, then
Ly =~ I and I + I = A. Hence we have an exact sequence

0—hL(\L—Lo&L—A—0.
Since Iy () Is = I1 Iz &~ Ly Lo, the proof of Lemma 6.1.1 is complete.

Remark. The argument used in picking ¢1,...,g,—1 in the proof of Theorem
6.1.3 is known as the prime avoidance argument. As an exercise, an interested
reader can prove Theorem 4.2.4 by using such prime avoidance arguments.

The following is another central theorem in this theory, which is due to
Boratynski.

Theorem 6.1.4 (Boratynski) Let A be a commutative ring and let I be an
ideal in A such that I = (fi,...,fu) + 1% Let J = (fi,..., fo1) + 17D
Then J is the image of a projective A-module P of rank n.

Proof. It follows from Nakayama’s lemma that there is an s in I such that
Liis = (f1,..., fn) and hence Ji4s = (f1,..., fn-1, ﬁbnfl)!).

Let ¢1 : A?,, — Ji4s be the map defined by ¢(e;) = f; fori =1ton —1
and ¢(e,) = ,S’H)’, where ey, ..., ey, is the standard basis of AT, _.

Let ¢o : AT — J; = A, be the map defined by ¢(e;) = 1 and ¢(e;) = 0 for
1 =2 ton.

Since (f1,..., fn-1, én_l)!) is unimodular in A;‘( by Suslin’s Theorem

1+s)
5.3.1, there is an invertible matrix 6 in SL, (As14s)) such that first row of 6 is

(f17 ceey fn—l; 'r(Ln_l)!)-

Now consider the following fiber product diagram :



78 CHAPTER 6. COMPLETE INTERSECTIONS

F n
A?«ks As(1+s)
&\ l \
J1+s Js(1+s)
Here F': A7, — A?(HS) is the composition map

Al = AT D ATs(1+s).

In this diagram @ is the fiber product of AT,  and A} via 6. The map
¢ : Q — J is got by the properties of fiber product diagrams and ¢ is surjective
because so are ¢; and ¢o. Also note that @Q is a projective A-module of rank
n because @, ~ A} and Q14+, =~ AT . This completes the proof of Theorem
6.1.4.

Before we close this section we prove the following change of variables the-
orem that we shall need in the later sections.

Theorem 6.1.5 (Suslin) Let R = A[X1,...,X,] be a polynomial ring over a
noetherian commutative ring A and let I be an ideal in R such that
height(I) > dim A. Let ¢ : R — R be the A-algebra automorphism such that

o(X)=X;+Xr  for i=1,...,n—1 and
¢(Xn) = Xn7

wherery, ..., rn_1 are nonnegative integers. If ri,...,r,_1 are large enough then
@(I) contains a monic polynomial in X,, with coefficients in A[X1,..., Xn—1].
In particular, if A is a field then for any nonzero polynomial f in R, ¢(f) is a
monic polynomial in X,, with coefficients in A[X1,..., Xn—1].

We shall use induction on n to prove Theorem 6.1.5. First, we need the
following lemma.

Lemma 6.1.2 Let R = A[X] be a polynomial ring over a noetherian commu-
tative ring A and I be an ideal in R. Let £(I) =

{ac A: thereis f =aX" +a, 1 X" '+ 4ag €I with a,_1,...,a9 in A}.
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Then ¢(I) is an ideal in A and height(¢(I)) > height(I).

Proof. It is obvious that ¢(I) is an ideal. Further, since £(v/T) C \/¢(I), we
can assume that I is a reduced ideal. Let I = p1()...[)pr where p1,..., ok
are minimal primes over I. As £(p1)¢(p2) ... L(pr) C £(I), it is enough to prove
the lemma for prime ideals I. If I is an extended prime ideal then I = ¢(I)R
and hence height(I) = height(¢(I)). If I is not an extended ideal then let
p =IA. So, pR # I and height(p) = height(I) — 1. Note that o C ¢(I).
Let ©' be a minimal prime ideal over £(I). As height(p') = height(p) would
imply that ¢(I) = p and I = pR is extended, we have height(p’) > height(p) =
height(I) — 1. This completes the proof of Lemma 6.1.2.

Proof of Theorem 6.1.5. If n = 1 then height(¢(I)) > height(I) > dim(A).
So, ¢(I) = A and hence I contains a monic polynomial.

Now assume that n > 1. Write R = A’[X;] where A" = A[Xs,...,X,]. Let
(1) =

{a€ A i thereis f =aX[+an 1 X7+ +ag € T with ap_1,...,a9 in A'}.

Since height (¢(I)) > dim(A), by induction, we can assume that £(I) has a monic
polynomial g in X,,. So, thereis an f in I such that f = gX{—i—gr,leT*l—im -+go
where ¢,_1,...,go are in A’. Now Theorem 6.1.5 follows easily.

The following definition will be convenient for the future discussions.

Definition 6.1.3 Let R = A[X, X !] be a Laurent polynomial ring over a
commutative ring A. A Laurent polynomial f is called a doubly monic polynomial
if both the coefficients of the highest and lowest degree terms of f are units in

A.

6.2 Complete Intersections in Polynomial Rings

In this section we shall prove many important results about the number of gen-
erators of ideals I in polynomial rings R = k[X,...,X,,] over fields k. Recall
that, up to a change of variables (Theorem 6.1.5), any nonzero ideal I contains
a monic polynomial in X,,, with coefficients in A = k[X1,..., X,,—1]. Interest-
ingly, most of the results about ideals I in polynomial rings over fields extend
to ideals I in polynomial rings R = A[X], over commutative noetherian rings A,
that contain monic polynomials. Our first theorem in this section is as follows.

Theorem 6.2.1 ([Mal]) Let R = A[X] be a polynomial ring over a noetherian
commutative ring A and let I be an ideal of R that contains a monic polynomial.
If W(I/1?) > dim(R/T) + 2, then p(I) = p(I/1?).
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To prove Theorem 6.2.1, we need the following lemma on prime avoidance.

Lemma 6.2.1 Let A be a commutative noetherian ring and let I, J be two
ideals of A such that J C I. Let n = u(I/I?) and let fi, fa, ..., f- be elements
of I with r < n. Assume that

Lo (fi, for- s frsGraty-evsgn) + 12 =1 for some g,y1,...,9, in I,

2. whenever a prime ideal p contains (f1, ..., f) +J and does not contain I,
the image of p in A/(f1,J) has height at least u, for some fixed integer w.

Then we can find an element f,.,1 in I such that

1. (f17~--afrvfr+17.gr+27---;gn)+I2:I and

2. whenever a prime ideal g contains (f1,..., fr, fr41) + J and I is not con-
tained in @, then the image of g in A/(f1,J) has height at least u + 1.

Proof. Let p1,...,pr be minimal primes over (f1,..., f,) + J that does not
contain /. Note that the images of p; in A/(f1,J) has height at least u. Assume
that g,+1 isin @1 ..., p; and not in @y41,..., Pk. Let A be in

I2ﬂpt+1ﬂ...ﬂpk\(plu...Upt).

Now Lemma 6.2.1 follows with f,.11 = grr1 + A

Proof of Theorem 6.2.1. Let J = ANI. Let n = p(I/I?) and I =
(g15---,9n) + I? for some gi,...,g, in I. Since I contains a monic polynomial
f, for large enough integers p, f1 = g1 + f? is monic and I = (f1, 92, .-, gn) +1°.

Since A/J — R/I and A/J — R/(J, f1) are integral extensions, we have

dim(R/I) = dim(A/J) = dim(R/(J, f1)).

By repeated application of Lemma 6.2.1, we can find fs,..., f,, such that I =
(fi,---, fn) + I? and for any prime ideal p in Spec(R), if (f1,...,fn) + JR is
contained in p and I is not contained in p then the image of o in R/(J, f1) has
height at least n — 1, which is impossible because n — 1 > dim R/(J, f1). Hence
for any prime p in Spec(R), if (J, f1, fo, ..., fn) is contained in p then I is also
contained in gp.

Now let Ry = R[T,T7'] = A[X,T,T~!] be the Laurent polynomial ring in
the variable T" over R.

We define an A-automorphism v : Ry — Ry such that

Y(X)=X+T+T ' and o(T)=T.

We shall write Iy = ¢(IR;),I’ =L (R[T] and J'=I'"(YR = I, R. Since
¥(J) = J is contained in J', it follows that
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(i) W(f1), - ¥(fu)) + 1T = I,

(ii) if (¥(f1),...,¥(frn))R1+ J Ry is contained in a prime ideal g in Spec(Ry),
then I is also contained in p.

Since f; is monic in X, we have that ¢ (f1) is a doubly monic polynomial in
T over R. Hence there is an integer r1 > 0 such that a; = T™(f1) is a monic
polynomial in R[T] with a;(0) = 1. We can pick integers r3,...,7, such that
a; =T")(f;) is in TR[T| for i = 2 to n.

Since TR[T] + a1 R[T] = R[T], it follows from (i) and (ii) that

(iii) I’ = (a1,...,a,)R[T] + 1" and

(iv) if (a1,...,an)R[T)+ J'R[T] is contained in a prime ideal p in Spec(R[T),
then I’ is also contained in p.

We shall prove that I’ is generated by n elements.

First we claim that 17, ;, = (a1,...,a,)Riq 0 [T].

