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1. Introduction

In topology, there is a well established obstruction theory for vector bundles (see [11]). A germ for a parallel obstructions
theory for projective modules over noetherian commutative rings was given by M.V. Nori around 1990 (see [6,8]). Originally,
this program was focused on the top rank case. For projective modules P of rank d, over noetherian commutative rings A with
dimA = d, an obstruction class e(P) was defined. Bhatwadekar and Sridharan [3] proved that e(P) = 0 if and only if P has a
free direct summand. A theory of obstructions for all projective modules, as complete as that of topological vector bundles,
is possible. In fact, a parallel K-theoretic approach was initiated by Barge and Morel [1] in 2000. This was given a more
complete shape by Fasel [5]. However, this approach does not seem very descriptive and two approaches must reconcile. In
this paper, we are concerned with the approach of Nori.

Following [4], obstruction groups E" (A, L) were defined in [9], for all integers n > 1 and rank one projective A-modules
L. There has been only a limited success in defining obstruction classes e(P) € E"(A, L) for projective A-modules P with
rank(P) = n < dimA and det(P) & L, as would be desired. When detP & L ~ A, we say that P is oriented and the situation
is referred to as the oriented case. Otherwise, it is referred to as the non-oriented case. Recently, in the oriented case, Yang
[12] defined relative obstructions groups E"(A, {, A), with respect to ideals £ of A, whenn > 1. When 2n > dimA + 3, he
established some exact sequences of these groups. The purpose of this paper is to extend the results of Yang [12] to the non-
oriented case. As in [12], first we define pull-back homomorphisms f* : E"(A, L) — E"(B, B® L) of the obstructions groups,
corresponding to certain ring homomorphisms f : A — B and some integers n. Then, we define the relative obstruction
groups, E"(A, 4, L) (see 4.1), and establish some exact sequences in Theorems 4.2 and 4.3. In particular, we establish an
excision exact sequence as follows.

Theorem 1.1. Let A be noetherian commutative ring with dim(A) = d and { be an ideal of A. Write Ay = %. Assume that the
quotient homomorphism q : A — Ag has a splitting 8 : Ap — A such that for each locally n-generated ideal Iy of Ao, of height
n, we have height(B(Ig)A) > n. Suppose Ly is a projective Ap-module of rank one and L = Ly ®g A. Then, for integers n with

2n > d + 3, we have a split exact sequence as follows:

0—>E"A 4,1) —>E"(A, 1) —>E"(4, L)) —0.
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As an application, we prove that if A is a regular domain, essentially of finite type over an infinite perfect field k, and L
is a projective A-module of rank one, then

E" (A[T], Ly ® A[T]) ~ E"(A,Ly) whenever 2n > dimA + 4.

The authors would like to thank the referee for careful reviewing and many valuable suggestions. The exposition of the paper
improved due to these suggestions. The Remark 3.6 due to the referee is particularly appreciated.

2. Preliminaries

For the definition of the obstructions groups the readers are referred to [9]. We recall some notations from [9].

Notations 2.1. Throughout this paper, A will denote a commutative noetherian ring with dimA = d and L will denote a
projective A-module of rank one.

(1) Forintegersn > 1, writeF = F, = L A" 1.

(2) Alocal L-orientation (of codimension n) is an equivalence class of surjective homomorphisms w : F/IF — I/I?, where
is an ideal of height n. When it is clear from the context, we just call them orientations.

(3) The free abelian group generated by the local orientations (I, w), where the ideal I is connected, is denoted by G" (A, L).

(4) The obstruction group of codimension n is defined by E"(A, L) := %, where R is the subgroup generated by the
global orientations.

(5) A local orientation w : F/IF — I/I?, defines an element (I, ) € G"(A, L). We will take the liberty to use the same
notation (I, w) to denote its image in E"(A, L).

The following lemma is proved by using standard basic element theory along with generalized dimensions (see [7]).

