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E"(A,A) x ES(A,A) — E"™S(A, A). For a projective A-module Q of rank n < d, with an
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w(Q, x) : E"(A, L) — EY(A, LL),

where L’ is another rank one projective A-module.
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1. Introduction

In topology, there is a classical obstruction theory for vector bundles (See [13]). The germ of the obstruction theory
in algebra was given by Nori, around 1990 [6,10]. For a smooth affine variety X = Spec(A) over an infinite field k, with
dimA = d > 2, Nori outlined a definition of an obstruction group E (A). Further, for a projective A-module P of rank d, with

an orientation (isomorphism) x : A— A%P, Nori outlined a definition of an obstruction class e(P, x) € E(A).
The definition of Nori was later extended by Bhatwadekar and Sridharan [2]. Given a noetherian commutative ring A with
dimA = d > 2 and arank one projective A-module L, they defined an obstruction group E(A, L). In addition, if Q C A, given

a projective A-module P of rank d and an orientation y : L N they defined an obstruction class e(P, x) € E(A, L). They
proved that P ~ Q @ A if and only if e(P, x) = 0. Surpassing all expectations, a solid body of work has been accomplished
regarding the obstructions for projective A-modules P with rank(P) = d = dim A. Among them are [6,10,1,2,4,8,9].

The theory in topology is much advanced and complete. For a real smooth manifold M with dimM = d and a vector
bundle V of rankr < d, there is an obstruction group and an obstruction class (called Whitney class) w(V) in the obstruction
group. If V has a nowhere vanishing section, then w(V) = 0. In case rank(V) = r = d, V has a nowhere vanishing section
if and only if w(V) = 0.

Obstruction theory in algebra remains incomplete in this respect. At this time, barring [3], the theory is confined to
the case when rank(P) = d = dimA. Further, the intersection theory (see [5]) in algebraic geometry has also been fairly
advanced and complete. Because of such an advanced status of these two theories, there has been expectations that the
obstruction theory in algebra would have a similar advanced counter part. In this paper, we try to establish a foundation for
a theory of algebraic obstructions, in analogy to the aforementioned theories in topology and algebraic geometry.

Given a commutative noetherian ring A of dimension d and a rank one projective A-module L, in this paper we give a
definition of obstruction groups E" (A, L), for r > 1. These groups will be called Euler class groups. The obstruction group
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E(A, L) mentioned above would be same as E¢(A, L). Now, suppose Q is a projective A-module with rank(Q) = n and an
orientation (isomorphism) x : L= A"Q. In [5], the top Chern class was defined as a homomorphism of degree n. In the
same spirit, if n < d — 2 and L’ is another projective A-module of rank one, we define a Whitney class homomorphism
w(Q, x) : EY"A, L) — EYA, L'L).
In case rank(Q) = n = d — 1, the same homomorphism is defined for L’ = A. This homomorphism is compatible with the
top Chern class homomorphism of Q. Forr > 2, s > 1, we also define bilinear maps (intersection):
N:E(A L) x ES(A,A) — E™(A, ).

Forr = 1, the same is defined with L = A.
2. Euler class groups

In this section we define general Euler (obstruction) class groups of commutative noetherian rings.

Definition 2.1. Let A be a commutative noetherian ring with dim A = d and L be a rank one projective A-module. We write
FF=L@®A .
For an A-module M, the group of transvections of M will be denoted by &I(M) (see [7] for a definition).

1. A local L-orientation is a pair (I, w), where I is an ideal of A of height r and w is an equivalence class of surjective
homomorphisms o : F,/IF, — I/I%. The equivalence is defined by &I(F;/IF,)-maps. Sometimes, we will simply say
that w is a local L-orientation, to mean that (I, w) is a local L-orientation. By abuse of notations, we sometimes denote
the equivalence class of w, by w.

2. Let L7 (A, L) denote the set of all pairs (I, w), where I is an ideal of height r, such that Spec(A/I) is connected and
w : F,/IF, — 1/I? is a local L-orientation.

Similarly, let £ (A, L) denote the set of all ideals I of height r, such that Spec(A/I) is connected and there is a surjective
homomorphism F, /IF, — I/I%.

3. Let G' (A, L) denote the free abelian group generated by «£" (A, L) and Gj(A, L) denote the free abelian group generated by
Ly(A, L).