To see this let m be a maximal ideal in Spec(R;4/[T]) that contains the
ideal (aq,...,a,). Since Ri4y —> Riyy[T]/(a1) is an integral extension, J' is
in the radical of R1 4 /(a1) and hence by (iv) it follows that I7, ;, is contained
in m. So, by (iii) it follows that (I{, ;)m = (a1,...,an)R14/[T]m. Therefore
I{+Jl = (al,ag, ey an)R1+J/ [T]

So there is an s in J’ such that I7, = (a1,...,a,)R14[T]. Let

¢1: Ry [T)" — I,

be the surjective map defined by ¢1(e;) = a;, where ey, ..., e, is the standard
basis of RT,,[T]. Also let

G2 : Rg[T]" — I. = R,[T)

be the surjective map defined by ¢o(e1) =1 and ¢;(e;) = 0 for i = 2 to n.

Now let K = kernel(¢1) and K’ = kernel(¢2). Note that K’ is free. Further,
since K is projective and (Kj),, is free, by Theorem 3.2.2 of Quillen and Suslin,
K is free.

Now let “bar” denote “(modulo T')”. Since a; = land a; =0fori=2,...,n
it follows that (¢1), = (2)1+4s. So, we have an isomorphism Sy : Ky — K1,
such that the following diagram of exact sequences

0 — K, — Rl — gy — 0
1 Bo I |
0 — Ki, — Ry — Ly, — 0

comiutes.
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Since K, and Kj are extended modules, there is an isomorphism
B : Ky — Ki, such that § = f§y. Using splittings of (¢1)s and (¢2)14+ which
are equal “(modulo T)”, we can find an isomorphism

0 : RS(1+S) [T]n — R5(1+S)[T]n

such that § = Id and the following diagram of exact sequences

n $1
0 — K, — Ryas[T]" — I;(1+s) — 0
1B 10 |
n @
0 — Ki,, — RyaslII" — I;(1+s) — 0

commutes.
Since sR + (1 + s)R = R, we have the following fiber product diagram :

Q R,[T]"

Ry s[T]" l 3 Ry10)[T]"

.

I{Jrs I;(l-‘rs)

Here F': R4 4[T]" = Ry145)[T]" is the composition map

n n 6 n
R1+S[T] —>R8(1+3)[T] —>RS(1+S)[T} .

In this diagram @ is the fiber product of R¢[T]" and R;4s[T]™ via 6. The map
¢ : Q@ — I’ is got by the properties of fiber product. We have ¢ is surjective
because ¢; and ¢- are surjective.

If 6, : Qs — Rs[T]™ and 63 : Q145 — R145[T]™ are the natural isomor-
phisms, then (61)14s0(05')s = 8 = Id (modulo T). By Lemma 4.3.3, it follows
that @ ~ R[T]™ is free. Hence I’ is generated by n elements.

Therefore, (IR[T,T~') = I, = I is also generated by n elements and
hence so is I R[T,T~1]. Now by substituting 7' = 1, it follows that I is generated
by n elements. So, the proof of Theorem 6.2.1 is complete.

Remark. Under the hypothesis of Theorem 6.2.1, Mohan Kumar ([MK2])
proved that I is the image of a projective R = A[X]-module of rank pu(I/1?).
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Before we go into various consequences of Theorem 6.2.1, we prove the fol-
lowing extension of Theorem 6.1.4 of Boratynski.

Theorem 6.2.2 (Mandal-Roy) Let R = A[X] be a polynomial ring over a
commutative noetherian ring A and I be an ideal of R that contains a monic
polynomial. Suppose I = (f1,..., fu)+1? and J = (f1,... fa_1)+I1"" D' Then
J is generated by n elements. In particular,] is set theoretically generated by n
elements.

To prove Theorem 6.2.2 we need the following proposition.

Proposition 6.2.1 (Mandal-Roy,[MR]) Let A be a commutative ring and
let (f1,..., fn) be a unimodular row with n > 2. Let r1,...,r, be nonnegative
integers such that the product r17s ..., is divisible by (n — 1)!. Then there is
a matrix o in SL,(A) such that

(i) (f{*, ..., frm) is the first row of o and

(ii) oy, is isotopic to identity.

Proof. For n = 2 the proof is obvious. Assume n > 3 and let B =
Z[Xla"'aXn’Yh"',Yn]/(XlYl+"'+Xn}/;171) :Z’[xlw"axnvyl,"'ayn]'

Suppose fig1+: -+ fngn = 1 for some g1, ..., g, in A. There is a homomorphism
1 : B — A that sends z; to f; and y; to g;.
By Suslin’s Theorem 5.3.1, we can find a matrix 7 in SL,(B) such that

(7', ..., 2I™) is the first row of 7. Since

Bcvl ~ Z[X17X1_15X27~"7Xnayéa"'ayn}7

by Proposition 5.2.2., 7x, is isotopic to identity. Now the proof of Proposition
6.2.1 is completed by taking the image of 7 in SL,(A) as o.

Now we are ready to prove Theorem 6.2.2.

Proof of Theorem 6.2.2. In case n = 1, it is easy to see that [ is a projective
ideal. Since I contains a monic polynomial, I is in fact free by Theorem 3.2.2.
Assume n > 2. We can assume that f; is monic. As in the proof of
Theorem 6.1.4, there is an s in I such that Iy = (f1,...,fn) and hence
Tive = (Fiseeos fao, T(Lnfl)!). Since (f1,..., fn) is unimodular in RZ(HS), by
Proposition 6.2.1, there is a 6 in SL,,(R1+s)) such that 0y, is isotopic to iden-

tity and the first row of 0 is (f1,..., fn-1, ,(Ln_l)l). As in Theorem 6.1.4, there
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is a projective R-module @ of rank n that maps onto J, where @ is given by the
fiber product diagram

Q — Ry

l 1

n n 0 n
Riy, — Ri .,y — R,

We want to prove @ is free. By Theorem 3.2.2, it is enough to prove @y, is
free. But Qy, is given by the fiber product diagram

Qf1 — gLfl
N +
Riign — Biaron — Blaron

Let 61 : (Qf,)s — (R},)s and 0 1 (Qp,)14s — (R}, )(1+s) be the natural
isomorphisms. Then (6;)145(f5 )5 = 6, is isotopic to identity. So, (61)14s is
isotopic to (62)s. Hence by Lemma 4.3.2, Qf, = R} is free. Therefore Q is free
by Theorem 3.2.2. So, the proof of Theorem 6.2.2 is complete.

Now we shall deduce some of the well known results about the number of
generators of ideals in polynomial rings over fields, as applications of Theorem
6.2.1 and Theorem 6.2.2.

Theorem 6.2.3 (Mohan Kumar,[MK2]) Suppose R = k[X1,...,X,] is a
polynomial ring over a field k and I is an ideal of R. If u(I/1%) > dim(R/I) +2
then u(I) = p(I/1?).

Proof. It is an immediate consequence of Theorem 6.2.1 and the change of
variables Theorem 6.1.5.

Theorem 6.2.4 (Ferrand-Szpiro, Mohan Kumar) Let R = k[X,..., X,]
be a polynomial Ting over a field k and I be a locally complete intersection ideal
of R with height(I) = n — 1. Then there are elements fi,..., fn_1 in I such
that VT = \/(fi,..., fn_1). That is, I is set theoretically generated by n — 1

elements.

Proof. If n = 2, then I is a principal ideal because height(I) = 1. So, we
assume that n > 3. By Theorem 6.1.3, there is a locally complete intersection
ideal J such that (1) v.J = /T and (2) J/J? is free A/J-module of rank n — 1.
Hence by Theorem 6.2.3 p(.J) = pu(J/J?) = n — 1. This completes the proof of
Theorem 6.2.4.
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The same proofs give the following extensions of Theorems 6.2.3 and 6.2.4.

Theorem 6.2.5 ([Mal]) Suppose R = A[X3,...,X,] is a polynomial ring over
a noetherian commutative ring A and I is an ideal of R with height(I) > dim A.

1. If w(I/1?) > dim(R/I) + 2 then u(I) = p(I/1?).

2. If I is a locally complete intersection ideal of height dim A + (n — 1) > 3
then I is set theoretically generated by dim A +n — 1 elements.

We remark that Theorems 6.2.3 and 6.2.4 give partial answers, respectively,
to the following two long standing open questions.

Open Problems 6.2.1 Suppose R = k[X1,...,X,] is a polynomial ring over
a field k£ and I is an ideal of R.

Question 1(Murthy (Mul])). Is u(I) = u(I/1%)?

Question 2. Suppose I has pure height n — 1, then whether or not I is set
theoretically generated by n — 1 elements?

In case when k has positive characteristic, the Question 2 is a theorem of
Cowsik and Nori ([CN]). In the next section, we shall give a proof of this theorem
of Cowsik and Nori.

The following is an extension Theorem 6.2.4.

Theorem 6.2.6 ([Lu],[Ma3]) Suppose R = A[X] is a polynomial ring over a
noetherian commutative ring A and I is a locally complete intersection ideal of R,
with dim(R/I) > 1. If I contains a monic polynomial, then I is set theoretically
generated by d elements where d = dim A.

Proof. We shall give a proof by induction on dim(R/I). Let r = height(I).

Suppose dim(R/I) = 1. If height(I) = r = 1, then it is easy to see that I
is a principal ideal. If r > 2, then by Theorem 6.1.3, there is a locally complete
intersection ideal J of height r such that v/ = +/J and u(J/J?) = r. By
Theorem 6.2.2, J is set theoretically generated by r < d elements. Hence I is
also set theoretically generated by d elements.

Now assume that dim(R/I) > 1. Let g1, ..., px be the associated primes of A
and let Q1,...,Q; in Spec(R) be associated to R/I. Write P, = Q; (A fori=1
totand S = A\{p1U.. -Upr UPU...UP} Let A’ =S71A R =SSR
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and I’ = S71I. Since A’ is semilocal and R'/I’ is integral over A’/I'(A’, R'/I'
is also a semilocal ring. As I'/I'? is projective R’/I’-module of rank 7 we have
I'/I"? is also free of rank r. So, u(I’/I”?) = r and by Theorem 6.2.2, I’ is set
theoretically generated by r elements. So, there is an a in S such that I, is set
theoretically generated by r < d — 1 elements.