Lemma 2.2. Suppose A is a noetherian commutative ring with dim A = d. Suppose I, | are two ideals of A with height(I) = n
and] C I%. Let F be a projective A-module of rank n and w : F — 1/] be a surjective homomorphism. Also suppose I, .. ., I, are
finitely many ideals of A. Then there is a surjective lift f : F — I N K, such that (1) ] + K = A, (2) height(K) > n and (3) for

1<i<r, height ('%") > n.
Proof. Similar to [9, Lemma 4.3]. O

Lemma 2.3. Suppose A is a noetherian commutative ring with dim A = d. Suppose I, | are two ideals of A and F is a projective
A-module of rankn. Letw : F — /I and ¢ : F — 'Jl] be two surjective homomorphisms such that

® A ® A F I
wR —— = : — .
T+ 1] U+pF Bty
Then, there is a surjective homomorphism §2 : F — ﬁ that lifts both w and ¢.
Proof. Consider the fiber product diagrams:
F F
(NJ)F IF
N
N 2 )
N
£
A > A I L
nJ T JnI2 2
l J{ and
A . A E F
1] I+] JF (I+)F
x \
I+1 I
e Z4y°

By the properties of fiber product diagrams, the desired homomorphism &2 is defined in the later diagram. This completes
the proof. O

Following is the non-oriented version of the theorem of Bhatwadekar and Sridharan [4, Theorem 4.2].
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Theorem 2.4. Let A be a noetherian commutative ring with dimA = d and 2n > d + 3. Let L be a projective A-module of rank
oneand F, = A"~ @ L. Let ] be an ideal of height n and w : ]FT’; — J/J? be a local L-orientation. Assume

(J,w) =0 € E"(A,L.
Then there is a surjective lift 0 : F, — ] of w.

Proof. Similar to that of [4, Theorem 4.2]. O

2.1. Double of a ring

In this subsection, we define the Double of a ring A along an ideal 4 and summarize some of the facts about it. Let
A be a noetherian commutative ring with dimA = d and { be an ideal of A. The double of A along the ideal [, is
defined as

D=DA,J) ={x,y) eAxA:x—yed}

This will be considered as a subring of A x A. The projection to the first and second coordinates from D will be denoted by

p1 and p,.
Similarly, for an A-module M, the double of M along the ideal {, is defined as

DM, J)={(m,n)eM xM:m—n € IM}.
The following are some facts:

(1) The following diagrams

DA, 1) s a DM, 9) 2= M

=T

M
_ = - > 4
A q K M IM

are fiber product diagrams, where g denotes the quotient homomorphism.
(2) The kernel(p1) = 0 x { and kernel(p;) = 4 x 0.
(3) In fact, the diagonal homomorphism A : A — D splits both p, p,.
(4) WehaveD = A(A)+0x 1 = A(A)+4x0.50,D = A(A)+>_ A(A)(0, x;), where & = ) Ax;. So, D s finitely generated
A-module.
(5) So, D is noetherian and integral over A. Therefore, dimA = dim D.
(6) For any ideal I of A, we have
pl_l(l) ={(x,x+2z):x€l,zed}=A0)+0x 4
and

p2_1(1) ={(x+2z,x):xel,ze d} =Al)+ 4 x0.
(7) If o € Spec(A), thenP = A(p) +0 x 4 = p;l(p) € Spec(D). Similarly, P = A(p) + 4 x 0 = p;l(ga) € Spec(D).
Lemma 2.5. LetA, 4, L, M, D, A be as above. Then,

(1) There is a natural surjective homomorphism t : D(A, {) ® M — D(M, 1), where D is considered as an A-algebra via the
diagonal A.

(2) IfQ is projective, then t : D(A,]) ® Q ~ D(Q, ).

Proof. It is easy to see that 7(m ® (x, x + z)) = (xm, (x + z)m) is a well defined homomorphism from D ® M — D(M, J).
This establishes (1).
If Q = A" is free, then it is obvious that

T:DA,J) A" ~ DA",)).
In the general case, note that there is a split exact sequence:

7
0 Q—S5F p 0




2162 S. Mandal, Y. Yang / Journal of Pure and Applied Algebra 216 (2012) 2159-2169

where F is free. Correspondingly, we have the following commutative diagram:

0——>DA))®Q ——=DAJ))®F ——=D@A,]) ®P ——0

s } if

0 —>D(Q,)) ——> D(F,]) ———>= D(P,]) —= 0.

Here the rows are exact, while one needs a proof that the bottom row is exact. It is easy to see that y is injective and ¢ is
surjective and ¢y = 0. Suppose ¢(m, m+2z) = O forsomem € F,z € JF. Then f(m) = f(z) = 0. Therefore, g(u) = mand
g(v) = zforsomeu,v € Q. Lete : F — Q be asplitting of g. Then v = €g(v) = €(z) € 4Q. Hence (u,u + v) € D(Q, {)
and y (u, u 4+ v) = (m, m 4 z). This establishes that the bottom row is exact.