4. Suppose I is an ideal of height r and w : F, /IF, — I/I? is a local L-orientation. By [3], there is a unique decomposition

I=LNLN---NI

such thatl;+I; = Afori # jand Spec(A/I;) is connected. Then w naturally induces local L-orientations w; : F. /IiF, — I; /Iiz.
Denote

(I, @)=Y (I, ) € G(AL).
Similarly, we denote
() := Y I € Gy(A, L).

5. Global orientations: Let I be an ideal and  : F,/IF, — I/I? be a local L-orientation. We say that  is global, if there’s a
surjective lift £2 of w as follows:

F. — 2 >
Fy/IF; —1/I?

6. Let H" (A, L) be the subgroup of G' (A, L), generated by global L-orientations. Also, let Hj (A, L) be the subgroup of G (A, L),
generated by (I) such that I is surjective image of F;.

Now define the Euler class group of codimension r cycles as

G(A,L
E'(A L) = @b )
H"(A.L)
and the weak Euler class group of codimension r cycles as
Gl (AL
E}(A L) = Or( ) .
Hi(A.L)

Lemma 2.2. We use the notations as in Definition 2.1. For r > 1, there are natural surjective homomorphisms

¢ ET(A L) — EN(A, D).
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Further, assume that A is Cohen Macaulay. For r > 2, there are natural homomorphisms
n" Ey(A,L) > CH'(A)

and there is a natural homomorphism
n' : Ey(A,A) — CH'(A).

Here CH" (A) denotes the Chow group of cycles of codimension r in Spec(A).

Proof. Existence of ¢" follows from the above definitions of E"(A, L), Ej(A, L). Existence of n" follows directly from
[5,Lemma A.2.7.]. O

3. Whitney class homomorphisms

In this section we establish the Whitney class homomorphism of a projective module, as follows.

Theorem 3.1. Let A be a commutative noetherian ring with dimA = d > 2 and L, L’ be two rank one projective A-modules.

Suppose Q is a projective A-module with rank(Q) = n < d — 2 and detQ = L. For an orientation x : L = A"Q, there is a
canonical homomorphism

w(Q, x) : E* (A, L) — E4A, L'L).
Also, for rank(Q) = n = d — 1, there is a canonical homomorphism

w(Q, x) : E'(A, A) — EYA, L).

Proof. We will write F, = L @ A*"!, F{ = I’ @ A*"!. Let I be an ideal of height d — n and
w:F)_JIF, , —1/I?

be an equivalence class of surjective homomorphisms (local L-orientation). To each such pair
(I, w) € G7(A, L),

we will associate an element
w(Q, x) N (I, ») € EYA, L'L).

First, we can find an ideal ] € A with height(f) > d and a surjective homomorphism ¢ : Q/IQ — T/I. Lety =¥ ® A/i
and y : Fn/iFn = Q/TQ be an isomorphism such that A"y = x ® A/i. Let B = ¥y and B’ : Fn/an — 7/72 be a lift of 8.
The following diagram

Q/1Q — LT

|

Q/IQ v /4 +1%) I

Yy~x
2 / Tf

Fn/IFn /3—’> i/p

commutes. Further, w induces following

F)_o/IF)_y ——[/I?

|

Fi /Ty =" (1 +1%) /7 (i
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commutative diagram, wherew = w Q A /7. Combining «’, 8’ we get a surjective homomorphism

. - Fu®F,_
§=p @ FfIF ®F)_,/IF;_, = - ——"
[ (F” & Fdfn)

To see that § is surjective, consider the exact sequence

— 1/12.

0 — (I + )P 1/i2 —L=T/a + ) —>o.

Given x € I/I2, thereis z € F,,/TFn~ such that f(x) = B(z). Therefore, x — B'(z) € (I + I?)/I%. This implies that
w'(z') = x — B'(z) for some z’ € F;_, /IF;_,. This shows that §(z 4+ z’) = x. This establishes that § is surjective.

Iapd—1 ~  F®F, . . . . . . .
Now, let yp : L&A — — - " d-n_ he an isomorphism that is consistent with the natural isomorphism :
(LU @Ad-T) [(Fne;]:c/lin)

W —>n (R eF.,)

\ ZTXO
/\d (LL/ @Ad_l)

Let A = 8yg = (B, @) yp. So, the diagram

F”EBFt;—n )
i(Faor;_,

X0™Y0 |

LL’GBAdi]
I(lreAd-T1)

commutes.