Since a is a nonzero divisor on R/I we have I; = I +aR is a locally complete
intersection ideal of height » + 1, and also that I = I1/aR is a locally complete
intersection ideal of height r in R/aR. Since dim R/I; < dim R/I, by induction
I is set theoretically generated by dim(A/aA) elements. Hence I is set theoret-
ically generated by d — 1 elements. It follows from the following Lemma 6.2.2
that I is set theoretically generated by d elements. So, the proof of Theorem
6.2.6 is complete.

Lemma 6.2.2 ([Lu]) Let A be a commutative noetherian ring and let a be a
nonzero divisor of A. Suppose that I is an ideal of A and r > 0 is an integer
such that

1. I, is set theoretically generated by r elements in A, and
2. I+ aA/aA is set theoretically generated by r elements in A/aA.

Then 1 is set theoretically generated by r + 1 elements.

Proof. Let f1,..., fr, 91,-..,9, be in I be such that \/(f1,...,fr)Aa = VIa

and the images of ¢g1,...,¢, in I = I + aA/aA generate I set theoretically.
Write J = (f1,...,fr). We can assume that g; is in J2 for i = 1 to r. Write
h; = afi + g;. Then J, = (hq,...,h;)As + J2. By Theorem 6.1.2, there is an
element h,11 in J, such that (hy,...,h.11)A, = J,. We can also assume that
hyy1 is in J. Now it is easy to see that I = /(h1,..., hy, 1) and the proof of

Lemma 6.2.2 is complete.

Corollary 6.2.1 ([Ma3]) Suppose I is a locally complete intersection ideal in
a noetherian commutative ring A with dim A/I > 1. Then I is set theoretically
generated by dim A elements.

Proof. Write J = IA[X] + XA[X]. It follows from Theorem 6.2.6 that .J is
set theoretically generated by dim A elements. By substituting X = 0, we see
that I is set theoretically generated by dim A elements.

Remark. In ([Fa2]), Forster asked if there is a smooth affine algebra A over
a field & with dim(A) > 1 and a locally complete intersection ideal I of A of
height one , such that I needs at least dim A + 1 set theoretic generators. We
see here (Corollary 6.2.1) that this will not be possible.
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6.3 The Theorem of Cowsik-Nori on Curves

In this section we give a proof of the theorem of Cowsik-Nori that settles Question
2 of the Open Problems 6.2.1 for fields of positive characteristic.

Theorem 6.3.1 (Cowsik-Nori) Suppose k is a field of positive characteristic
p. Let I be an ideal of pure height n—1 in the polynomial ring R = k[ X1, ..., X,].
Then I is set theoretically generated by n — 1 elements.

Proof. The proof we give here is due to Moh ([Mo], unpublished). Let K =
k', Let R' = K[X1,...,X,] and I’ = IR'. Tf I is set theoretically generated
by fi,..., fn_1 then for some large enough N, we have ffN, e ff;il are in
and generate I set theoretically. So, we can assume that k is a perfect field. We
can also assume that [ is a reduced ideal.

By Theorem 6.3.2 below, after a change of variables, we can assume that

k[Xl,XQ}/Imk[Xl,XQ] — R/[

is an integral and birational extension.

Now write AO = k[Xl,XQ]/I n k[Xl,Xg] and A = k[Xl, ‘e ,X”]/I and let
C={tin Ay :tA C Ag} be the conductor of this extension.

We have S™1A4g = S~!'A where S is the set of all nonzero divisors of Ag.
So, C has height one. Hence A/C is Artinian and dimyA is finite. Let x; be
the image of X; in A/C and let Vj, be the k-linear subspace of A/C generated
by {mfj :j=mrr+1,...}. Note that for a fixed i = 3 to n we have V;, is a
decreasing sequence of subspaces of a finite dimensional space. Hence there is
an integer N such that V;,, = V;y fori=3,...,nandr=N,N+1,....

As ) isin Vi(n+1), there are A1, Aia, ..., Ay in k and e3, ..., ¢, in k[X;, Xo]
such that f; = XfN + /\1.1)(;_‘7”r1 et )\itXipNH +¢;isin I fori=3,...,n.

For i = 3,...,n write ¥; = X” and also write Ry = k[X1, X2, Y3,..., Yy
and Ip = I N Ry. Since VI = V1o R, we shall prove that Iy is set theoretically
generated by n — 1 elements in Ry.

Since the matrix (0f;/0Y;)i j=3, .n is identity, R1 = Ro/(fs,...,fn) is a
regular ring of dimension 2. Hence Iy/(fs,..., fn) is an invertible ideal and
hence I is a locally complete intersection ideal of height n — 1. Therefore, by
Theorem 6.2.4, Ij is set theoretically generated by n — 1 elements. So, the proof
of Theorem 6.3.1 is complete.

Now we state and prove Theorem 6.3.2 on birational projection to plane that
was used in the proof of Theorem 6.3.1. I learned the proof of this Theorem
6.3.2 from some notes of Balwant Singh([Si]).
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Theorem 6.3.2 Let A = k[X,...,X,] be a polynomial ring over a perfect field
k and I be a reduced ideal of pure height n—1. Then, after a change of variables
¢: A— A, we have k[ X1, Xo]/INEk[X1, Xo] — A/I is an integral and birational
extension.

We need the following lemmas to prove the theorem.

Lemma 6.3.1 Let k[X,Y] be a polynomial ring in two variables over a perfect
field k with characteristic (k) = p and f be an irreducible polynomial. Then
either 9f/0X # 0 or 0f/0Y # 0.

Proof. We assume that p > 1. If 9f/0X = 0f/0Y = 0 then f = ¢gP for some
g in k[X,Y]. But since f is irreducible the proof of Lemma 6.3.1 is complete.

Lemma 6.3.2 Let k[X,Y] and f be as in Lemma 6.3.1. Then for large enough
m if p does not divide m then f(X +Y™,Y) is monic in Y and

f(X +Y™ Y)/0Y # 0.

Proof. Write F' = F,, = f(X +Y™,Y). By Theorem 6.1.5, F' is monic in Y
for large enough m. We also have

OF _, 0f of
—=mY" T (X YY)+ (X + YY),
gy =MV px XY F (X YY)

Now if g—{; # 0 then there is an integer mg such that 9f/9Y is not in (Y0).

Hence for any nonnegative integer m, we have that g—{;(X +Y™Y) is not in
(Y0). In this case for m > mg + 1, it follows that 0F/9Y # 0. If 9f/0Y = 0,
then by Lemma 6.3.1 we have 0f/0X # 0 and hence

OF/0Y = mYm_lg—)J;(X +Y™Y)#0

if p does not divide m. This completes the proof of Lemma 6.3.2.

The following lemma is easy to prove and we omit the proof.

Lemma 6.3.3 Let k — K be a finite field extension and K = k(y, z) where y
is separable over k. Then L = k(ay + z) for all but finitely many a in k.
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Lemma 6.3.4 Let A = k[Y, Z] be a polynomial ring over a field k and g1, o
be two distinct maximal ideals in A. Then p; Nk[aY + Z] # p2 Nk[aY + Z] for
all but finitely many a in k.

Proof. Let L be the algebraic closer of k and for i = 1,2 let L; = A/p; be the
quotient fields . Since k — L; is finite, we can fix two k-embeddings L; — L.
For i = 1,2 let y;, z; denote the images of Y, Z, respectively, in L;. Let E be the
set of all k-embeddings ¢ : L1 — L. Then E is finite. Write

S={aink: alo(y1) —y2) = 22 — o(z1) for some o in E}.

If 0(y1) = y2 and 0(z1) = 29 for some o in FE, then it follows that o1 = o,
which is impossible. So , we have that S is a finite set.

Let a be in k and not in S. We will see that g1 Nk[aY + Z] # p2Nk[aY + Z].
For i = 1,2 since gp; is the kernel of the map k[Y, Z] — L;, note that for o in
E, (0(y1),0(%1)) # (y2,22). Hence it follows that o(ay; + z1) # ays + 2z for
all o in E. So, ay1 + 21 and ays + 22 are not conjugates and therefore they
have distinct minimal monic polynomials over k. For ¢ = 1,2 let f;(T") be the
minimal monic polynomial of ay; + z;. It is easy to see that f;(aY + Z) are
distinct irreducible elements in k[aY + Z] and are in @; N k[aY + Z]. Hence
p1 Nk[aY 4+ Z] # pa N Ek[aY + Z]. This completes the proof of Lemma 6.3.4.

Now we are ready to prove the projection Theorem 6.3.2.

Proof of Theorem 6.3.2. By Theorem 6.1.5, after a change of variables,
k — k‘[Xl] — k[X1,X2]/IQ — s = ki[Xl, - ,Xn]/ln

are all integral extensions, where I, = I N k[X1,...,X,]. Assume for the mo-
ment that k[ X1, Xs]/Io — k[X1, X2, X3]/1I5 is integral and birational. Hence
k[X1, X2, X4,...,Xpn]/J = k[X1,...,X,]/I, is integral and birational, where
J = 1nNk[X;,Xs,Xy,...,X,]. Hence, by induction, again after a change of
variables, k[X1, X2]/I Nk[X1, X2] — k[Xq,...,X,]/I is integral and birational.
So, it is enough to prove the theorem for n = 3.

We write X1 = X, Xo =Y, X3 = Z. Also write I = p; N...N p, ,where
©1,- .-, @r are in Spec(k[X,Y, Z]). Again by Theorem 6.1.5, we can assume that

E[X,Y]/INE[X,Y] = k[X,Y, Z)/I

is an integral extension.