Since the middle vertical map is an isomorphism, the first vertical map is injective. This completes the proof. (Alternately,
one could use the Snake lemma to prove the same.) O

The following lemma will be of our interest subsequently.
Lemma 2.6. With the notations as above, let | be an ideal of the double D = D(A, {). If height(J) = n, then height (p1(J)) > n.

Proof. Suppose p1(J) C g € Spec(R) are minimal. We will prove that height(g¢) > n. We have ] C p;l(p1(])) - p;](p).

There is a prime ideal P € Spec(D) such that P is minimal over | and P C pl_l(go). Write m = height(P). Then
m > n = height(]). Let

PSP CPy---CPy=P
be a strictly increasing chain of primes in Spec(D). Write, g; = P; N R = A~'(P;). Since, R — D is integral, there is no
inclusion relationship between two primes in D over the same prime g € Spec(R) (see [10, Theorem 9.3, pp. 66]). So,
0 S o1 S 20 € Pm

is a strictly increasing chain in Spec(R). Further, g, € p1(P) € pl(pl_l(go)) = . Therefore, height(g¢) > m > n. The proof
is complete. O

3. Pull-back and functoriality

In this section, we define some pull-back homomorphisms of the obstruction groups, corresponding to some suitable
ring homomorphisms. First one will correspond to the quotient homomorphisms g : A — A/J.

Definition 3.1. Let A be a noetherian commutative ring with dimA = d andJ] € A be an ideal. Let L be a rank one projective
A-module. For integers n, with 2n > d + 3, there is a group homomorphism

p=p E"(A L)~ E" (é, £>
JJL
defined as follows:
Write F = L @ A" '. Let o : F/IF — 1/I?> be local L-orientation. We can find an ideal I; and a local orientation
w1 : F/LF - I /112 such that (I, w) = (I1, w¢) and height (“1—+1> > n. Then, w; induces an orientation § as in the following
commutative diagram:

F/LF — 1)1

L

_F o Ot
I+DF g B+

Define

1
p(I,w)=(1]+],ﬂ>-

We use the notations ¢ = E"(q) = p = pj, corresponding to notation for the quotient map q : A — A/J. This
homomorphism will be called a pull-back homomorphism.
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Proof that p Well Defined. First, we define a homomorphism

-c"(AL)—>E”(é 5) b (Ia))—<“+] ﬁ)eE”(é 5)
g ) Y eRe=iTT )

where $ is as above. Two different representatives of w; leads to the same, because transvections of F/I;F will induce
transvections of F1 /(J + I;)F.

First, we prove that if (I, ;) is global, then so is the image. If it is global, then w; lifts to a surjective homomorphism
f + F — I. Then, f induces a surjective lift g of 8, as demonstrated by the following diagram:

F ! I
\ \
F/JF 8 il
F/I ' L/
. N\
F I+
(Ih +)F 24y’

This establishes that 8 is global. Now, suppose
(I, w) = (I, w1) = (I, w) € E"(A, L), with height(l;/]) = height(I,/]) = n.

There is an ideal K and a surjective lift f : F — I; N K of wq, such thatI; + K = A, height(K) > n. Since 2n > d, we can also
assume K 4+ I, = A. Let wy : F/KF — K /K? be induced by f. We have,

(I, w1) + (K, wg) = (I, wp) + (K, wg) = 0.

By Theorem 2.4, there is a surjective homomorphism f, : F — I, NK that lifts w, and wg. So, both (I; NK, w1 ® wg), (I, N
K, w, ® wg) are global. Since the image of a global orientation is global, the images of both (I, 1), (I3, w,) are negative of
that of (K, wy).