We have (7, A) e GYA,LL) is a local LL'-orientation. We will establish that the image of (7, A) in E4(A, LL) is
independent of choices of v, the lift 8/, the representative of w and the choice of y;.

1. Step-I1: First we prove, for a fixed v/, (7, A) in E4(A, LL) is independent of the lift A/, the representative w and the choice
of Yo.

(a) Suppose w, w are equivalent local orientation. Then w; = we for some € € €I(F;_,/IF;_,). Using the canonical
homomorphisms

EIE,_JIF]_ ) — EIF,_ JIF,_ ) — €l (Fn OF, , JIF @ FQ,,J) :
we have o] = o'é. With §; = (8', »}), we have

5; =8¢ where¢ e €l (Fn OF,  JI(F, @ FL;_”)) .
Since

€1 = yy ey € &l ((LL’ @ A /Il GBAd_l)) ,
we have

Ay = 81y0 = §€yp = Aey.

(b) Also, two different lifts 8’ of 8 differ in (I + iz)/f2 and would lead to two different As that differ by &l (%) .

Proof. Let 8" : F,/IF, — 1/I be another lift of . Then

¢=p8 —B":FJIF, — (I +1°)/
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We have a lift g so that the diagram

- ) — -
Fy/IF, ——— (I +1%)/I?
I
gl g
y @1
FilIFgy —52 1+ 1)/

/12

commutes. Let
_ 10 . T / T ~ ~ , ~
€ = g 1)° Fo/IF, ®Fy_,/IF;_, — F /I @ Fy_,/1F;_,

It follows (B” @ w})e; = (B’ @ w)). Therefore, with A, = (B” @ w))yo and €3 = ]/0_162)/0, we have
A= (B ® o)y =B ®wDeav = (B ® )y (vy '€210) = Azes.
Therefore,

A=A = Ayese)

o s _ LL/EBAd—l
(c) Again, if yy = yge4 for some €4 € €l (m) then

A= Mese; = (B @ oDyese; = (B @ o)) ygeacser ~ (B @ w)yg.
So, the claim in Step-1 is established. O
2. Also note, <7, A) is independent of the choice y. This is because, two different choices of y would differ by a SL(F, /TFn)—
mabp. This will lead to choices of 8’ that will differ by a SL(Fn/TFn)—map.

3. Step-1I: Now, we prove that <7, A) € E%(A, L) is also independent of 1. That means, it depends only on (I, w).
(a) To see this, first we fix a surjective lift £2 of w as follows:

Fr ., —2 10k
Fé,n/IFé,n ——> ]/12

where K + 1 = A and K is an ideal of height d — n (or K = A).
(b) We can find an ideal K with height(f() > d, a surjective homomorphism v and replicate the diagram (I):

Q/KQ — /K

!

Q/KQ —K/(K +K?)

i |2 / Tf/

Fo/KF, ———> K /K?
n

Here ' is an isomorphism so that A"y’ = x ® A/K and 7’ is a lift of n = (/' @ A/K)y".
(c) Letw” : Fj_,/KF}_, - K/K? be induced by £2.

rad—1 ~  Fa@F, . . . . . . .
(d) As above, let y§ : = Ll oA T > = "= dn_ e an isomorphism consistent with the canonical isomorphism xo :
K(LL DA ) K(FHGBFL;,")

AN(E, ®F,_,) = AL @A),
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(e) Combining w”, n’ we get a surjective homomorphism

F"@Fc/i—n

8 =n®e" :F/KF, ®F,_  /KF,_ = ——- %" _
n n d—n d—n K (Fn @Fc/l_n)

-~ K/K?.

(f) Write A" = §'y,. We fix <k, A’) and prove that
(i, A) + (12, A/) —0eEYA, LL).

(g) Sincel + K C [+ K, wehavel + K =A.