For i = 1 to r, we have p; Nk[X,Y] = f;k[X,Y] for some irreducible polyno-
mial f; in k[X,Y]. By Lemma 6.3.2, for large enough m that is not divisible by
D, ¢i = fi(X+Y™ Y) is monic and dg;/0Y # 0 fori =1,...,r. Hence after the
change of variables X — X +Y™ Y — Y, and replacing f; by f;(X + Y™, Y)
we can assume that 0f;/0Y #0 .
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For i = 1,...,r let K; be the fraction field of k[X,Y, Z]/p; and z;,y;, 2;
be the images of X,Y,Z in K;. Let k(X) be the field of fractions of k[X]. Tt
follows that k(X) — K; is integral and y; is separable over k(X). Since k(X)
is infinite, by Lemma 6.3.3 and Lemma 6.3.4 there is an a in k(X) such that
K; =k(X)(ay; + z) for all i = 1,...,r and k(X)[Y, Z] N p; are distinct. Hence
it follows that k(X)[Y, Z]/I is generated by aY + Z over k(X).

Write a = ¢/d with ¢,d in k[X] and with B¢ — Ad = 1 for some X and S in
E[X]. Then k(X)[Y, Z]/I is generated by cY + dZ over k(X).

Now

is an invertible matrix. After the change of variables that sends (X,Y, Z)¢ to
a YX,Y, Z)t, we have that k(X)[Y, Z]/I is generated by Y over k(X). Hence

KX, Y]/INK[X,Y] = k[X,Y, Z]/I

is an integral and birational extension. So, the proof of Theorem 6.3.2 is com-
plete.



Chapter 7

The Techniques of Lindel

In this Chapter we prove some of the theorems about projective modules over
polynomial rings in several variables. First, in section 7.1, we deal with the Bass-
Quillen Conjecture. Later we prove the analogues of the theorems of Plumstead
on the existence of unimodular elements (Theorem 4.3.2) and the Cancellation
property (Theorem 4.3.1) for projective modules over polynomial rings in several
variables. Techniques used in this chapter are almost entirely due to Lindel.

7.1 The Bass-Quillen Conjecture

Recall that for a field k, a ring A containing k is called essentially of finite type
over k if A is the localization of an affine algebra over k.

In this section we prove Lindel’s theorem that deals with the following con-
jecture.

Conjecture 7.1.1 (Bass-Quillen) Let R = A[Ty,...,T,] be a polynomial
ring over a regular ring A. Suppose P is a finitely generated projective R-
module. Whether P is extended from A or not?

Lindel affirmatively settled this conjecture when A is essentially of finite type
over a field. Before we state Lindel’s theorem, we do some preparatory work.

Definition 7.1.1 Let R; be a subring of a commutative ring R and h be an
element of Ry. We say that Ry — R is an analytic isomorphism along h, if the
induced map Ry /hRy — R/hR is an isomorphism or equivalently if R = Ry +hR
and th =hRnN Rl.

It follows that if Ry — R is an analytic isomorphism along h then it is also
so along h".

91
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The following is a theorem of Nashier that puts some of the main arguments
of Lindel in a very nice form.

Theorem 7.1.1 ([N1]) Let (A, m) be a regular local ring, essentially of finite
type over a perfect field k of dimension d. Let a be a nonzero element of m?2.
Then there exists a reqular local subring S of A such that

1. S is the localization of a polynomial ring C' = k[X, ..., X4] at a maximal
ideal M = (f(X1), Xo,...,X4) , where f(X7) is an irreducible polynomial
m X1 5
2. there is an element h in SNaA such that S — A is an analytic isomorphism
along h.
Proof. Let m = (Z,X,,...,Xy). By usual prime avoidance arguments, we can
assume that (a, Xo,...,Xy) is a regular system of parameters. To see this let
us assume that (a, Xa,...,X,) is a regular sequence and let p1,...,p; be the
mimimal prime ideals over (a, Xo,...,X,). Assume that r < d — 1 and that

Xry1isin p1,...,p; and not in ©;41,...,p;. Pick Ain m2ﬂpj+1ﬂ. ..Ng; that
is not in gy U...U p;. Now replacing X, 1 by X,41 + A we can assume that
m=(Z,Xo,...,Xy) and (a,Xs,...,X,11) is a regular sequence.

Now since a, Xs, ..., Xy is a regular sequence, kf[a, Xo,..., X 4] is a polyno-
mial ring. Let B be the integral closure of k[a, X5, ..., X4] in A and m; = mNB.
AsminNkla, Xa,..., X4 = (a, Xa,..., Xy4), it follows that m; is a maximal ideal
in B.

Since the fields of fractions Q(kla, Xa,...,X4]) and Q(A) have same tran-
scendence degree over k, the extension Q(k[a, Xs, ..., X4]) = Q(A) is algebraic.
As B is integral over k[a, X, ..., X 4], it follows that Q(B) = Q(A). Also since
Q(kla, Xa, ..., X4]) = Q(A) is finite, B is a finite k[a, Xo, ..., Xg]-module. As
the completion of A is an integral domain and contains the completion of B,,,,
we have B,,, is analytically irreducible. Also note that B,,, is normal and that
A/m1A is finite B/mjB-module because mj A is m-primary and A/m is finite
over k. Hence by Zariski’ main theorem, we have A = B, .

As k is perfect, L = B/my = k(@) for some « in B, where bar means
“(modulo m;y)”. Let f be the minimal monic polynomial of @ over k. Then f(«)
is in mq and f/(«) is not in m;. For y in my, we have f(a+1y) = f(a) + f'(a)y
(modulo m?). We claim that for a suitable choice of y in m; we have

W

my :(f(y+a)aX277Xd)+m%

Since A = B,,,, we have my/m? = LZ + LXy + -+ + LX,4. Let f(a) = 1 Z +
caXo + -+ cqXq where ¢1,...,cq are in L. If ¢; # 0 then take y = 0 and if
c1 = 0 then take y = Z. The claim is established with this choice of y. So, by
replacing a by y + « we can assume that m; = (f(a), Xa, ..., Xq) +m3.
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Let m1, ma, ..., m, be the maximal ideals in B over (a, Xs, ..., Xy). Pick X3
in B such that X; = a (modulo m?) and X; = 0 (modulo m;) for i = 2,...,7r.
We claim that my = (a, f(X1), Xa,...,X4). To see this note that f(X;) = f(«a)
(modulo m?), and hence m; = (f(X1), Xa,...,X4) +m?. Also note that the
only maximal ideal that contains (a, f(X1), X2,...,X4) is m1. So, the claim is
established.

Since X is integral over k[X1, ..., X4], by replacing X; by X; + a’ for some
suitable j, we can assume that a is integral over k[X7,..., X4].

Write C' = k[X1,...,X4], M = (f(X1), X2,...,X4) and S = Cjs. We shall
prove that S — A is an analytic isomorphism along some h in aS.

Note that m NC = M and that (M, a)A = m. We also have that

L ~ Cla]/(M,a) = B/m;.

Since B is a finite C[a]-module, by Nakayama’s lemma we have A = B,,, =
Clal(ar,a) -

So, we have A = S + aA and hence S/SNaA = A/aA. Let F = T" +
An—1T™ 14 -4 Ao be the minimal monic polynomial of a over C. We claim that
A1 is not in M. To see this first note that the maximal ideal m of A = Cla](ar,q)
is generated by M. As a is in m? there are u; and n; in C for i =0,1,...,7 such
that

(mo +ma+---+nra")a= (o + pra+---+ pra”)

with po, 1 in M and np not in M. Hence there is a polynomial H(T) = «g +
1T + -+ + o, T" in C[T] such that H(a) = 0 and oy is not in M. Now since
F(T) divides H(T), it follows that A; is not in M.

Now write h = Ag and claim that S — A is an analytic isomorphism along h.
First, since h = A\g = —a(A; + Xoa + -+ + A\p_1a™ "2 + @™ 1) and since the last
factor is a unit in A, we have A = S +aA = S + hA. Also since S[a] is a free
S-module we have A = Sla](ar,q) is a flat S-module. Since S is local, S — A is
a faithfully flat extension. Hence we have hANS = hS. Therefore, S — A is an
analytic isomorphism along h. This completes the proof of Theorem 7.1.1.

Now we are ready to state and prove Lindel’s theorem.

Theorem 7.1.2 (Lindel,[L1]) Let A be a regular ring of dimension d , essen-
tially of finite type over a field k and let R = A[Ty,...,T,] be a polynomial ring.
Then any finitely generated projective R-module P is extended from A.

Proof. First note that by Quillen’s Theorem 3.1.1, we can assume that A is
local. So, we write A = C, where C'is an affine algebra over k£ and p is a prime
ideal.

Now we want to reduce the problem to the case when k is perfect. Let kg
be the primefield of k. Write C' = k[X1, ..., X;n]/(f1,. .., fr) where X1,..., X,
are variables and f1,..., f, are in k[X,..., X,,]. Since P is projective, it is the
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image of an idempotent endomorphism « of a free module. Let k' be the subfield
of k generated by coefficients of f1,..., f» and that of the entries of a. Write
C'=K[X1,....Xn]/(frs-- o, [r), 9" = pNC", A= CL, and R = A'[Th, ..., Ty)].
Since « is defined over R/, it follows that P is an extension of a finitely generated
R’-module P’. Also note that A = A’ ®p k is a faithfully flat extension of A’.
So, A’ is also regular. Since k' is a finite extension of kg, A’ is essentially of finite
type over ko. Hence by replacing A by A’, we can assume that k is perfect.