Therefore, the homomorphism ¢ is well defined. Again, since image of a global orientation is global, ¢ factors through a
homomorphism

E"(A, L) — E" (A L)
P I

This completes the proof that p is well defined. O

Proposition 3.2. Let A, ], d, n, L be as in Definition 3.1. Let J; be another ideal. Then the diagram
E"A, L) — 2 > En ( )
J L
lﬂulﬂw

n(_A_ L
E (H—h ’ (l+]1)L)

P+

commutes.
Proof. Write po = pj4j,, 0 = Py, P1 = Pajg+j)- Write 4 = J +JyandF = L ® A" '. Let w : F/IF — I/I* be alocal L-
orientation. We can find I; and a local L-orientation w; : F/I;F — 11/112 such that (1) (I, w) = (I1, w1), (2) height (“ H) >n

and (3) height (%) = height ("”) > n. We have,

I I
pm(l,w):m(] +],ﬂ> = <M

, = po(l,
] ey y) o, ®)
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where §, y are induced by w1, according to the following commutative diagram:

F F
F/hF (1 +)F (1 +J+F
wli ﬂi iy
2 L+] h+J+h
L/h 12+] B++h’

This completes the proof. O
Next, we define pull-back homomorphisms of the obstruction groups, corresponding to some suitable ring
homomorphisms R — A.

Definition 3.3. Supposef : R — Aisahomomorphism of two noetherian commutative rings, withdimR = d;, dimA = d,.
Let n > 1 be an integer. For an ideal I of R, we will denote IA := f(I)A. Assume that for any ideal I of R, which is locally
generated by n elements and height(I) = n, we have height (IA) > n.

Let L be a projective R-module of rank one and L’ = L ® A. Then, there is a homomorphism

f*=Ef) =E"(f) : E"(R, 1) — E"(A, L)
defined below. This homomorphism will be called a pull-back homomorphism.

To define E"(f), we proceed as follows. Write F = F, = L® R" ', F’ = F ® A. Let I be an ideal of R of height n and
w : F/IF — I/I? be alocal L-orientation. Write | = IA. Then w induces a local L’-orientation o’ by the following commutative
diagram:

F/IF ——[/I2

L

F®A 1A
I(F®A) w/; I2A°

The association (I, w) = (J, ') € E"(A, L) defines a group homomorphism
@ :G'(R,L) — E"(A, L).

If (I, w) is global, w lifts to a surjection £2 : F — I. It is easy to see that 2 ® Id, induces a surjective lift 2’ : F® A — | of
@'. S0, po((I, w)) = 0. Therefore, ¢, factors through a homomorphism

E"(f) : E"(R, L) — E"(A, L).

This completes the definition of E"(f) and establishes that it is well defined. O

Proposition 3.4. Letf : R — A, g : A — B be homomorphisms of noetherian commutative rings of finite dimension, satisfying
the properties of Definition 3.3. Let L be a rank one projective R-module. Then the diagram

E'"R, L) — > E"(A, L ® A)

E(g)
T |

E"(B,L® B)
commutes.

Proof. Obviously from the Definition 3.3. O
Proposition 3.5. Let f : A — R be a homomorphism of commutative noetherian rings of finite dimension, and L be a rank
one projective A-module. Let r, s > 1 be two integers be such that r > 2, if L # A. Assume that f satisfies the properties of
Definition 3.3 forn =r,s,r +s. Then, forx € E"(A, L),y € E°(A, A), we have
EF)X) NEF)@) =EF)(xNy) € ET(A LA,

where N is defined as in [9, Theorem 4.5].
Proof. Write F = L@ A" 1 F/ = AS. Using bilinearity, we can assume that x = (I, w) andy = (J, @), whereI,] C A are
ideals with height(I) = r, height(J) =sand w : F/IF — 1/I?, o' : F'/JF’ — ] /J? are local orientations. We can assume that
height(I 4+ J) = r +s. So,

FOF a+n
I+DFOF (I +))?

xNy=(U+],wy) whereawy:

is induced by w, o'.
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Since f : A — R satisfies properties of Definition 3.3 for n = r,s,r + s the proposition follows by chasing the
definitions. O

Remark 3.6. The referee points out that the Definitions 3.1 and 3.3 can be combined to define pull-back homomorphisms
for more general ring homomorphisms f : A — B. For example, assume that both A, B contain a field k and f is a
k-algebra homomorphism. Then, the projection homomorphism p : A — A ®y B is flat, since B is flat over k and it
satisfies the conditions of Definition 3.3. So, for integers n > 1 and any rank one projective A-module L, the pull-back
p* : E"(A,L) — E"(A ®i B, L ® B) is defined. Now consider the surjective homomorphism q : A ®. B — B given by
qx®y) = f(x)y. Thenf = gp. If 2n > dim(A ® B) + 3 then the pull-back ¢* : E"(A® B, L®y B) — E"(B, L ®4 B) is defined.
So, the pull-back f* := gq*p* : E"(A, L) — E™(B, L ®4 B) is defined. (In fact, the argument works, if k is any commutative ring
and k — B s flat.) The authors are thankful to the referee for this comment.