(h) We have

ey QL Q@ T K _Ink
VEVOY e Y1 O ke T '

(i) Welift ¥ = @ ' to ¥ as follows:

N

anKyQ

INK

NK
Ink
InK *

If we reduce this diagram modulo I or K, we get the following

H

Q/iQ A 112 Q/KQ N K/K?
QiQ—=im A ke =il

Fa/IF, > /12 F./KF, —— K /K?
n
commutative diagrams. It follows that

_ 2 ~ I+ I
(X]:ﬂ/yl—'I/:Q/IQ—) 72 gi—z

Similarly, we have

o - b ke - KK K
=) -v: - — C =—.
2 k2 R2

We lift 1, o to g1, g, so that the diagrams

Q/iQ — > (1 4+ 12) /2 Q/RQ —> (K + K?) /K>
| |
g1 / 2 | /
v ] v
Fy o/TFy == A +12)/1* . Fi_/KF;_, —> (K +K?)/K>
/12 K/K?

commute.
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i) Let g be given by g4, g, and y be given by y, y’. Write
(J) Letgbeg V&8 y beg V.V

F”e)Fz/i—n QEBFz/i—n
(INK) (Fa®F)_,,) (ink)(@QeF)_,)
_ (1 0\ (7 o).
F_(g 1)(0 1)' \ l
Q&F)_,

(ink)(@QeF)_,)
(k) Consider the surjective homomorphism
Ve . .
Q&F_, —>=InKk.
(1) We claim that the diagram

12:%7) [
QOF , —1nK

QeF)_, Yo Nk
(Ink) @&F)_,) (ink)?
r
8,8
Fn ®Fc/1—n

(INK) (Fn®F)_,)

commutes. Only the commutativity of the bottom triangle needs to be checked. This is done by checking on v, V(K)
separately. We check directly that

(#@2)ro.y=(¥a2)0.y =20 =060y
and
(#02)reo =(¥e2)Gw.g7w
— U + 2870 = Y70 + By 'y 0 — FFOE W) = (6.8)(x. 0).
(m) Composing with (o, ¥;). it follows from [2, Cor. 4.4] that (A, A’) is global. Therefore,
(T, A) + (f(, A’) —0eEYA, LL).

(n) Since, (f(, A’) depends only on (I, w), it follows (f, A) is independent of choice of . This establishes the claim in

Step-II.
4. If (I, w) is global, then in the above proof, we can take K = A and it follows (f, A) is global.

Now, the association
(0, w) > (i, A) € E4(A, LL)
defines a homomorphism
@(Q, x) : ™A, L) — EY(A, LL)

where (I, ) € G¥"(A, L) are the free generators of GY~"(A, L') and <7, A) € E4(A, LL') are as above. The above discussions

establish that ¢(Q, x) is a well-defined homomorphism.
By (4), it follows that ¢ factors through a homomorphism

w(Q, x) : E"(A, L) — EYA, LL).
This completes the proof of the theorem. O

By forgetting the orientation in Theorem 3.1, we have the following for weak Euler class groups.
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Corollary 3.2. Let A, L, L', Q be as in Theorem 3.1. If rank(Q) < d — 2, then there is a canonical homomorphism
wo(Q) : ESM(A, L') — EL(A, 'L) ~ ES(A, A).
Also for rank(Q) = n = d — 1, there is a canonical homomorphism
wo(Q) : EJ(A, A) — EL(A, L) ~ E3(A, A).
Proof. The isomorphisms at the right side were proved in [2]. The rest of the proof is similar to that of Theorem 3.1 and we
give an outline. We will write F, = L@ A*"1, F, = L' @ A*"1.

Suppose (I) is a generator of GS‘”(A, L’). Here I is an ideal of height d — r, Spec(A/I) is connected and there is a surjective
homomorphism ;—/ — I/I%. There is a surjective homomorphism ¥ : Q/IQ — 7/1. For such a generator (I) we associate
(i) e E4(A, LL).

We fix a local orientation, w : 1’;—// — I/I%, and a surjective lift £2 : F/ — I N K of w, where K is an ideal of height d — n.
Now, let ' : Q/KQ — K /K, be a surjective homomorphism, where K is an ideal of height d. As in Theorem 3.1, we prove
that there is a surjective homomorphism LL’ @ A%~! — I N K. This shows that

(7) + (k) =0 e Egea, 1)
and so (7) € Eg(A, LL") is independent of choice of .

This association (I) +—> (f) € Eg(A, LL"), extends to homomorphism
@o i GI(A, L) — EL(A, LL).

If (I) is global, i.e. I is surjective image of F;_,, taking K = A in the above argument, we prove (f) is global. So, ¢, factors
through a homomorphism

wo(Q) : ES"(A, L) — EL(A, LL).
This completes the proof. O

Definition 3.3. This homomorphism w(Q, x) in Theorem 3.1, will be called the Whitney class homomorphism. The image of
(I, w) € E9""(A, I') under w(Q, x) will be denoted by w(Q, x) N (I, ®).