Now we prove the theorem by induction on dim A =d. If d < 1, then P is
free by Quillen-Suslin Theorem 3.2.4. Now we assume that d > 2. By Theorem
7.1.1, we can find a subring S of A such that

1. S =k[X1,...,Xq|am where Xq,..., Xy are variables and
M = (f(X1),Xa,...,X4) is a maximal ideal with f(X;) in k[X4] ,

2. there is a nonzero element h in MS such that S — A is an analytic
isomorphism along h.

Note that
s — A

\ $

Sh—>Ah

is a fiber product diagram.
Since dim A, < dim A, by induction Pj is extended from Aj,. Hence
P, ~ Py ® Ap[Th ..., Ty] for some projective Ap-module Py. Since

Po %Ph/(Tl,...,Tn)Ph% (P/(T1,,Tn)P)h

is free, P, is also free. Let rank(P) = r and F' be the free Sp-module of rank
r. By patching P and F' via an isomorphism F ® A; =~ Pj we get a projective
S-module P’ such that P’ ® R ~ P. So, by replacing A by S, we assume that
A=k[Xy,...,Xq]m where M = (f(X1), Xa,...,X4) is a maximal ideal in the
polynomial ring k[X1, ..., X4].

Write Ag = k[X1,..., Xa—1](r(x1),Xs,....xa_1)- Then Ag[Xy4] — A is an ana-
lytic isomorphism along X;. By the same argument as above,

P%P/(X)A[Tl,,Tn}

for some projective Ag[X4,T1,...,Tn)-module P’. But since dim Ay < d — 1,
by induction, P’ is free and hence P is also free. This completes the proof of
Theorem 7.1.2.

7.2 The Unimodular Element Theorems

In this section and the next one, one of our main emphasis is on some of the
techniques developed by Lindel.

In this section we prove some theorems about the existence of unimodular
elements for projective modules over polynomial rings. The main existence theo-
rem in this section is due to Bhatwadekar and Roy. First we have to set up some
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preliminaries and notations to start our discussion on Lindel’s techniques. In
the core of Lindel’s methods is the set up achieved in the following Proposition
7.2.1.

Proposition 7.2.1 Let A be a noetherian commutative ring and M be a finitely
generated A-module. Let S be a multiplicative subset of A such that S~'M is
Ag-free of rank r. Then there are elements s in S and eq,...,e,. in M and
91,---,9r iIn M* = Hom(M, A) such that

1. ann (s) = ann (s?),

2. with FF'= Ae; +---+ Ae, and G = Agy + -+ - + Ag, we have sM C F and
sM* C M*,

3. the matrix (g;(e;) : 4,5 =1,...,7) = diagonal(s,s, ..., s).

Further, if S consists only of nonzero divisors , then F' and G are free.

Proof. There is a t in S such that M, is free. Since ann (t*) is an increasing
sequence, by replacing t by a power of ¢ we can assume that ann (t) = ann (?).
We can find eq,...,e, in M such that their images form a basis of M;. Write
F = Aey + --- + Ae,. Since M is finitely generated we have t'!M C F for
some nonnegative integer . Let ¢1,..., ¢, in Hom(M;, A;) be the dual basis of
e1,...,er and hence the matrix (¢;(e;) : 4,j =1,...,7) = diagonal (1,1,...,1).
There are g1, ..., g, in M* and a positive integer I’ > [ such that ¢; = gi/tll for
i=1,...,7. We can modify g; by multiplying it by a suitable power of ¢ and
assume that (g;(e;) : 4,7 =1,...,r) = diagonal (t",...,t") and also that for all
gin M* ,t!'g = gler)gr+---+g(er)gr. Now taking s = t" the assertion follows.
This completes the proof of Proposition 7.2.1.

Notations 7.2.1 Let A be a commutative ring.
1) For an A-module M and an element m in M recall that
O(m) =0(m,M) ={g(m) : g is in M*}.
Also recall that Um(M) denotes the set of all unimodular elements of M.
2) For m in M and g in M* we shall also use the notation that

< g,m>=<m,g >= g(m).

3) Let A= ®>0Ax be a graded ring and let b be an element of Ag. Then the
substitution map hy : A — A is defined by hy(z) = b*z for z in Ay.

Note that for r in Ag, we have hy(r) = r and for  in A we have hy(z) —
isin (1 —b)Ay where Ay = A1 A D .. ..
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The lemma below is also very central in the methods of Lindel.

Lemma 7.2.1 ([L2]) Let A = §p>0A; be a graded ring and M be a finitely
generated A-module. Let S be a multiplicative subset of Ay such that S—'M
is free of rank r. Let sin S, e1,...,e, in M, g1,...,g9, in M* F, G be as in
Proposition 7.2.1. Suppose h = hyyys2 : A — A is a substitution map for some
A in Ag. Then there are two additive maps x : M — M and x* : M* — M*
such that for a in A, pin M and ¢ in M* we have

1. x(p) —pisin sA,F and x*(g) — g is in sA,G,
2. x(ap) = h(a)x(p), x"(ag) = h(a)x"(9),

3. <x*(9);x(p) >= h(g(p)) and

4. Ah(O(p)) € O(x(p))-

Proof. For simplicity, first assume that S consists only of nonzero divisors of
A. Let sp = aje; + - -+ + aqe, for some ay,...,a, in A. Fori=1,...,r we have
h(a;) = a; + s?c; for some ¢; in A;. Let ¢ = scie; + -+ - + scre, and define

x(p) =p+gq.

Clearly, x(p) —p = ¢ is in sALF. For a in A, sap = aaje; + -+ + aa,e, and
h(a) = a + s%c for some ¢ in A;. So,

h(a;a) = h(a;)h(a) = aza + s*(a;c + c;a + s?cic) and  hence
x(ap) = ap + Z s(aic + cia + s°cic)e;.
Also h(a)x(p) = (a + s%¢)(p + X scie;). Hence h(a)x(p) = x(ap).

Similarly, for g in M*, let sg = b1g1 + -+ + b.g, and h(b;) = b; + s2d; for
some by, ...,b.in Aand dy,...,d, in A;. Let f = sd1g1+-- -+ sd,g, and define

X(9)=g+/f
We shall check that < x*(g), x(p) >= h(< g,p >). It is easy to see that
sx(p) = h(ar)er + -+ h(ar)e, and sx*(g) = h(bi)gr + - + h(br)g;-
So,
57 <X*(9), x(p) >=< sx"(9), sx(p) >= s(h(ar)h(b1) + -+ h(a,)h(b,))

= h(s(arby + -~ +a,b,)) = h(< sg,sp >) = s°h(< g,p >).
Hence < x*(g), x(p) >= h(< g,p >) and the assertion is established in this case.
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In the general case, we define xy and x* exactly the same way. Using the fact
that ann (s) = ann (s?) we check the rest to finish the proof. This completes
the proof of Lemma 7.2.1.

Now we are ready to prove the theorem of Bhatwadekar and Roy on the
existence of unimodular elements.

Theorem 7.2.1 (Bhatwadekar-Roy,[BR]) Suppose R = A[Ty,...,T,] is a
polynomial ring over a noetherian commutative ring A with dim(A) = d finite.
Let P be a finitely generated projective R-module with rank(P,) > d for all p in
Spec(R). Then

1. P has a unimodular element and

2. if Py is free for some t in A then the map Um(P) — Um(P/tT,P) is
surjective.

Proof. First we prove (2). We also write T = T;,. We can assume that
rank(P) = r > d is constant. Let x be an element in Um(P/tTP) and let
p be an element in P whose image is . As (p,tT) is unimodular in P @ R,
by Theorem 4.1.1, there is a p’ in P, such that p + tTp’ is basic at all prime
ideals of height less than r. Hence by replacing p by p + tTp’ we can assume
that height(O(p)) > r > d. Hence, after a change of variables (Theorem 6.1.5),
we can also assume that O(p) contains a monic polynomial in 7. As image of
p = x is unimodular, it follows that O(p) contains a polynomial f of the form
f=1+4+1tTf1 where f1 is in R.

As P, is free, we can find s = t* e;,... e, in P and gy,...,g, in P* and
F, G as in Proposition 7.2.1.

We write R = A'[T] = A @ AT® AT?*® ..., where A’ = A[T1,..., T, 1]
and look at it as a graded ring. As A’/O(p) N A" — R/O(p) is integral and
O(p) + s*R = R, we have O(p)N A’ +s?A’ = A’. So, b=1+5%0 isin O(p)N A’
for some b’ in A’. Let h = hy : R — R be the substitution map that sends T to
bT.

By Lemma 7.2.1, there are maps x : P — P, x* : P* — P* such that for p in
P and g in P*, we have x(p) —pisin sTF C sTP and < x*(g), x(p) >= h(g(p)).

Write p’ = x(p). Then the image of p’ is x in P/tT' P and h(f) = 1+tbT f1(bT)
and h(b) = b are in O(p’). Hence O(p’) = R and p’ is a unimodular element.
This completes the proof of the second part of Theorem 7.2.1.

To prove (1) of Theorem 7.2.1, we assume that A is reduced and P has
constant rank 7. We use induction on dimR =d+n. If d+n =0 then R is a
product of fields and the assertion is obvious. Now assume d+n > 1. If dim A >
1 then let S be the set of all nonzero divisors of A. Since dim(S™'R) < d+n
and since dim (S~'A) = 0, by repeated application of the induction hypothesis
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we see that S™1P is free of rank r. So, we can find a ¢ in S so that P, is free.
Again, as R/tTR ~ (A[T|/tTA[T))[T1,...,Th-1], by induction Um(P/tTP) is
nonempty. Now from (2) it follows that P has a unimodular element.

Now we are left with the case dim A = 0. Since we can assume that A is
reduced and Spec(A) is connected, we can assume that A is a field. If n = 1
then R = A[T] is a principal ideal domain and hence P is free. So, we assume
that n > 2. Write R = Ag[Ts,...,T,] where Ag = A[Ty]. If the rank r =1
then P is isomorphic to an invertible ideal and hence free because R is a unique
factorization domain. Now, we assume that r > 2. In this case, we have 1 <
dim Ag < r and the assertion follows from the previous case . This completes
the proof of Theorem 7.2.1.