4. Exact sequences and excision

In this section, first we define the relative obstruction groups and then establish the exact sequences.

Definition 4.1. Let A be a commutative noetherian ring and 4 be an ideal of A. Let L be a projective A-module with
rank(L) = 1. Letn > 1 be an integer. With D = D(A, {) and other notations as in Section 2.1, by Lemma 2.6 the pull-
back homomorphism

E(p1) : E"(D,D®L) - E"(A, L)
is well defined. The relative obstruction groups, E"(A, {, L) are defined as

E"(A, 4, L) = Kernel (E(p1)) .

The following theorem establishes an exact sequence.

Theorem 4.2. Let A be a noetherian commutative ring with dim(A) = d and { be an ideal. As before, p1,p2 : D(A, {) — A
will denote the projections to the first and second coordinates. Suppose L is a projective A-module of rank one. For integers n with
2n > d + 3, the following

E
E"(A, 1, 1) 2> Ena, 1) > B4, L

is an exact sequence.

Proof. Let q : A — A/{ denote the quotient homomorphism and F = L @ A"~!. First, we prove pE(p,) = 0. Suppose

D®F
W,w) € E"(A, 4,L) CE"(D,DQL h > W/W?
(W, w) ( ) CE"(D,D®L) wherew W(D®F)—> /

is a local orientation, with ideal W C D of height n. By Lemma 2.2, we can assume that height (%52
height (Y-£X0) > n_Since p; : ;25 — 4.

W) + 4 W+0x 4
height (%) — height <L) >n

) = nand

0xJd

Write J; = p1(W), and J, = p,(W). Since, gp1 = qp,, we have, J; + 4 = |, + . Fori = 1,2 w induces w;, §; by the
commutative diagram:

DQF Pi F F
W (D®F) JiF Ji+DF
wl wit ﬁll
2 2 Jitd
w/w Di .]1/]1‘ ]i2+1'

Then, fori = 1, 2 we have E(p;))(W, w) = (J;, w;) € E"(A, L). It follows, B; = f,. Since height is consistent,

1 i)
PiE(P)(W, w) = (121_ ,,32) = (Jl 1_ ,,31) = pyE(p1)(W, w) = 0.

Conversely, suppose x € E"(A, L), are such that p;(x) = 0. Since, 2n > d, we can write x = (I, w) wherel C Ais an
ideal of height n and w : F/IF — I/I? is a local orientation. We can further assume that height (”Tl) > n. Now, w induces
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o’ as in the following commutative diagram:
F/IF —=» | /]2

.

F I+4
(I+4)F w/;; 244

Since p(x) = (22, ') = 0, we have o' lifts to a surjection f' : -~ — ££. We have the following fiber product diagram:

F/ani)F F/IF
h ~ \f w
RN
I/4nr? 1/1?
F/4F F/(I+ 9)F
\ \
{+D/4 I+ 0)/1%+ 1)

where f is defined by properties of fiber product diagrams. By Lemma 2.3, there is a surjective lift ¢ : F — I N K, of f, such
that (1)K 4+ 4 N 1> = A, (2) height(K) > n and (3) height (*3) > n.

Now, ¢ defines an element (K, wx) = —(I, w) € E"(A, L). Define, W = A(K) + 4 x 0 = {(x,y) € D : y € K}. In fact, W
is defined by the fiber product of A and K as follows:

WeD—oA=K+14
K —— XL =4/

By Lemma 2.5,D ® F = D(F, J). We consider the following fiber product diagram:

P1

D®F F
~N
N ow 0
~N
RN . \
P2 wW/w? 0
F ? F/4F
0
WK
K/K? 0.

Here wy is defined by properties of fiber product diagrams. (Alternately, one can prove elementwise that W /W? — K/K? is
an isomorphism, using the fact that x +y = 1 for somex € K?,y € 4% and (1,x) = (x,x) + (y, 0) € W?2.)