Similarly, the homomorphism wq(Q) in (3.2) will be called the weak Whitney class homomorphism. The image of (I) €
Eg*”(A, L’) under wq(Q) will be denoted by wq(Q) N (I).

The following is about the compatibility of these homomorphisms, along with the Chern class homomorphisms.

Corollary 3.4. We use the notations as in Theorem 3.1 and Corollary 3.2. Further assume that A is a Cohen-Macaulay ring. Then,
we have

wo(Q)Z™ = ¢'w(@, x) and C"(Q*)"" = n"we(Q),

where ¢97" ¢4 %" n¢ are the natural homomorphisms as in Lemma 2.2 and C"(Q*) denotes the top Chern class
homomorphism ([5]) of Q *.

Proof. The first identity follows from the definitions of wo(Q) and w(Q, x). To prove the second identity, let I be an ideal

of height d — n with a surjective homomorphism % — I/I%. By Eisenbud-Evans theorem (see [12]), we can find a

surjgctive homomorphism i : Q — J, where J is an ideal of height (J) = n and height (I +J) = d. Write] =1 + J. Note that
1, ], I are locally complete intersection ideals. We have,

n"woe(Q) N (1) = n(I) = cycle(A/T).
Also
C"(QH (1) = C™(Q™) N cycle(A/I).
We have
C"((Q/1Q)*) N (cycle(A/T)) = (cycle(A/i)) € CH"(A/I).
With f : Spec(A/I) C Spec(A), apply f,. By the projection formula [5], we have
C"(Q*) N (cycle(A/T)) = (cycle(A/i)) € CHY(A).

So, the proof is complete. O
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The following is about vanishing of Whitney class homomorphisms.

a2

Theorem 3.5. SupposeA, L, L', Q, x, Fi, F be asin Theorem 3.1 and its proof. Let I be an ideal of height d—nand w :
be a local L'-orientation. If Q /IQ = Py & A/I, then

w(Q, x) N (I, @) =0 € E‘(A, LL).
In particular, if Q = P & A, then the homomorphism
w(Q, x) : E"MA, L) — EY(A, LL)

is identically zero. Similar statements holds for wg(Q).

—n 2
L

Proof. Proof of the last statement follows from the former assertions, by (3.4). We will enumerate the steps of the proof of
the former assertions.

1. By Eisenbud:Evans theorem [12], there is an ideal I < A with height(I) = d and a surjective homomorphism
Y :Q/IQ — I/I. The following diagram

Q/1IQ — LTy

|

i —Ta+® W

el

Fn/iFn T> i/iz

commutes. Here y = ¥ ® A/i and y is any isomorphism, with A"y = x ®A/f, B = ¥y and B is a lift of 8.
2. Let £2 be any lift of w. Then, the following diagram

2
Fé—n — >

—>>I/12

/ -

— /10

commutes. Here & = w @ A/

3. With Q/IQ = Py @ A/I, let 6 be the restriction of i to Py. We can write ¢y = (6, a) for some a € 1. Write v (Py) =j/1,
for some ideal J containing I. In fact, height(J) = d — 1and I = (], a).

4, Since height(i) = d — 1, there is an isomorphism

Y (Fn—l/an—1> = Po/]JPo.

5. Define x’ as in the commutative diagram:

/12

= XA n POGBA/I)
L/JL A (](PoeaA/l)

N

APy /] Py

By adjusting the determinant, if needed, we can assume that A" 'y’ = x'.
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6. For our purpose, y is a choice. So, we can assume that y is the reduction of ' & 1.
7. A commutative diagram similar to (I) is induced by 6 as follows:

Py 46>>]/1

|

Po/JPs ——J/A +]?) ()

y~x' | / T

Fo1/JFas §,4>J~/J~2

Here = 6 @ A/] and ¢’ is a lift of ¢ = 6. If we tensor this diagram with A/i, we get the following commutative
diagram:

Po /TPy ——> ]/ (1 +ﬁ)

Py iP0 —> ]/ (14+J1) —=1/(1+7)  am.

¢
oy f
Y ~X Tl % T

Fn—l/iFn—l & j/ji T/T2

8. This shows that (¢/, @) is a lift of B. Since w(Q, x) N (I, w) is independent of the lift 8’ we can assume that
B = (' a).