Remark. The proof of Theorem 7.2.1 that we gave here is due to Lindel. One
of the main features of this proof is that we never used the theorems of Quillen
and Suslin (e. g. Theorems 3.1.1, 3.2.3) that we have discussed before. So, this
also produces an independent proof of the Quillen-Suslin Theorem 3.2.3.

The following is an easy lemma.

Lemma 7.2.2 Let R be a commutative ring and I, J be two ideals. Suppose
P is a finitely generated projective R-module. Then the map

Um(P/IJP) — Um(P/IP)
is surjective if the map
Um(P/JP) — Um(P/(I+ J)P))

is surjective.

Proof. The proof follows by chasing the following fiber product diagram:

P/(INJ)P —s PJIP

3 3
P/JP — P/(I+J)P.

This completes the proof of Lemma 7.2.2.

Theorem 7.2.2 (Lindel,[L2]) Let R = A[X1,...,X,] be a polynomial ring
over a noetherian commutative ring A with dim(A) = d. Suppose P is a finitely
generated projective R-module and I is an ideal in A. If rank(P,) > d for all p
in Spec(R) then

1. the map Um(P) — Um(P/IP) is surjective and
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2. the map Um(P) — Um(P/ X, P) is surjective.

Proof. We assume that A has no nontrivial idempotent element and hence P
has constant a rank. We use induction on dim(R) = d+ n. In the case n =0 1)
follows from Theorem 4.1.1. Also if d = 0 then [ is a nilpotent ideal and P is
free by Theorem 3.2.3. So, both the assertions follow in this case.

Now assume that d > 1 and n > 1. Pick a nonzero divisor s in A such that
P; is free. By Theorem 7.2.1,

Um(P) — Um(P/sX,P)
is surjective. Also by induction hypothesis
Um(P/sP) — Um(P/(s, Xn)P)
is surjective. By Lemma 7.2.2,
Um(P/sX,P)— Um(P/X,P)

is surjective. Therefore Um(P) — Um(P/X,P) is surjective and 2) is estab-
lished.

Now we prove 1). Note that for an element p in P, if the image of p in P/IP
is unimodular then there is an element a in I such that 1+ a is in O(p). So, the
image of p in P/aP is also unimodular. Hence we can assume that I = (a) is
generated by one element a in A. Also let s be as above. Again by induction

Um(P/sP) — Um(P/((a,s)P) and Um(P/X,P)— Um(P/(as,X,)P)
are surjective. It follows, by Lemma 7.2.2, that
Um(P/asP) — Um(P/aP) and Um(P/asX,P)— Um(P/asP)
are surjective. Also by Theorem 7.2.1, Um(P) — Um(P/asX,P) is surjective

and hence the proof of Theorem 7.2.2 is complete.

7.3 The Action of Transvections

In this section we shall prove the theorem of Lindel about the action of the group
of transvections on unimodular elements of projective modules over polynomial
rings and derive two important theorems([Ra], [BM]). First we give the definition
and some elementary properties of transvections.

Definition 7.3.1 Let M be a finitely generated module over a commutative
ring R and M* = Hom(M, R).
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1) For an element p in M and g in M* by pg we mean the endomorphism of M
that sends m to g(m)p. If we consider p as a map from R to M then this
notation is consistent with that of the composition of maps. Note that if
g(p) = 0 then (pg)? = 0 and hence Idy; + pg (henceforth we write 1+ pg)
is an automorphism of M.

2) An automorphism of M of the form 1+ pg where p is in M and g is in M*
with g(p) = 0 will be called a transvection of M if either p is in Um(M)
or if g is in Um(M™).

3) As usual Aut(M) will denote the group of all R-linear automorphisms of
M. For an ideal I of R, EI(M,I) will denote the subgroup of Aut(M)
generated by transvections of the type 1+ pg such that pg = 0 (modulo
I). If M is projective then, as p or g is unimodular, pg = 0 (modulo I) if
and only if p is in IM or g is in IM*. We write EI(M) for EI(M, R). This
subgroup EI(M) will be called the group of transvections of M.

4) For an ideal I, the group of all r X r-matrices with determinant one that are
identity (modulo I) will be denoted by SL, (R, I).

5) For R-modules M and N an element of M & N will be denoted by a ”row”
(m,n). For this reason, for an r X r- matrix o and (fi,..., f,) in R" we
may write a(f1,..., fr) for what would be denoted in the matriz notation,

by a(fi.... fr)"
The following are some of the basic facts about the group of transvections.

Lemma 7.3.1 Let R be a noetherian commutative ring and I be an ideal of R.

1) Suppose M is a finitely generated R-module. Then EI(M,I) is a normal
subgroup of Aut(M).

2) The subgroup E.(R) (see Definition 5.1.1) of GL,(R) of the elementary
matrices is contained in EI(R"). If projective R-modules are free then
E.(R) = ElIR").

3) ([BR]) Let P be a finitely generated projective R-module such that the
map Um(P) — Um(P/IP) is surjective. Then EI(P) — EI(P/IP) is
surjective. Further, if R = A[X] is a polynomial ring and I is an ideal of
A then EI(P,X) — EI(P/IP, X) is surjective.

Proof. The proof of 1) follows from the identity that

u(l+pg)u~" =1+ u(p)(gu).
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Let E; j)(A), for X in R, be the r x r-matrix whose only nonzero entry is at
the (i, 7)-th place and is equal to A. Then the generator e(; jy = 1+ E; ;)(\)
of E,(R) is the map 1+ Ae;p; where ey, ..., e, is the standard basis of R" and
p; is the j-th projection R™ — R. Hence E,(R) C EI(R"). Now to see the last
part of 2) observe that the definition of E,(R) is independent of the basis and a
generator of EI(R") is in E,.(R) with respect to some suitable basis.

Now we prove 3). We shall only prove the last part of 3). Since the map
Um(P) — Um(P/IP) is surjective we shall derive that the map

Um(P*) — Um(P*/1P")

is also surjective. To see this let ¢ be in Um(P*/IP*) and let f in P* be a lift of
¢. There is an element x in Um(P/IP) such that ¢(x) = 1. So, by hypothesis,
we can find a y in Um(P) whose image is z. So, f(y) = 1+ a for some a in T
and ¢g(y) = 1 for some g in P*. If ¢y = f — ag then ¥(y) = 1. Hence 9 is in
Um(P*) and is a lift of ¢. So, Um(P*) — Um(P*/IP*) is surjective.

Let 1 + pg be a generator of EI(P/IP,X) for some p in P/IP and g in
(P/IP)*. Assume p is unimodular. Since pg = 0 (modulo X), we have g = X¢’
for some ¢’ in (P/I1P)*.

Let ¢ in Um(P) be a lift of p and f1, fo in P* be such that f; lifts of ¢’ and
f2(q) = 1. As X¢'(p) =0, we have ¢’(p) = 0 and hence fi(q) = bis in IR. Write
f=Xf1 —bXfs. Then fisin XP* and f(g) =0. Also we see that 1+ ¢f lifts
1+ pg. Similarly, we see that if g is unimodular then 1 + pg lifts in EI(P, X).
This completes the proof of Lemma 7.3.1.

The following is a version of a key lemma in the work of Lindel that extends
the corresponding theorem of Suslin (see Corollary 7.3.1) for unimodular rows
in polynomial rings.

Lemma 7.3.2 Let R = A[X] be a polynomial ring over a noetherian commu-
tative ring A and let M be a finitely generated R-module. Assume that s is in
A and X is a nonzero divisor on M. Assume that ey,...,e, (resp. g1,...,9r)
are elements of M (resp. M™*) such that the matrix

(< giyej >1i,5=1,...,7r) =diagonal (1,1,s,...,s).

Let p(X) = f1(X)er + fo(X)ea + -+ + fr-(X)e, be in M for some fi,..., f, in
R, such that

1. fi =1 (modulo sX),

2. f2 is a monic polynomial,

3. fi(0)=0fori=2,...,r and
(S fr) = R

W
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Then for all A(X) in R, we have p(h(X)) is unimodular. Further, for h, A’
in R with h(0) = A'(0) = 0, whenever h — A’ is in (sX), there is an u in
SLy(R,sX)EI(M, X) such that

u(p(h(X))) = p(h'(X)).

Remark 7.3.1 Before we go into the proof of Lemma 7.3.2 the following clari-
fications are in order.

1. Note that the substitution p(h) in the statement of Lemma 7.3.2 has ob-
vious meaning.

2. Note that in the statement of Lemma 7.3.2, Re; + Res is identified with
R?. Under this identification we have M = R? @ N where

N ={min M : g1(m) = g2(m) = 0}.
Because of this SLy(R) can be identified as a subgroup of Aut(M).

3. Also note that £I(M, X) is a normal subgroup of Aut(M). Therefore it
follows that SLa(R, sX)EI(M, X) is a subgroup of Aut(M).

The following is an important lemma of Suslin that we need to prove Lemma
7.3.2.

Lemma 7.3.3 (Suslin) Let R = A[X] be a polynomial ring over a commuta-
tive ring A and let ¢ be in AN (f1, f2) for some f1, fo in R. Then for any ideal
Iof Rand b, b’ in R with b—b' in ¢l, there is a matrix w in SLy(R, I) such that

u(f1(b), f2(b)) = (f1(b'), f2(b")).