We consider wy as an orientation. It follows E(py)(W, ww) = (K, wx) = —(, w) = —x. So, x € imageE(p,). Since
p1(W) = A, we have (W, wy) € ker(E(p1)) = E"(A, L, 1). This completes the proof of (4.2). O

With further conditions, we extend the above sequences as follows.

Theorem 4.3. Use notations as in Theorem 4.2 and assume 2n > d+ 3. Write Ag = ’%. Assume that the quotient homomorphism

q : A — Ag has a splitting 8 : Ap — Aand L = Ly ®g A for some rank one projective Ap-module Ly.

(1) Then, the sequence

E(p2)
0 —=E"A 4.1) == E"A L) —">=E"(4, &

is exact.
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(2) Assume that, for each locally n-generated ideal Iy of Ay, of height n, we have height (8 (Io)A) > n. Then, the sequence

E"(A, 1, L)~ Er(A, L) —2Ls En(A, Ly s g

1 b
is exact and p; splits.

Proof. First, we prove (2). Because of Theorem 4.2, we only need to prove that p is split-surjective. Since E () is defined, it
is easy to check that pyE(B) = Id. So, p; is surjective and splits.

Again by Theorem 4.2, to prove (1), we need to prove that E(p;) is injective on E"(A, {,L). Let x € E"(A, 4,L)
C E"(D,L ® D) such that E(p,)(x) = 0. Since 2n > d = dim(D), we can assume x = (W, ®), where F = L @ A™!
and W is an ideal of D with height (W) > nand w : % —» % is a local orientation.

Since L = Ly ®p A, we have Ly = L ®4 Ag. We will use the notation F’ = F ® D. Consider the following fiber product
diagram:

F’/ F’
WN (I x1)F WF’
~N - \f w
N
w w
W2n (Ux4) w2
F/ F/
(UxJ)F’ (WH(Ix1))F'
\ W
W+ xJ) W+ xJ)
(Ix4) W24(Ux4) "

In this diagram, f’ is a surjective lift of v ® “1,
PE(p1)(W, w) = 0. Also, f is given by the properties of fiber product diagrams and is surjective.

By Lemma 2.2, f lifts to a surjection, £2 : F/ - W N K where K is an ideal with (1) W + K = D, (2) height(K) > n, (3)
height (*:2) > n (4) height (*+x%) > n(5)K + 4 x 4 =D.

2 induces a local orientation wy : F'/KF' — K/K?. We have (I, w) + (K, ') = 0. Write K; = p;(K), K, = p»(K,). Note
q(K7) = q(K;) = image(K) = Ap, and height (K;) > nfori = 1,2.Fori =1, 2, letw; : F/KiF — K,-/Ki2 be induced by wy.

The following are some observations:

which exists, by Theorem 2.4, because (Wzrj;“‘,w@) %) =

(1) Claim: p;'(K;) =K +0® Land p, ' (K2) =K + 4 ® 0.
To see this,note K + 0 ® 4 C pf(K). Conversely, let (x,y) € p~'(K). Then, (x,y’) € K for some y’ € A. Therefore,
N =xy)+0O0,y-y)=y)+O,y—x)+ *x—y)) € K+ 0® 4. This establishes the claim.

(2) SinceK + 4 x 4 =DwehaveK; + 4 =Afori=1,2.

(3) Also E(p;) (K, wi) = (K;, w;) = 0 fori = 1, 2. Therefore, by Theorem 2.4, there are surjective lifts £2; : F — K; of w;.

Write Fy = Lo @ A}~ '. Then, F ® Ag = L ® Ay @ A} ' ~ Fy. Since K; + J = A, fori = 1, 2, we have, 2; ® Ay surjects on
tOA(). Write Qlo = .Qi ®a Ao . FQ — AO fori = 1, 2.

WriteJ; = {(a,a+z):a€ K,z d}and), = {(b+2z,b) : b € K5,z € 4}. Both J; and J, are ideals of D. Consider the
following two fiber product diagrams:

p
F—>F F/—1>F

9°®,3A

P2

Anypiny

A—Ap K; —>Ao.
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Here Iy, I'; are obtained by the properties of fiber product diagrams and they are surjective by the same. We gather some
facts below:

(1) We haveJ; +J, = D.
Proof. Wehave K+ 4 x 4 = D. So, (x,y) + (u,v) = (1, 1) forsome (x,y) € Kandu,v € £.5S0,(1,y) = (y+v,y) € >
and (x, 1) = (x, x 4+ u) € J;. Therefore, (1, 1) = (1, y) + (x, 1)(0, v) € J; + J,. This establishes J; + ], = Dor(1). O
(2) We haveK =J; N J,.