9. We lift ¢’ to a homomorphism § : F,_; — J.
10. The homomorphism

(6,0,2):Fi 1 ®ADF) , — 1

lifts (', ') = (¢’ @, o).

11. Let)' = 8(Fy—1) + $2(F;_,). Then

j=T+P

To see this, let y € J. Then, from diagram (II), there is x € F,_; such that
8X) —y=y14+2z wherey; €l,z€]J?

Now, there is x; € F;_, such that
Nn—Qu)=znel cJ

Therefore §(x) — 2(x1) —y =z + z;.
12. There is an isomorphism
"

L @ A2 ~ Fio1 ®F_,
Cwear?)  J(FoeF,)

such that the determinant is given by the commutative diagram:

~ ~ LL/EDA‘FZ
LL'/JLL Tl eAT-2)
\ Zi/\dlyé/ .
F”*1®Fc/1—n

I(Fac1eF)_,)
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13. Let
ry Ll @A™ - F,_&F,
be any lift of y;" and

) o WeAT! - ReF.,
=y ®1) @A/ : = i '
vo=(ry ®1)®A/ I(LL @A) ~ 1(Fa®Fp,)

14. Let I' = (8, 2)Iy. Write ]” = I (Ll & A“"2) . By (6),
j=J'+F.

15. There is an element € € J2 such that (1 — €)] € J”. So, as in [11], we have
J= (]”, e) and I = (j a) = (]”, e+ (1— e)a) )

16. It follows, with b = € + (1 — €)a, that
(r,b): (I ®A"™) A1

is a surjective homomorphism.
17. Now, we have

(I',b) @A/T = ((8, 2)Io, b)) ®A/I = (5, 2, b)(Iy ® 1) QA/I
which is
= (6. 2.0 @AM yo =B, &) ~ A
The last equality follows from (6). Therefore A is global.
Therefore,

w(Q, x) N, ») = (i, A) —0cE@A,LL).

The proof is complete. O
In analogy to results in Chern class theory [5], we have the following.

Corollary 3.6. Let A be a noetherian commutative ringwithdimA = d > 2. SupposeL, Ly, L, € Pic(A). Then, forx € ngl(A, L),
we have

wo(LiLy) Nx = wo(Ly) Nx + wo(ly) Nx € ES(A, L) ~ E5(A, A).

Proof. We can assume x = (I) where I is an ideal of height d — 1 and there is a surjective homomorphism % - I/I%.

There are ideals I7, I, of height d and surjective homomorphisms Li/IL; — I~i/1 C A/I, fori = 1, 2. Since, dimA/I < 1, we
can assume that I; + I = A. Therefore,

Lil, ® A/l ~ L /IL; ® L,/Il, mapsontol;/I ® L/ = N DI
So,

wollile) N () = (R 0E) = (1) + (1) = wo) N () + wolz) N ().

The proof is complete. O

4. Intersections in Euler class groups

We define an intersection product in the Euler class groups as follows.

Definition 4.1. Suppose A is a noetherian commutative ring with dimA = d > 2 and L, L’ be two projective A-modules
of rank one. We write F = L@ A", F = L' @ A*"'. Let I be an ideal of height r and J be an ideal of height s. Assume
height(I 4+ J) > r + s and suppose

w:FJIF > 1/I*> and o :F'/JF —]/J?
are two local orientations. Then w, «’ induce a surjective homomorphism

. FoF a+J
CA+DEFSF)  (I4]))?

n
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according to the following

FOF @®0') | @
I+ (FOF) a+ni ¥ a+nj
\ i
(4)
(+)?

commutative diagram, where ® = w @ A/ +]), & = o’ ® A/(I + ). (We will continue to abuse notations and denote
elements in G" (A, L) their images in E" (A, L) by same notations.)

1. If I = A, define intersection
Io)yN(J, o) :=d+], 1) € ETA,L).

The right hand side is interpreted as zero, if [ + ] = A.
2. If r + s = d, define intersection

ILo)yN(J, o) :=d+],nn) € ETA,LL)

L/ gAd—1 ~, __FeF
(+) (AL DAd—T) (I+) (FOF)

where y; :
I+]=A.