Proof. We write ¢ = f1(X)g1(X) + f2(X)g2(X) for some g1, go in R and
b = b+ cy for some y in I.
First we assume that c is a nonzero divisor. Write

= (36 ) (5% 20

Then detar = ¢? and o = 0 (modulo ¢). Hence a = cu for some u. Since
cdetu = deta = ¢? and c is nonzero divisor in A, it follows that u is in SLa(R).
Also note that there are A, 4,7y, in R such that

o (fl(b) +eyd —ga(b) +cyu) < g1(b) gz(b))
f2(b) +cyy  g1(b) + cyd —f2(b)  f1(b)
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for some N, u/,+',¢" in R. Therefore u is in SLo(R, I).
Also since a(f1(b), f2(b)) = c((f1(b), f2(V')) we have

u((f1(b), £2(0))) = (f1(0), f2(b))

and the proof is complete in this case.

In the general case when c is possibly a zero divisor we proceed as follows.
Let Y, Z be two other variables and for i = 1,2 let ¢;, ¥; in A[X,Y,Z] be
defined by identities

L fi(X4+YZ) = fi(X)+YZ¢:(X,Y,Z) and

and hence

2. gi(X +YZ) = gi(X)+ Y Z0(X,Y, Z).
Write ¢ = ¢;(b,y,c) and 9} = 9;(b,y, c) and let

_ <1 + Y191 (b) + yis f2(b) yoh =y f1(b) >
y591(0) —yv1f2(b) 1+ ydoga(b) +yvifi(b) )
Clearly, u = Id (modulo I). Now using the identity
c= f1(X)g1(X) + f2(X)g2(X)
= (X +YZ2)p(X +Y2Z)+ [o(X +Y2Z)g2(X + Y Z),
the proof of Lemma 7.3.3 is finished by direct computations.

Now we are ready to prove Lindel’s Lemma 7.3.2.

Proof of Lemma 7.3.2. We write M = R?®& N where N = {m in M : g;(m) =
g2(m) = 0}. Write G = SLy(R, sX)EI(M, X). Let J =

{be A: for h, M € XRwith h—h"in (bsX), u(p(h)) = p(h') for some u € G}.

Clearly, J is an ideal. We shall prove that J = A.

First we claim that A N (f1, f2) is contained in J. To prove this let b =
dif1 + dafs be in AN (f1, f2). Let h, A’ be in R such that h(0) = h’'(0) = 0
and h — k' is in (bsX). By Lemma 7.3.3, there is an w in SL2(R, sX) such that
w(f1 (), f2(h)) = (f1 (B, FalI).

As h — 1/ is in (bsX), for any polynomial f in R we have f(h) — f(R') is in
(bsX). Therefore

p(h) = fi(h)er + fa(h)ea + f3(h')ez +--- + fr(h') — bw

for some w in sXN. Write u1 = (1 4+ di(h)wg1)(1 + da(h)wgs). Then wu; is in
El(M,X) and

ui(p(h)) = p(h) + bw = fi(h)er + fa(h)ea + f3(h')es + -+ fr.(h))e,.
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Hence wus (p(h)) = p(h’) and hence b is in J. So, the claim is established.

Now to prove J = A, assume the contrary that J is contained in a maximal
ideal m of A. Since fo is monic, A/A N (f1, f2) = R/(f1, f2) is integral. Also
since (f1, f2) +sR = R , it follows that AN (f1, f2) + sA = A. Since (f1, f2)NA
is contained in m, we have s is not in m.

As f1 =1 (modulo sX), it follows that (f1, f2,sX f5,...,sX f) is unimod-
ular. Since dim(R/(m, f2)) = 0, by usual prime avoidance argument, (c, fa) +
mR = R for some ¢ = f; + sXc3fs + -+ sXc, f with ¢3,...,¢. in R. Again
since A/(c, f2) N A — R/(c, f2) is integral it follows that (c, fo) N A +m = A.

Our next claim is that (¢, f2) N A is contained in J and hence in m. So, let
bbein (¢, f5) N A and h, b/ be in R with A(0) = h’'(0) =0 and h — A’ in (sbX).
Write ug = (14 erhesz(h)gs)(1 +erhea(h)gs) ... (1 +e1her(h)gy) . Then uy is in
EI(M,X) and

ur(p(R)) = p(h) + (hes(B)sfs(h) + -+ hey(B)sfu(R))er
=c(h)er + fa(h)ez + -+ -+ fr(h)er
Similarly, there is ug in EI(M, X) such that
ug(p(h')) = c(h')er + fa(h)ea + -+ + fr(h)es.
By Lemma 7.3.3, there is ug in SLy(R, sX) such that
ug(c(h)er + fa(h)e2 + fs(h)es +- -+ fr(h)er)
= c(h)er + fa(h')ez + fa(h)es + -+ fr(h)er
As in the first claim there is an uy in EI(M, X) such that
ug(c(h')er + fo(h')ea + fa(h)es + -+ fr(h)e,)

= C(h/>€1 + fg(h/)eg + fg(h/>63 + -+ fr(h')er.

So, if we let u = uy ‘uguzu; then u is in G and u(p(h)) = p(h'). Therefore,
as was claimed (¢, f2) N A is contained in J and hence in m. But this contradicts
the fact that (¢, f2) NA+m = A. So, Lemma 7.3.2 is established.

The following is a version of a theorem of Suslin that will be useful later and
as well be helpful to understand the proof of our main Theorem 7.3.2 in this
section.

Corollary 7.3.1 Let R = A[X] be a polynomial ring over a commutative ring

A and let (fy, f2,..., fr) be a unimodular row with » > 3, and fy be monic. If

(f1(0), f2(0),..., f-(0 )) ( ,.-.,0) then there is an v in EI(R", X) such that
(1,0

u((flv"'vf?“)) ) )
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Proof. We apply Lemma 7.3.2 with s = 1 and the standard basis eq, ..., e, of
R". So,there is an w in EI(R", X) and v in SLy(R, X) such that

vu((fr, .-, fr)) = (f1(0),.., fr(0)) = (1,0,...,0).

Hence u((f1,...,fr)) = (1+ Xg1,Xgs,0,...,0) for some g1, g2 in R.
Since the arguments will not be different, we assume r = 3 for notational
conveniences. There are A1, Ao in R such that (1+ Xg1)A; + XgoAo = 1. Write

1 0 0
w=| 0 1 o],
X\ X\ 1

then w is in EI(R3, X)(see Lemma 7.3.1 part 2) and

w((14 Xg1,Xg2,0) = (1+ Xg1,Xgo, X).

Now write
1 0 —ag1
=101 o |,
0 0 1
1 0 0
U2 = —ng 1 0 5
0 0 1
1 0 0
Us = 0 1 0.
-X 01

By normality (Lemma 7.3.1), we have U = Uy 'UsUyU; is in EI(R?, X) and
U((]. +X91,X92,X)) S (1,0,0)

So, the proof of Corollary 7.3.1 is complete.

Corollary 7.3.2 Let R = A[X4,...,X,] be a polynomial ring over a noetherian
commutative ring A with dim(A) = d. Let (f1,..., f-) be a unimodular row in
R" with r > max(3,d + 2) and (f1,..., f-) = (1,0,...,0) (modulo X,). Then
there is an u in EI(R", X,,) such that

u((f1,---, fr)) = (1,0,...,0).

Proof. By Theorem 4.1.1, there are as,...,a,—1 in R such that with f/ =
fi+aifr fori =1,...,r —1 we have height(f{,..., f/_;) >r—1>d . Since
frisin (X,,), as in the proof of Corollary 7.3.1 there is an w in EI(R", X,,) such
that

u((flvaa"'afT)) = (f{?v 7/=—17fr)~
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Replacing (f1,..., fr) by (f1,--., fi_1, fr) we assume that the height of the ideal
(f1,--., fr—1) is strictly bigger than d. By a change of variables (Theorem 6.1.5)
that sends X; to X; + XY fori=1,...,n—1and X,, to X,,, for a large enough
N, we can assume that there is a polynomial f = A1 f1+-- -+ A—1f-—1 in R that
is monic in X,,. So, f. + X" f is monic in X,, for some suitable integer k > 1.
Again as in the proof of Corollary 7.3.1, there is a v in EI(R", X) such that

U((fh"'?fT)) = (flv"'afr—lafT+ka)'

Since f, + X*f is monic in X, and (f1,..., fr_1, fr + X¥f) = (1,0,...,0)
(modulo X,,), it follows from Corollary 7.3.1 that there is a w in EI(R", X) such
that wo((f1,..., fr)) = (1,0,...,0). This completes the proof of Corollary 7.3.2.

Now we are ready to state the main theorem of Lindel in this section.

Theorem 7.3.1 (Lindel,[L2]) Suppose R = A[X1,...,X,] is a polynomial
ring over a noetherian commutative ring A with dim(A) = d. Suppose P is
a finitely generated projective R-module with rank(P,) > max(2,d+1) for all p
in Spec(R). Let (a,p) be a unimodular element in R@® P. Then there is an u in
EI(R @ P) such that u((a,p)) = (1,0).

Further, if (a,p) = (1,0) (modulo X,,) then there is an u in EI(R @ P, X,,)
such that u((a,p)) = (1,0).

Proof. First we prove the last part. Note also that we can assume that Spec(A)
is connected. Hence rank(P) = rg is constant. Since for the nilradical N of A,
E(RB®P,X,) = E((RDP)/N(R® P), X,,) is surjective (see Lemma 7.3.1), we
can assume that A is reduced. We shall use induction on dim(A4) = d.

If d = 0 then P is free by Quillen-Suslin theorem (Theorem 3.2.2 or 7.2.1).
In this case the assertion follows from Corollary 7.3.2.

Now we assume that d > 0. By Theorem 7.2.1, we can write P = R® P’ for
some projective R-module P’. We write Q = R® P = R?> ® P’ and rankQ =
r=rg+ 1.