Proof. Clearly, for (a, b) € K, we have (a, b) = (a,a+ (b — a)) € J;. Similarly, (a, b) € J,. Therefore, K C J; N J,.

Now, let (a, b) € J; N J,. Looking at the description of J;, it follows a € K; and b € K;. So, (a, ¢) € K for some ¢ € A.
So, (a, b) = (a,c)+ (0, b —c). Since (a,c) € K C J;NJ,, we have (0, b —c) € J; NJ,. Therefore,b—c € K, N4 = K, 4.
So,b — c = ) _yiz; for some (x;,y;) € K and z; € J. Hence

(a,b) =(a,c)+ (0,b—c) =(a,c) + Z(x,-,yi)(o, z) € K.
This establishes (2). O

(3) Since K = J; N J,, we have height(J;) > n. So, I'; induce local orientation y; : F'/J;F’ a»],-/]iz fori = 1, 2. Indeed, they

are global. So,
Ji.v1) = (2, 2) =0 € E"(D,L® D).

(4) Infact,wx ® D/J; = y;fori =1, 2.
Proof. We will check for i = 1. We will check that £2(m) — I'i(m) € J?, form € F’. Since K + 4> = A, we have
x+c¢ = 1forsome (x,y) € K*and c € 42. S0, (x, 1) = (x, ) + (0, (1 —x) + (x —y)) € J. Therefore, for any z € { we
have (0, z) = (x, 1)(0,2) € J3.

Letm € F' and I''(m) = (a, b), 2(m) = (x,y). Since the first coordinates of both agree in K;/K?, we have

¢ =x —a € K?. Therefore, (c, d) € K* C J? for some d € A. So,

(x,y) — (a,b) = (c,y —b) = (c,d) + (0,y —b—d) € J&.
This establishes (4). O

It follows from above,

(K, wx) = (1, v1) + (2, ¥2) = 0.
Hence (W, w) = —(K, wg) = 0. The proof is complete. O

As in the paper [12] of Yang, immediate application of Theorem 4.3 would provide exact sequences for Euler class groups
of polynomial rings and Laurent polynomial rings.
Corollary 4.4. Let R be a commutative ring with dimR = d. Let A = R[X] be the polynomial ring and B = R[X, X~'] be the
Laurent polynomial ring. Let Ly be a projective R-module of rank one. Write L = Ly ® A, L' = Ly ® B. Assume that 2n > d + 4.
We have the following.

(1) The sequence,

E
00— E" (A, (X), 1) — 2> E" (A, 1) —> E" (R, Lo) —> 0
is a split exact sequence.
(2) The sequence,

E(p2)
—

0—E"(B, (X — 1), L) E"(B,I') = E" (R, Lp) —> 0

is a split exact sequence.
(3) Further, if R is a regular domain that is essentially of the finite type over an infinite field k, then

px : EMA, L) ——= E"(R, Lo)
is an isomorphism. In particular, the relative group
E"(A, (X),L) = 0.
Proof. Obviously, (1) and (2) are direct consequences of Theorem 4.3. To prove (3), we need to show that the first
homomorphism is zero. As in Theorem 4.3, p, p, will denote the projection maps and g : A — R will be the quotient
homomorphism. The first homomorphism in the sequence is E(p,). Suppose x € E" (A, (X), L) . We will prove E(p,)(x) = 0.

We can assume that x = (I, w) where I is an ideal of D = D(A, (X)), with height(I) > n, height(p;(I)) > n and
height (p,(I)) > n. Write p;(I) = I;, po(I) = I, and Iy = q(I;) = q(Iy). Therefore, Iy = (I, X) = (I, X).
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Fori=0,1,2, letw;: F/IiF - I,»/Ii2 be induced by w. From the exactness of the sequence, we have

(o, wo) = px(I2, w2) = pxE(p2)U, w) = 0.

Therefore, by Theorem 2.4, wy lifts to a surjective homomorphism fy : Ly @ R*~! - Iy. Now, by [2, Theorem 4.13], there is a
surjective lift f, : L ® A" ! — I, such that f, ® A/(X) = fy. So, (I, @) = 0. This completes the proof. O
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