Subsequently, we prove that the above (4.1) are well defined in the general set-up. The following lemma is about
intersections of global orientations.

is any isomorphism with A%y, = Id. The right hand side is interpreted as zero, if

Lemma 4.2. With all notations as in Definition 4.1, suppose «’ is global. If s > 2 or L' = A. Then there is a surjective lift
® :F®F — (I+]))ofn. Inparticular,

1. in case L' = A, the local orientation n is global;
2. and alsoincase L' # A, andr + s = d, then nyy is global.

Proof. If I +] = A, there is nothing to prove. So, we assume height (I +]) = r +s. Suppose f' = (g, a) : F/ — J is a surjective
lift of . Also, let f : F — I be any lift of . There is an e € I? such that (1 — e)I < f(F). We claim that [11],

withb=e+ (1—e)a, I+]=(f(F),gl' ®A?),b) =: X.

First, (1—e) € f(F)..So, (1—e)a € X..S0,e = b—(1—e)a € K,.Therefore,Ae = (I+])e = Kc.Ifs > 1, let F’ = ' A 2
andifs = 1, let F” = 0. We have X{_, =

(f(F)1,e, g(F//)1,g, b) = (11767 g(FN)lfeﬁ b) = (1173, g(FN)lfes a) = (I +])1fe-

This shows that ® = (f, g, b) is a surjective lift of .
Now we prove (2). Write & = (f,g) and 4 = O(F @ F”). Since dimA/4 < 1, there is an isomorphism y;

L A2 >, _Fef”
(L §AT—2) L(F®F")

Io: LU @ A2 — F @ F” be any lift of yp. Let K = 01 (Ll @ A%2) . Then 4 = K + 42 and [ + ] = (4, ).
There is € € 42 such that (1 — €)4 C K. Writec = € + (1 — €)b. Then
I+]=(1.b) =K. o0.
Therefore (61, ) : (LL’ b Ad‘z) - I + ] is a surjective lift of ny4. So, nyp is global. This completes the proof. O

with A1y, = 1. Since y, is a choice, we can assume that yp = (y; ® 1) ® A/ + J). Let

The following moving lemma is a tool for the rest of this paper.

Lemma 4.3. Suppose A is noetherian commutative ring with dimA = d. Let I, | be two ideals of height r and s, respectively.
Suppose F is a projective A-module of rank r and w : F/IF — I/I? is a surjective homomorphism. Also assume that ] is locally
generated by s elements. Then, there is a surjective lift f : F — I N K of w such that (1)1 + K = A (2) height(K) > r and (3)
height(K +]) > r +s.

Proof. The proof is done by the use of standard generalized dimension theory. First, there is a lift fy : F — I of w. Then
I = (fy(F), a) for some a € I>.

Let P_1 C Spec(A), be the set of all prime ideals g, with height(¢) <r — 1anda ¢ g. Also, let @,_; C Spec(A) be the
set of all prime ideals g such that] C g, a ¢ g and height(p/]) <r — 1. Write » = £,_1 U @,_1.

Let d; : $,_1 — N be the restriction of the usual dimension function and d, : @,_; — N be the dimension function
induced by that on Spec(A;/J,). Then d1, d, induce a generalized dimension functiond :  — N, ([12] or see [7]).

Now, (fg, a) € F* @ A is a basic element on &. Since, rank(F) = r > d(g) forall pp € &, thereisa g € F*, such that
f = fo + ag is basic on &. Clearly, f is a lift of w and I = (f(F), a).
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Since, f is a lift of w, we can write f(F) = I N K, such that I + K = A. It is routine to check now that height(K) > r and
height (H]—K> > r. Since (HJ—K> is locally r generated, height (H]—K> = r and for any minimal prime g over ] + K we have
height (HT") — height (6]2) —r.

Also, since J is locally s generated ideal of height s, height (¢») = height(J), for any minimal prime g over J.

If ] + K = A, there is nothing to prove. Suppose ] + K C g' be a minimal prime over ] + K such that height(J + K) =
height (1), and ] € ° be a minimal prime over J, such that height (p'!/¢°) = height (¢'/]). We have,

height (') > height (p'/°) + height (¢0) = height (' /]) + height (J)
= r 4+ s. This completes the proof. O
The following lemma establishes the consistency of Definition 4.1.