Let S be the set of all nonzero divisors of A. So, S~!P’ is free of rank
r — 2. As in Proposition 7.2.1, we can find a nonzero divisor s of A and a free
submodule F' of P’ with basis e3,...,e, and a free submodule G of P’* with
basis g3, ..., g, such that sP’ C F, sP* C G and the matrix

(< giyej >:1,5=3,...,r) = diagonal (s,...,s).
Let eq, es, respectively, denote the elements (1,0,0) and (0,1,0) in Q =
R?2@ P'. Fori=3,...,r we extend g; to Q by defining g;(e1) = g;(e2) = 0. We
define g1, g2 in Q" such that g pr = gojpr = 0 and the matrix

(< givej >:1,5 =1,2) = diagonal (1,1).



7.3. THE ACTION OF TRANSVECTIONS 107

Thus we have that the matrix
(< gisej >4, =1,...,1r) = diagonal (1,1,s,...,s).

We shall write X,, = X and a = f1. So, (a,p) = fie1+ foea+p’ for some f1, fo
in Rand p’ in P'. As (f1,p) = (1,0) (modulo X), we have f1(0) =1, f2(0) =0
and p’ is in X P’. (For a polynomial f in R, f(0) denotes f(X1,...,Xn-1,0).)

Since dim(A/sA) < d, by induction, there is an «’ in £I(Q/sQ, X ) such that
W (fig1+ f2g2+¢') = q1, where q1, g2, ¢’ are ,;respectively, the images of e1, e, p’
in Q/sQ. Since Um(Q) — Um(Q/sQ) is surjective (see Theorem 7.2.2), there
is an w in £1(Q, X) that lifts ' (Lemma 7.3.1). Hence replacing fie; + faea +p’
by u(fie1 + foes +p’) we assume that f; =1 (modulo sX), fo is in (sX) and p’
is in sX P'.

Since fie; + foes 4+ p’ is unimodular and f; = 1 (modulo sX), we have
fre1 + sX faeg + p’ is also unimodular. Hence by Theorem 4.1.1, there is an h;
in R and a p” in P’ such that the ideal

Z=R(f1 +hisXf2)+ 0 + sX fop")

has height at least r —1 > d+ 1. Therefore, after a change of variables (Theorem
6.1.5), that sends X; to X; + X~ fori =1,...,n —1 and X to X, where N is
large enough, we can assume that Z contains a monic polynomial h in X with
coefficients in A[X1,..., X,—1].

Now we write R = B[X] where B = A[X1,...,X,—1]. We also write h =
(f1 + sX foh1)h 4+ g(p' + sX fop”) for some A’ in R and g in P*. Let k be a
positive integer such that f» +X*h is a monic polynomial in X. We shall regard
g as an element in Q* by putting g(e;) = g(e2) = 0.

For i =1,...,4 define u; in £1(Q, X) as follows:

up =1+ e1sXhigo,
us =14 sXp"gs,
uz =1+ e X gy,
ug =1+ 62ng.

By replacing fie; + faeo + p’ by ugusugui(freq + faea + p’') we assume that
f1 =1 (modulo sX), f2(0) =0 and that p’ is in sXP’'.

Since sP’ C F, we have p’ = X(fses + -+ + fre,) for some f3,..., f, in R.
Thus

fie1+ faea +p' = fier + foeo + X fzes + -+ X fre,.

As f;1 =1 (modulo sX) and fo is monic, we have (f1, f2) N B + sB = B. So,
there is an element b in B such that 1 — sb is in (f1, f2). Moreover fie; + foeq +
X fses + -+ + X fre, is unimodular. Since Qg is free and f; = 1 (modulo sX)
we have (f1, fo, X f3,..., X fr) is a unimodular row.
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By an application of Lemma 7.3.2, with h = X and b’ = (1 — sb) X, we get
an us in £1(Q, X) and an ug in SLy(R, sX) such that

us(fier + faez + X fzez + -+ X frer) =
fier + frea + (1 —sb) X f3((1 —sb)X)es + -+ + (1 — sb) X f,.(1 — sb) X)e,,

where ug((f1, f3)) = (f1((1 = sb) X), f2((1 — sb) X)).

Note that f;(X) — fi((1 — sb)X) is in (sX) for ¢« = 1,2 and also since ug is
in SL2(R,sX), we have f/((1 —sb)X) — f/(X) is in (sX) for i = 1,2. Hence
f1 = f1 =1 (modulo sX) and f5(0) = f2(0) = 0. It also follows that 1 — sb is in
(1 SR = (A((1 = sb)X), fo((1— sH)X))R. As

fier + fhea + (1 —sb) X f3((1 — sb)X)ez + -+ (1 — sb) X f,-((1 — sb) X)e,

is unimodular and since 1—sb is in (f7, f3), it follows that f]e;+ fjes is unimodu-
lar in @Q and hence in R2. Therefore, there is g in Q* such that g(fje;+ foez) = 1
and g pr = 0. Let

v3=14+ (X +(sb— 1) X f3((1 —sb)X))esg and

V; = 1+ €i(8b - I)Xfi((l — Sb)X)g
fori=4,...,r and v =v3v4...v,. Then v is in £I(Q, X) and
vus(frer + faea + X fzez + -+ X fre,)
=v(fier + fzea + (1 — sb) X f3((1 — sb)X)es + -+ + (1 — sb) X f-((1 — sb) X)e,)

= fie1 + faea + Xes.

Now we can write fi = 1+ sX f{, f4 = X f§ for some f{', f in R. Let
U1 = 1—61f{/gg, Ug = 1—62Xfé/gl, U3 = 1—X€3gl and write U = UflUgUQUl.
Then, since Uy, Us are in £I(Q, X), we have U is in £1(Q, X). Finally,

U(fier + fae2 + Xes) = ex.

This completes the proof of the later part of Theorem 7.3.1.

To prove the first part of Theorem 7.3.1, we proceed by induction on the
number of variables n. (Or we could repeat the above arguments with an appro-
priate version of Lindel’s Lemma 7.5.2). If n = 0 then the assertion follows from
Theorem 4.1.1. If n > 1, then since EI(R @ P) — EI((R® P)/X,(R @ P)) is
surjective, we can assume that (a,p) = (1,0) (modulo X,,). Now the assertion
follows from the later part of the theorem. This complete the proof of Theorem
7.3.1.

The following theorem of Suslin is an immediate consequence of Theorem
7.3.1 and Lemma 7.3.1.
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Theorem 7.3.2 (Suslin) Let R = k[X,...,X,] be a polynomial ring over a
field k. Let (f1,..., fr) be a unimodular row in R™ with r > 3. Then there is an
elementary matriz u in E.(R) such that u((fi,..., fr)) = (1,0,...,0).

The following theorem of Rao on Cancellation of projective modules is also
an immediate consequence of Theorem 7.3.1.

Theorem 7.3.3 (Rao) Let R = A[X;,...,X,] be polynomial ring over a com-
mutative noetherian ring A with dim(A) = d. Suppose that P is a finitely gen-
erated projective R-module with rank(P,) > d + 1 for all @ in Spec(R). Then
P has cancellative property, i.e. P® Q ~ P’ ® Q for some finitely generated
projective R-modules Q and P’ implies that P ~ P’.

Proof. It suffices to prove the theorem when Q = R. Let p: P ®R - P® R
be an isomorphism and ¢((0,1)) = (p,a). By Theorem 7.3.1, there is an « in
EI(P ® R) such that u((p,a)) = (0,1) and hence up((0,1)) = (0,1). Therefore
up induces an isomorphism P’ ~ P and the proof of Theorem 7.3.3 is complete.

The following conjecture about lifting of automorphisms of projective mod-
ules was considered in ([BM]).

Conjecture 7.3.1 ([BM]) Suppose R = A[X] is a polynomial ring over a
noetherian commutative ring A with dim(A) = d. Let P be a finitely gener-
ated projective R-module. Then, whether the natural map

AutR(P) — AutA(P/XP)

18 surjective?
The following partial answer on the conjecture 7.3.1 was obtained in ([BM]).

Theorem 7.3.4 (Bhatwadekar-Mandal) Suppose R = A[X1,...,X,] is a
polynomial ring over a noetherian commutative ring A with dim(A) = d. Let
P be a finitely generated projective R-module with rank(P,) > d + 1 for all
p in Spec(R).Then the map Autr(P) — Auta (P/X,P) is surjective, where
A =AXy,..., X 4]

Proof. Without loss of generality we can assume that rank(P) = r is constant.
If r = 1 then Aut(P) is isomorphic to the group of units of R and Aut(P/X,,P)
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is isomorphic to the group of units of A’. Hence Aut(P) — Aut(P/X,P) is
surjective. So, we assume r > 2. Also note that if P is free of rank r then
Aut(P) =~ GL,(R) — Aut(P/X, P) =~ GL,(A’) is surjective.

Now let @ be a finitely generated R-module such that FF = P @ Q is free.
Let ”overbar” denote (modulo X,,).Let g be an automorphism of P. So, g @ Idg
can be lifted to an automorphism of P @& Q = F. Hence g ® Idg & Idp can
also be lifted to an automorphism of P & @ & P. This means that there is an
automorphism H : P F — P @ F such that H = g ® Idp.

By downward induction we can assume that there is an automorphism

H:PPR—POR

such that H = g @ Idg. Let H((0,1) = (p,a). Then, since H = g ® Idg, we
have (p,a) = (0,1) (modulo X,). Hence, by Theorem 7.3.1 there is an u in
EI(P @ R, X) such that u((p,a)) = (0,1). Let ¢ = wH. Since ¢((0,1)) = (0,1),
¢ induces an automorphism h of P. Since @ = Id, we have h = g and the proof
of Theorem 7.3.4 is complete.
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