Lemma 4.4. We use all the notations in Definition 4.1. Assume r > 2 or L = A. Further, let I; be an ideal of height r with
height(I; +]) > r + sand let

wi : F/LF - L/
be a local orientation. Suppose (I, w) = (I, w1) € E"(A, L).
1. IfL' = A, then
Lo)N(J,0)=U,w)N(J, o) € ETA,L).
2. Ifr +s=d, then
(I,w)yN(, o) =11, w)N(J, o) € EYA,LL).
Proof. We will only prove (1). The proof of (2) is similar.
We have either height(I; +J) =r +sorl; +] = A. We will assume L' = A. By Lemma 4.3, we can find a surjective lift

6 :F - I1NKofw, wherel + K = A and height(K +J) > r +s.Since I N K, 6 ® A/(I N K)) is global, by Lemma 4.2, we
have

ILo)N(J, )+ K NDN(J,0)=UNK+],0Pw')=0¢eEA,L).
(This also works when K + ] = A, in thiscasel N K + ] =1 + J.) We will prove
(I, o) N(J, )+ K,0)N(J,0)=0ecEAL).

Since (I, w) = (I;, w) € E"(A, L) we have (I;, w1) + (K, 0) = 0 € E"(A, L). There exist, ideals {{, : 1 < t < i+ j} of height
r and global orientations 6; : F/4:F — {; /lf such that

i+j i
o)+ ®K. 0+ > Unb)=> (.0)€G@AL O

t=i+1 t=1

Again, by Lemma 4.3, there is a surjective lift 2’ : F/ — ] NJ' of @', such that height(J') >'s, ] +] = Aand

i+j
height (j/ +INKN m] 1t> >r+s.
t=
The identity (I) is a purely formal identity. Note that Definition 4.1 applies to all the terms in the following expression and
by formal argument, it follows that from (I) that
i+

o) N, 2)+ K. 0NJ, 20+ Y ()N (', 2)
t=i+1

=) 00N (', 2)
t=1

in G"*S(A, L). By Lemma 4.2, we have
(o) N(J, 2N+ K, 0)N(J,2)=0ecEAL ).
We also have
(o) N, 0)+ K. )N, o)+ T, o)N (', 2)+K.0)N(J, 2"
= (1,0 N (&) + (o) NG, 2N + (KD N (o) + KN, 2)
=, o)N(INJ, 2)+ K. 0)N(JNJ, L) =0.
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Combining with (II), we have
(I, o) N, 0)+ K, 0)N(J,o)=0¢cETAL.
Therefore, the proof is complete. O
The following is our final result on intersection product.
Theorem 4.5. We use all the notations as in Definition 4.1.
1. With L = L' = A, the association
(0, 0),(, ")) = T,w)N(J, o) € E(A,A)
defines a bilinear homomorphism
N:E"(A,A) x ES(A,A) — E"™(A, A).
2. Withl! = Aand r > 2, the association
(d, ), (J, ")) > I,w)N(J, o) € (A, L)
defines a bilinear homomorphism
N:E(A L) x E5(A,A) — E™S(A, L).
3.Ifl #A,r +s=dandr > 2, the association
(0, 0),(,0")) > T,w)N(J, o) € P4, LL)
defines a bilinear homomorphism
N:E(A L) x E5A,L') — E%A, LL).
Proof. Proofs of (3), (1) are similar to that of (2). We only prove (2).
Fix x = (J, w") € G*(A, A) as in Definition 4.1. Suppose I; is an ideal of height r and w :
There is an ideal I and w as in 4.1, such that (I, w1) = (I, w) € E"(A, L). Define
ex(li, 1) = (Lw) N (, o) € E(A, D).
This is well defined by Lemma 4.4. By Lemma 4.2, ¢, factors through a homomorphism

o E"(A, L) — E"(A, L).

F

oF ;—; is a local orientation.
1

Now, the association x — ¢, defines a homomorphism
¢ : G(A,A) > Hom (E"(A,L),E""(A,L)).
By Lemma 4.2, if x is a global orientation, then ¢, = 0. So, ¢, factors through a homomorphism
N:E°(A,A) — Hom (E"(A,L),E™™(A, D).
This completes the proof. O
Forgetting the orientations, we get the following.
Corollary 4.6. There is an intersection product for the weak Euler class groups, corresponding to the same in Theorem 4.5.

Remark 4.7. From the definitions, it follows that the intersection products defined in Theorem 4.5 and Corollary 4.6 are
commutative and associative, whenever they are defined.
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